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Relativistic Dynamics of a Charged Particle in Crossed Magnetic and Electric Fields 
with Application to the Planar Magnetron* 
Louis Gotpt 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 15, 1953) 


Complete characterization of planar magnetron behavior is achieved for intermediate relativistic energies 
where radiation loss is of no serious consequence. The cut-off condition in the neighborhood of the rest energy 
of the particle shows a linear dependency on the product of electrode separation and magnetic field LH rather 
than the classical (LH)*. The modified period assumes a particularly simple form (27/w[1/(1—~*)3/2], 
y being the ratio of electric and magnetic fields which reflects a voltage dependency of the period not en- 


countered in the classical case. 


A parametric solution for the periodic orbits is derived on the basis of a transformation related to the 
delineation cf the velocity space and, as such, represents a new variety of transcendental curve which 
degenerates into the cycloid for the limiting case of y—0. 

The spatial-time dependent mass, momenta, and energy relations take on especially straightforward forms 


in terms of the trajectory parametric solution. 


INTRODUCTION 


HIS communication purports to fill a rather ob- 

vious gap in our knowledge relevant to the high- 
energy performance of the magnetron; the classic 
magnetron theory of Hull has evidently not been ap- 
propriately extended into the relativistic region where 
its present form clearly becomes invalid. Perhaps this 
has not been carried through previously, since, even 
when the problem is formulated on the basis of negligible 
self-force of the accelerated particle, the differential 
equations appear quite formidable and seem unyielding 
to attempts to solve for the trajectory. 

At the outset, it was found that a number of the 
principal characteristics of magnetrons could be de- 
lineated without explicit solution of the orbits. Thus, 
neglecting space charge (as is usually done), and re- 
stricting our considerations to energies below significant 
radiation losses, the cut-off condition and the quasi- 
cycloidal period were deduced. 

However, in elaborating the details of the velocity 
space, the key transformation for complete solution of 


* The research in this document was supported jointly by the 
U. S. Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

t Staff member, Lincoln Laboratory, Massachusetts Institute 
of Technology. 


the particle dynamics was brought to light. The 
trajectory solution turns out to be remarkably simple 
and, as such, represents a new class of transcendental 
curve for which the cycloid is but a special limiting form. 
The achievement of a complete, exact solution for 
the problem raises the hope that other relativistic 
dynamic problems, heretofore considered hopelessly 
insoluble (at least in so far as exact explicit solutions are 
concerned), may submit to fruitful analysis. 


FORMULATION OF THE PROBLEM 


The basic differential equations deduced from the 
well-known Lorentz relation are 


d Vy 
F,=—(mv,)= (z-27), 
dt Cc 


v t 


z (1) 
F,=—(mv,) = He—, 
dt C 


F,=0, 


where the choice of H along the Z axis and E along the 
X axis has been made with the motion confined to the 
XY plane by imposition of the initial condition at ‘=0, 
x=y=0 along with v-=v,=0. We note that the second 
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differential equation of (1) is directly integrable, viz., 


He 
mv, =—x. (2) 
3 


Now, neglecting for the moment the mass change, it 
is evident that 
v, He 
sy=—=—~, (3) 
Cc mo 


implies 8,>1 for Hex> moc? (mo=rest mass)—a situa- 
tion clearly impossible, since B=v/c has a maximum 
value of one. Hence, in the domain where the rest 
energy approaches Hel (L being the electrode separa- 
tion), the relativistic correction becomes essential, and 
we must write, instead of (3), 

Ww 


8,[1— (62+8,7) '=-x, (4) 


c 


where we have put w= He/moc, and observe that 
&=6/+6,/7=F(t). (S) 


To solve the system of differential equations, it is 
essential to reduce (1) in terms of the quantities 6, 
and 8,; i.e., we replace the mass and expand 


d 
—{6[1— (62+8,7)T}, (6) 
dt 
along with its 6, equivalent. Thus we obtain for (6) 
dB. dp 
| a-a,—"+8.8,-— [1 (82+8,7) F', (7) 
dl dt 


where interchange of 6, and 6, gives the companion 
quantity. Hence we establish 


dp, dp, 
(1—8,7) - +8.8,—=[1- 2+8,?) }! 
dt dt 


eE 
x \-—- 06, (8) 
Mol 


dp. dp, 
8.By—+ (1-8) —=[1— (62+8,’) }'oB:, 
dt dt 


whence the separation of time-dependent derivatives 
yields finally 


dp, cE q 
aN [1 oo @2+8,)) (1 -62)——ob, | 
dt Moc 
- (9) 
dp, eE 
- rn (1 = (2+8,1}4,——o 


Mol 





which are to be solved. 
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THE SOLUTION OF THE VELOCITY RELATION 


A brute-force attack on the solution of (9) might be 
made by employing (4) to separate X and Y equations. 
However, inspection of (9) reveals a neat approach, in 
that division yields simply 


dg, eE eE 
—=~8.( (6, -w) /|a-22 —~ui, |), 
dp, Moc Moc 


By-r 
z —, (10) 
1 —pi— rBy 


where r= H//E. 
Equation (10) can be rendered homogeneous by two 
successive changes of variable: 








dp, 1 By-r 
== (11) 
dz 2 (1—z)—r8, 


v+b—r 
alba ; (12) 
du 2 1—u—a—r(v+5) 





which is homogeneous for 


b=r, 


(13) 


whence 
dv 1 7 


du 2 u-try 





(14) 


Thus we arrive at the solution 
(8,—r)?=CoLr(8,—r)+3(B2+r—-1)], (15) 


where Cp is an integration constant. Since (15) holds 
for all values of 8, and 8,, if we put in the initial condi- 
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Fic. 1. Velocity space for relativistic magnetron, The 
semiaxes are y/(1+7*) and y/(1+7*)}. 
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(8s By*) 


Fic. 2. Diagram relating @ to 6, and B;. 








tion at ‘=0, 8.=8,=0, Co can be evaluated via 


Co 
r= — av 1), 


whence 
2 
1+— 


r2 


Consequently our velocity relation can be expressed 


in the form 
6,?+ AB,— BB, =90, (17) 
where 
1 
dpa? 


E 
(v--). > (18) 
H 


2y 


B= , 
1+7° 








THE RELATIVISTIC VELOCITY SPACE 


It is manifest that the velocity space is composed of 
the ellipses 


(0-2 /(2) 200 [(t) 


which are characterized in Fig. 1. 
We discern that the eccentricity is defined in terms 
of the parameter y and that as y—0 the ratio 


y/(1+7’) _ 1 
y/L+y)*] (1+7*)! 





(20) 


approaches one, and so we get the circular velocity 
space identified with the nonrelativistic behavior. As y 
increases, the eccentricity diminishes, with a limiting 
value of 23/2; the closed-loop velocity curve does not 
exist for y above this range, since this would make 
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B,y> 1. Physically this means that a periodic trajectory 
is not permissible for y2>1, i.e., the system is above 
cutoff and the particle escapes. 


CRITICAL VELOCITIES AND DEDUCTION OF 
THE CUT-OFF CONDITION 


We can eliminate 8, from Eq. (17) by introducing 
the parameter @ via 


3) 

—x=tané, 

Cc 

T 

ries 0; (21) 


whereby from (4) the triangular relation in Fig. 2 
allows us to write at once 


B,=sind(1—8,7)}. (22) 
Utilizing this result in (17), we obtain 
F(0)8.4+F2(6)8.+F3(6) =0, (23) 


with 
F,() = (A—sin’%)?, 
F,(0)=sin’@(D—2 sin’6), (24) 
F;(6) = —sin6(B?—sin’6), 








where 
(1+3y*) 
D=2A+B=2 —., (25) 
(+7) 
Clearly 8.=0 when F;(@)=0, whence 
2y 
sinf* = B= ; (26) 
i+7’ 


The @=0 accords, of course, with 6,=0 at ‘=0. In 
Fig. 3 we depict the triangular representation of Eq. 
(26) which permits us to write at once 





tané* = (27) 


1—7 


Accordingly, 8z=0, other than for ‘=0, is undefined 
when 72 1 as we have demonstrated from the velocity 
space earlier. Where a critical velocity is possible, the 


ey 





@* 








-y? 


Fic. 3. Definition of critical 6*. 
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value of 8 is 


8,= sind, (28) 


which cannot exceed unity as required. 
Now the cut-off condition can be evaluated by re- 
stricting (21) to the critical values of y given in (27). 


Thus, 
(: 2y 
(Me) 
w 1-7 


For the particular value «*= ZL, (29) defines the cutoff. 
We recognize the nonrelativistic situation as a special 
case of (29) for y—0 when 


t= (~)ew, 


the classical result when we put 
V* being the applied potential at cutoff: 





(29) 


which gives 
= (V*/LH), 


€ 
V*=4L7H— 

















(30) 
Moc? 
To find the relativistic relation, solve (29) for y, 
Cc ey} 
y= (14 ) > (31) 
wl wl? 
«. = 
7 
3 
"8. of 
~ 
*, | ee 
Sau ¥ 
; 
° 2 + ‘ 4 10 a2 14 


LHX 10° (gouss-cm) 


Fic. 4. Departure of classical and relativistic cutoffs. (1) Clas- 
sical theory. (2) Relativistic theory, Eq. (32). (3) Asymptotic 
curve for relativistic theory, Eq. (33). 





GOLD 


Utilizing the positive sign instance only as required 
physically, the cut-off equation becomes 


Mye\2} moc 
y+= 1H] 1+(—) -—. 
HeL e 


Evidently, in the high-energy range where HeL> moc’, 
the cut-off condition assumes the appearance 


(32) 


Moc” 
V*~LH-—-—. 
e 


(33) 


Consequently there emerges the significant finding that, 
at relativistic energies, the cut-off voltage is propor- 
tional to ZH rather than to L?7”. 


COMPARISON OF RELATIVISTIC CUTOFF 
WITH CLASSICAL RESULT 

In Table I, a numerical comparison of the two theories 
is presented. A portion of these data is graphed in 
Fig. 4, which clearly depicts the seriousness of the 
departure above the rest energy of the electron. It 
should be emphasized that a breakdown of the rela- 
tivistic equation is to be anticipated somewhat above 
the energy range considered here because of the self- 
energy effect associated with radiation losses. 


PERIODIC CHARACTER OF THE TRAJECTORIES 
BELOW CUTOFF 

It has been demonstrated that for 1>7>0 a periodic 
orbit is in effect. The interesting question relates to 
how the periodicity is influenced by y and w. Evidently, 
unlike the classical period of 27/w, the period is also 
voltage dependent. Our task in this section will be to 
find an explicit relationship. 

The virtually impossible task of deriving the period 
from the trajectory equations can be circumvented by 
making use of our knowledge of the velocity space. If 
we can derive the time dependency of the velocities, 
then utilization of the condition 


B.=0, B,= B 


should permit evaluation of the period. 
Accordingly, we replace 8, in d8,/dt of Eq. (9), 
whence from (17) 


dp, wW 1 B 
= AG 
dt V/A A 


LBB, — 8, }*(yBy— 1). 


Expressing all constants in terms of y and reducing to 
simplest terms, one obtains 


dB, 
= — (17) (78,— 1) 
dt 


| + + Y 
(sa) -( 
1+7’ 1+7 


at t for X mex, (34) 


(35) 








253 
)]- «6 











red 


32) 


33) 


lat, 
Or- 


ries 
| in 
the 
It 
ela- 
ove 


self- 


odic 
s to 
itly, 
also 
e to 


riod 
1 by 
e. If 
ties, 


(34) 


(9), 


(36) 
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The form of (36) suggests the change of variable 











Y i . 
8y= sing, (37) 
i+7' 1+7’ 
whence in terms of ¢ the ¢ relation becomes 
(1+~7’)! dp 
= J +constant. (38) 
w (1+? sing)? 


For the problem under consideration y?<1, so that the 
solution of (38) turns out to be 





oe 7’ cos , 2 
» |a- ¥)(1+7? sing) (1-7)! 
’ 
tan—+7" 
2 1+7’ 
X] tan-————-—- tan-'——- ],_ (39) 
(1—y‘)! (1—‘)! 


where the integration constant has been evaluated on 
the basis of (=0, 8,=0, and -” a/2. 

Now the time to attain x* (transit time for 1*=/) 
corresponds to 8,=B, i.e., ¢= (3/2)x and so 








2 77-1 +1 
f* = tan-! —tan” . (40) 
w(i—~’)! (i—+‘)! (1—‘)! 
The period T is 
T=2f*. (41) 


Simplification of Eq. (40) can be performed if we 
observe that 


—tana= é; “= (— “) ~cot(a+" , 
(1—y*)! i+7 
Fg +1 1+y7*\! 
tan(=—a) = -( ) = cota, 


Gy). ie? 


with the consequence that the bracket term has the 
value 2/2, whereby the resultant expression for the 


period reduces to 
2x 1 
T= =| — | (43) 
wL(i—-y’*)! 


In the limiting instance of y—0, the classical result 
obtains, whereas the gamut of y—1 produces a rela- 
tivistic period which rapidly far exceeds this value. 
The transit time for the magnetron at cutoff may 
be calculated by utilizing y as given by (31), whence 


T (wL/2c)3 





r (42) 











 outott= (44) 
w w [(1+2/[wL?)—c, Jae} 
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TABLE I. 








V* classical 
(volts) X106 


V* relativistic 


AL 
(gauss-cm) X10? (volts) K10¢ 





0.5 0.022 0.02 
1.0 0.088 0.083 
2.0 0.35 0.28 
4.0 1.41 0.795 
6.0 3.16 1.36 
8.0 5.62 1.94 


10.0 8.76 2.53 








PARAMETRIC SOLUTION FOR THE TRAJECTORIES 


With the achievement of a time-dependent solution 
for the velocities, the key for unlocking the intricate 
trajectory solution comes into view; the definition of ¢ 
in relation (37) is indeed the very parameter required 
for accomplishing what had all appearances of being a 
virtually impossible task. Significantly, such a change 
of variable could not have been formulated a priori, 
but was only uncovered in the process of completely 
characterizing the velocity behavior. This suggests the 
hopeful possibility of solving many complicated rela- 
tivistic problems by a new type of variable change of 
the form (37), i.e., one defines a new variable in terms 
of a differential equation or derivative. 

Our y=/(¢) relation stems from 


a GG) 





where 
dy + 
—=c——(1—sing), (46a) 
dt 1+7 
dt (1+? 1 
a (A+) | (46) 
db w L(1+7* sing)? 

whence 


— sing 


(4-9? sing)? +constant, (47) 
7 sin 


fat f— 


where the integration constant is dictated by /=0, 
=7/2. 
The integral in (47) is composed of two parts, one 
of which we have already encountered in connection 
with (38); the other segment gives 


9 











f singdd —cosd i 
(1+? sing)? (14+7)(1+7? sing) 1-7 
1) 
tan-+¥? 
2 2 
tan! = (48) 
(1—y*4)} (1—y‘)3 
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Thereby we arrive at the y equation 
¢ 
tan—+7" 
¢ 2 1+y7*\? 
y=-y| 2 tan tanr( ) 
w (i—~y*)! 1-7 
cosp 
—- . (49) 
(1+-y*)'(1+-? sing) 


The companion quantity to x* in Eq. (29) can now be 
secured by setting ¢= (3/2), with the outcome 


yt=—e. (50) 


This result permits a description of the orbits in terms 


of the ratio 
x* “( 1 ) 
yt Nt] 


which in the limiting case y+>0 is exactly the result for 
the classical magnetron. It is manifest that the rela- 
tivistic effect is to distort the cycloidal orbits into 
ever-increasing spikes so that «*/y*— =. 

The nature of the spike width (and hence the focusing 
action) at cutoff may be delineated by the quantity 


Aw, given by 
moc?\ 274 moc? 
CITE} « 
Hel HeL 


™C y* 1 
(Mi 
w LH w 


The focusing in the high-energy region is thus roughly 
proportional to 1/w. 


" Next the x=/(@) expression is to be found on the 
basis of 





(51) 





2) 


where now from (46a) and (17) it can be shown that 


(53) 











dx cy 
—= cosd (54) 
dt \(i+~y*)! 
There results then 
cy(1+7’) cos _ 
+= f d@+constant, (55) 
w (1+? sing)? 
from which, in conformity with (=0, ¢=72/2, we find 
c 1+7’ ( 1 1 ) 
x=— _ ; 
w y \1+7’*sind 1+7’ 
c 1—sing 
=~ (56) 


w 1+" sing 
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The validity of Eq. (56) is indicated by setting 
¢= (3/2)x, which gives x* as in (29). 


THE MOMENTA AND MASS RELATIONS 


Direct solution of (1) can readily be carried out to 
give the momenta components u,; and yw,. Thus for the 
y component we have 


dy dy dt d dt 
“(2 e)-fe(S) 
do dt do dt do 


whence from (1) and (46b) there results 








He cosp . 
w=—v(1+4) f— —_—_——d@, (58) 
~ (1+7* sing)? 
yielding, with the initial condition ‘=0, ¢=7/2, 
He 1+7° 1 1 
x. oe 
w y \1+y7*sing 1+7° 
1—sing 
= Moy —-, (59) 
1+? sing 
The x-component solution formulated similarly 
entails 
He [1— (1/[1+-y?]) (1—sing) } 
pry) f . de, 
w (1+? sing)? 
y’+sing 
= mocr(t+9) f (60) 
(1+~? sing)* 


whereby, subject to the initial conditions stated, we 
obtain 
co 





Be= my (1+?)*——___. (61) 
1+’? sing 
The critical momenta at ¢= (3/2) reduce to 
r Y 
My” = 2moe , 
i-+* (62) 
uz*=0. 


Next we deduce the mass relationship from the 
Einstein equation where for 8 we have 








P 1 
P=687+6,/7= [cos's+ —(1 “ sino) (63) 
1+7 i+7 
thereby arriving at 
mo 
m= ; 
(i—[y7/ (1+7)"][2(1—sing) +7? cos’¢ })? 
i+7’ 
= (64) 


Gage, 
1+7’ sing 











)) 


0) 


ve 


2) 


53) 


64) 





RELATIVISTIC DYNAMICS OF A CHARGED PARTICLE 


The mass at. peak of trajectory is, consequently, 
i+7’ 
1-7 





m* = mg 


(65) 


which for y—>1 gives the expected infinite mass. 

The over-all consistency of these findings can be 
demonstrated by now deriving the momenta com- 
ponents from the mass and velocity relations 


lity [cy 
cos¢, 
1+7' singl (1472)! 


co 





He= Mo 


= mecy (1+); 
1+? sing 


+ a ae 

by = my ———( )ia—sine), 
1+~7* sing \1+~" 

(1—sing) 

1+? sing 





= Mycy 


THE POSITIONAL ENERGY FUNCTION 


The energy of the particle at any instance or position 
of its trajectory can be readily secured from the kinetic 
energy relation of relativity, viz., 





1 
W= mc 
(1—p*)! 


Hence from our mass relation (64) it follows that 


-1| (66) 


- -(1—sin@) 
Vem ——————, (67) 
1+? sing 


At the maximal position of the x coordinate, 
a . 
— 


which formula allows for calculating the cut-off voltage 
for a given Lh to secure a specified level of particle 
energy. Thus define 








W* 27° 
mec? 1-7 
for which 
e\?' 
Y= ( ) =—. (70) 
2+.€ LH 


Then the required magnetic field from Eq. (31) turns 
out to be 


ot e)e)}, (71) 
eL 





whence from the cut-off condition (32) 


moc? 
V*=—(((2+ 6e+1]}!—1), (72) 
e 


where V* is in esu. 
SUMMARY 


All the essential features of the relativistic behavior 
of a charged particle in the crossed electric and mag- 
netic fields have been delineated, and we have shown 
the principal aspects of the planar magnetron for high- 
energy behavior. It is important to have full cognizance 
of the fact that the solution presented here applies 
only if the motion is periodic; a clear understanding of 
this point will avoid confusion in the interpretation of 
the results. Thus one might improperly infer that, even 
at obviously low energies, y may be made to approach 
unity so that m—o and 6—1, whereby the findings 
appear specious. Actually, this seemingly ludicrous 
cricumstance simply indicates that operation is beyond 
cutoff and the periodic solutions do not apply ; to handle 
such cases, and also where y>1, the aperiodic solutions 
are necessary and constitute a direct extension of the 
treatment given. 

Below are grouped for convenient reference the chief 
disclosures of the investigation. ° 


I. The Trajectory Relations 
c 1-—sing 
ee 
w 1+? sind 





1 
tant 
c 1+y7773 
=—yj 2\ tan-'— —tan"! —| 
Ww 
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“ato 2 fT 
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o Lay! [1-77]! 
| 
1+7*}}| Y° cosp 
tar-| + ; 
1-7 (1—7‘) (1+? sing) 
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II. The Velocity Relations 

















oF A. Cutoff 
?,=——"— C089, 
(1+77)! e 
1. Classical V* = $1?H?—. 
es: (1—sin@) | moc 
vU,= i+ 7 s . 
7 a ; moe?\* |) moc 
ah « PN 2. Relativistic y+= Lu 1+( ) | _-—. 
7s +72 HeL e 
III. The Momenta Components B. Trajectory Period 
cosd 2r 
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1+’ sing ~ 
1—sing on 
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Y 
uz*=0, w,*=2me—. 
1-7 C. Transit Time 
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V. Planar Magnetron Characteristic 
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On the Nature of the Transcendental Curves Associated with the Relativistic 
Trajectories of Charged Particles* 
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(Received July 1, 1953) 


A detailed examination of the relativistic trajectories in the intermediate high-energy range is made for 
charged particles in crossed magnetic and electric fields for generalized injection states with explicit solutions 
given in parametric form. The particle path relation is generally formulated, but explicit calculation is 


offered for the zero velocity injection only. 


I, INTRODUCTION 


N an earlier investigation! of the classical relativistic 
dynamics associated with charged particle motion 


VOLUME 25, NUMBER 6 JUNE, 1954 
Louis Goupt 
where the constants are the abbreviations 
A= r(Co+ 2), 
B=C,/2, (3) 


in crossed magnetic and electric fields, solutions were 
found for the special circumstance of zero injection 
velocity. The present communication concerns a more 
detailed study of the generalized problem for any state 
of injection which leads to higher-order transcendental 
curves related to the prolate and curtate cycloids. The 
fact that the formidable-appearing differential equa- 
tions can be solved exactly permits ready examination 
of the properties of these trajectories. 

Physically, the problem we evaluate pertains to the 
intermediate high-energy range where only the rela- 
tivistic mass effect is significant and where radiation 
damping is of no serious import. Also, the single particle 
approach prevails in that space-charge effects are 
ignored. Undue complication is avoided by further re- 
stricting our formulation to motions in a fixed plane, 
i.e., the electric and magnetic fields are orthogonal. 


II. CHARACTERIZATION OF THE VELOCITY SPACE 


One can readily show that for H and E directed along 
the z and x axis, respectively, the Lorentz relation 
yields the equations of motion 


dg, er 
Bisse [1 a @2+0) ( ~82)——o6} 
dt Moc 


(1) 
eE 
Pe -{i- @2+8,)|—2,-w)s. 


Moc 


where, in conventional notation, ¢ is the particle charge 
of rest mass my and c is the velocity of light; 8, and 6, 
are the relativistic velocity ratios v./c and v,/c, respec- 
tively, with w= He/moc the Larmor frequency. 

The velocity relation derivable from Eq. (1) may be 
written in the form 


B,?—A6,— BBZ+D=0, (2) 


* The research in this document was supported jointly by the 
U.S. Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

t Staff member, Lincoln Laboratory, Massachusetts Institute 
of Technology. 
1L. Gold, J. Appl. Phys. 25, 683 (1954). 


D= rP+Co/2 (r?+ 1), 


with Cy an integration constant to be identified and 
r=H/E. 
Rearranging Eq. (2) in the following manner, 





it becomes quite evident that the velocity space consists 
of ellipses, provided 


A? 
——D positive, 

4 (5) 
B negative. 


Thus, B negative requires Cy negative, whence 


A? Co r 
——D=—(~c,-1) (6) 
4 2\2 


is always positive as required. 
The eccentricity of these ellipses is given by 


4 | i|Co| 
iBl=—, (7) 


—1/A2 _ = 4 
9) 
| B\4 ; 
and since e has the limiting value of unity (circular 
velocity space) 


~~ 
li 
' 
| 
| 
| 
lI 








ICo| <2. (8) 


Clearly, the velocity space associated with the periodic 
motion of the particles is defined by ellipses having 
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centers at 


d r 1 
B,=—=-(Cot+2), | 
2 "i 
8.=0, 
with the axes 


Co r? ee 

=(=c.- 1) minor axis, 
La Na } 
' y2 7 

_ (<c.- 1) major axis. 
L 2 i 








The particularly simple appearance of the velocity 
space originated from the inclusion of the constant Co: 
actually Co derives from the initial conditions of Bo: 
and fo, (the injection velocity components at ‘=0). In 
identifying Cy with Bo, and Bo,, we shall find the fore- 
going results considerably complicated. 


Ill. THE BASIS OF THE TRAJECTORY SOLUTION 


The d8,/dt differential equation may be solved by 
eliminating 8,, as prescribed by Eq. (2). The resultant 
may be put into the meaningful form 


aPTNT 
“nu re pier ) +] 








4 (D/B)—1 
[ar Byt+ 
B(1+[1/B)) 1+ (1/B) 
4 
x[-D+AB,— | ma) 


where y=1/r. Reduction of Eq. (9) in terms of Cp and 
r leads to the important finding 


dg, [2 (Cot 2)}! Ww 
ac 3 
dt 1Co| 


rT 
Co r rT 2) 4 
«| Serte—1]-[icot2)~2,] | - 


The solution of Eq. (10) is facilitated by the sug- 
gested transformation 


r 
5 Cet 2) B= E = (<cote— :)] sing, 


whereby the y velocity is contained in the parametric 
solution with 


r Co r? ; 
=“(Cot2)-|°( “cot e-1)] sind. (11) 
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Hence, there obtains 


dB, 


= — ro “Cobh I sind 
dt Co! r 
Co r? 4 
x|=(Seote-1) cos#, (12) 
2\2 


which, coupled with 





dp, Co r2 4 
—~—-|=(=co+e-1)] cos#, (13) 
d6 2\2 , 
yields 
—a(*) 
[2(Cot+2) ]#\w 
dé 
xf 
Co Csr y ‘ 
=,-| ({crte—1)] sna | 
2 2\2 d 
+constant. (14) 


We defer identification of the integration constant until 
we have posed the parametric solutions for y and x. 
Thus, combining dy/dt with dt/d@, there follows 


er 


r Co r’ ) 
“(Cxt2)-| “(cot *-1) sin@ 
2 2\2 





xf w 
Co Co r? ; e 
—r— \: —Cotr’?—1 ) sna] 
2 aha 
+constant. (15) 


To find the x relation, we must combine dx/dt with 
dt/d@; for this it is in order to derive the 8, solution by 
substituting Eq. (11) into Eq. (2), whereby we secure 


r ~\i 
a.-(1 1-r— “C1) cosé. 


Consequently, the x solution formulates as 


|Co| 


ol -*-5] (£) 


cos6d@ 
xf 
Co Co r? ; 2 
—r— (= —Cotr’?— i|) sna 
2 22 


+constant. 


(16) 





(17) 











+) 


ith 


by 
ire 


6) 


17) 
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IV. EVALUATION OF THE CONSTANTS FROM 
THE INITIAL CONDITIONS 


When /=0, 6=4 and the velocity relations become 


r ; 
Bor= (1-r-“c.) cosh 


Co/r , 
(Fete) sinfy. (18) 


These two equations may be solved simultaneously to 
give both Co and 4. Actually, Co can be found more 
directly from Eq. (2) by putting B.=8o: and By=8oy. 


The outcome is 
2Bo,?— 2rBoy+7" 
Co => ° (19) 
3Boz"+rBoy— 3 (r?+ 1) 


Hence, for 4 the injection condition gives 
Boz’+ 2rBoy— (1+7?) ; 
. . (20) 
(1—1*)Bos? + 2rBoy(1—rBoy)—1 


There are four categories of injection states which are 
cataloged in the order of increasing complexity. 


(a) Boy=Bor=0; 
2 


and 


r 
ood vada 








bo= cO5'Boe 





T 
14/2 
(b) Boy = Bo, Boz=0; 
C _ 280° 2rBot 1” 
™ rBo— $(r?+1) 
T 
69=-. 
2 
(c) Boz=Bo, Bo, =0 
2r? 
Be (r2-+1)’ 
ja (1+r?) 7? 
89= cos 'Bo | : 
(1—r?)Bo— 
v2 


(d) Boy= Boz= Pes ’ 


Bo? —V2rBot+ - 
Ce= > 


v2 
¢Bor+ Pal $(r?+1) 





v2 
Oo= cos" he 


$80?-+-V2r8o— (1+7°) P 





2 
(1 —P)80+-Virbo 1 a) - 
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Promiscuous combinations of 8» and r cannot be made 
within the bounds of periodic orbits; the necessary 
condition, of course, is that Cy be negative, but the 
sufficient condition has yet to be proposed from the 
integrations of the parametric solutions we have 
formulated. 

Case A has been fully covered in another report. 
Unfortunately, the remaining cases are not amenable 
to detailed examination without requiring numerical 
elaboration; it will not be convenient to introduce Bo, 
and Boz and @ into the trajectory relations, even for 
these instances. 


V. THE PARAMETRIC SOLUTION FOR THE 
TRAJECTORIES 


It is helpful to introduce the quantity 


2 1 
IC (5)( — “<), (1) 
0 Tr 


which characterizes the nature of the solutions. For 

5° <1, the periodic orbits are possible and the results to 

follow are applicable only when this condition prevails. 
The solution for ¢ entails the integral 


’ dé 
f[——. (22) 
6, (1+6 sin@)* 


2 on 





whence we find 


2v2 (-)| 6 ( cos Cosfo ) 
~ 1Col (Cot 2)*Nro/ Li—a®\ 146 sind 1+8 sind 


2 tan[6/2]+6 
(1-6)! (1-6)! 
tan[0o/2 +6 
ee )I (23) 
[i—e]}! 
The y relation involves both the integral of Eq. (22) 


and 
od sin 
f ——- —— ~ 16, (24) 
6, (1+-6 sin#)? 











whereby, after some simplification and suitable com- 
bination of terms, we achieve 


2v2 (- ( 1 
~ 1Col (Co+2)! “) = 


ifr’ ; 
x| 2cot 1) (<[Sert7- ‘) 
Col 2 


( cosé cos6y )+2 +{— 
x 
1+6 sind 1+4 sin 1+6 


- (tax tan[6/2]+6 aes (25) 
(i-#} [i—#]} 
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For x we find directly the result 








a eas ae 
~£1Co| (Cot 2) Nw \146 sind 146 sind, 7’ 
(26) 
sin@)— sin@ 


2 r 
—_({ - }»— 
wa aree ye ) (1+6 sin®o)(1+6 sind) 








We deduce the period of the oscillation from the fact 
that 8,.=0 at the peak of the trajectory, as reflected 
by 0=3/2m, or more generally @=(n+1/2)x, n odd. 
Thus we define “*= 1/27, T being the period 


2v2 -(- 1 —$ cosh 2 
Piatra ~\I( + . 
1Col (Co+2)! 1—8/ (1+6sin&) (1-—&)! 


5—1 tan[ 0/2 ]+6 
x (tan ' —tan-'— ——) ~ (27) 
[1—6*}! [1-#]}} 








The associated x and y quantities are 


2 ¢ (sinOo+ 1) 
——— Se 
[|Co| (Co+2) }! Ww (1—8)( 1+46 sings)’ 


2v2 c 1 
we 
~ 1ColE (Cot 2) PN rod \1—& 
i se ; 
| -2Cr+0)| (Scorer) | 
Co\ 2 
COSOy 1—6 A 6-1 
=) ene 
1+6 sin8y : 1+6 [1-8 }} 


tan[ 60/2 ]+6 
_ tart ——) } (29) 
ie} 


(28) 





It is not readily discernible by mere inspection of the 
foregoing disclosures how the general appearance of the 
trajectories is altered by the injection conditions. With- 
out resorting to detailed plotting of the orbits, we may 
attain a further insight into the visualization of the 
particle trajectories by examination of the extrema. By 
combination of the 8, and 8, equations we have 


r Co r? 3 
“(Co+2)-|—(Hcrtr-1))] sind 
y 2 2\2 
—a ——, (30) 
dx r2 4 
(: 1—r?— “C) cosé 
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whereby it is manifest that 


r 
Pili 

dy 

—=0 for @=sin-'—— 


“Ge 


dx 
—=(0 for @=(n+34)rx, 
dy 


(31) 


n=(0,1,2,3--- 


The nature of these critical points may be perceived 
by delineation of the second derivatives, which are 
found to be 





dy d =) 


dx? d@\dx/ dx 
where 
r 
(Co+2) 
2 





d (~) 1 
do\dx/  cos% (1—r?—[7?/2 ]Co)! 


iCo| \* 
X sind — (—) , (32) 
2 


d6 [2(Co+2) ]} (*) 


dx r? 
Col [1--—-aa] 


Co Ce r? ; 2 
= | (Feot r?—1 )| sna| 
2 2\2 


» es , (33) 
cosé 





cr 





@x d _ 
dy? do\dy 


d y 


where 


d —) 1 
do\dy) — sin’ 








d@ [.2(Cot —=(- ) 
dy 1Co| re 


Co Co r? } 2 
(=-|=(Gotr-1)] sn) 
2 2\2 
XxX . (35) 


r Co/f/r 4 
“(Cot2)-[— “crtr-1) sin@ 
2 2\2 
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The zeros of d*y/dx* are defined by 
Co r’ i 
|= —Cot+r?— 1) 
2\2 
r(Co+2) 
Cor 


;=sin7 





(36) 


@= sin-!—— 


Ce y 
[(Seorr-1) | 
2\2 


while those for d*x/dy* occur when 0=@ in Eq. (36) 
and for 
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Thus, the extrema support the anticipated modifica- 
tions of the simple “cycloidal” trajectories for finite 
injection velocities, with loops, nodes, and cusps indi- 
cated for 
—2 
Co¥ 





1 
1+— 


r? 
VI. THE TRAJECTORY PATH EQUATIONS 


Let us next determine the relation for the actual 
distance traveled by the particle in its execution of the 














V9 periodic orbits. We can formulate the path equation in 
—r(Co+2) terms of the parameter 6, so that in 
2 . ° 
ee ae 37 dy\* 7} 
sin*é 2 , (37) s- f [1+(2) as| , (38) 
[cs(Zcot-1)] WLM 
2 we have 
r° r Co r? , ; , 2 
yy be —r— x, cos*é+- |-(Cut 2)- E (<< otr*—1 ) sno| 
dy y\? 2 2\2 
( 1-r— “C) cos’? 
2 
\Co| = 4 cos0 
anaes —r —“c0) (=)— C } -(d8). 
2 2 
aties (<- = (cote 1) | sind) 
2 
The path traveled then derives from 
r r ; 2y 4 
([1-» ~ Ca] cos’?é+ (<tc to+2]- |—(Seot 1) | sind) ) 
1Co| cr 2 2 
S(0)=- (- ~)f — ————-—~ dé, (39) 
[2(Co+2)} cc a ' \ 
(=- =(- "Cute —1 sind 
2 2 
which may be converted to an algebraic form by setting x=sin@, so that 
: a(1—2")+ (a2—a32)? 
sea)=1f ds, (40) 
2» (as—a3x)?[(1—x)*La,(1—2?)+ (a2— asx)? |} 
where the abbreviations and 
C 
a= —— .(<) a= — 
(2(Co+2)} 07’ . 
y2 are made. 
a= ( 1-0), The general relation for the path length in either 
2 Eq. (39) or Eq. (40) is much too involved for explicit 
. evaluation. There are a number of other ways of altering 
a2=—(Co+2), Eq. (39), but these are no more encouraging than Eq. 
2 


Co r? ; 
o-((Ceore-s)} 
ae 


(40). It was decided, therefore, to restrict the path 
length determination for the zero injection velocity 
circumstance, and, in particular, to find the arc length 
for a single oscillation. 
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Vil. THE PATH LENGTH FOR THE CASE §..=6.,=0 


In this instance, the path equation reduces to 


cy 
S(@)=—(1+~’)! 


Ww 
. f [ (1+-y?) cos’*#+ (1—sin@)?}! 
“2/2 (1+? sine)? 





dé, (41) 


69=7/2 


where, for 0= (3/2), S is one-half the arch length. 
The change of variable x=sin@ yields the reduced 
form of Eq. (40), viz., 


S (x) = Sof. S1(x)+S2(x) ], (42) 


where we have put 





cy 
So=—(1+7’)!, (43) 
Ww 
with 
sin-lr 
S1(x) = f 
l , 
(2+¥")dx 
—— ——, (44) 
(1+-y2x)"L(2+77)+2(1+-y)a+ 77x]! 
and 
S2(x)=7" f 
xdx 
(45) 





x , 
(1+-y2x)*L(2+77)+2(1+7*)a+77x* ]}! 


These algebraic irrational integrals are essentially of 

standard vintage, but demand critical examination 

before the specific tabulated forms can be invoked. 
First consider S,(x), for which we can employ 


> 


f dx b’ Uk 8 dx (46) 
a/R ky 2k m/X 


where, for 





(* =a+ba+cxr?= (2+77)+2(1+7*)e+y77x", (47) 


v=a’'+b'x=1+7'x, (48) 
B= bb’ —2a’'c=2y', (49) 

and 
k=ab"— a’bb’+ca”=7?(y'—1). (50) 


Since y<1, & will be negative and we have 


f dx 1 2k+ Bo 
= tan-1_—_____, 
wn/X (—k)! 2b’(— kX)! 





(51) 
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whereby our solution for S;(x) becomes 
2+7?|sin lz JX y 
1-7), 








S; (x) ™ 


+ — tan 
it+yx (1-y')! 


(Y—D)+7(1+7x) : 
x- |. (52) 
y(i—y)h/X | 





We can more effectively deal with S2(x) if we re- 
arrange it to read 





sin—lz xdx 
So (x) = vf . ’ (53) 
, (1+-7?x)?(/+ mx+ 2°)! 
with 
2+7" 
|/=——_.,, 

a 
| (54) 

2(1+7") | 

m=————. 
od 


Next, Eq. (53) is rationalized by the usual change of 
variable 





s—x= (l+-mxt+2)}, (55) 
whereupon the transformed integral turns out to be 
gem 
. 
LY Z, (56 
. Li V fa 
having 
Z= (m—y'l)+22+- 72. (57) 


The limits Z; and Lz will be specified later. 
Thus, our problem of solving S2(x) becomes one of 
evaluating 





S(s)=S(s)+S$2(z), (58) 
in which 
Lz dz 
S;(s)=— aif —, (59) 
Li 2 
and 
Le 22dz 
Se (z) = 2y : (60) 
Li 2 


The solution of these integrals centers about the value 
of the discriminant for Z, which is 
g=4(m—vy'l)y"—4 
=4(1—7‘). (61) 


The discriminant is positive since y<1 and therefore,. 


for the integrals occurring in Eqs. (59) and (60), we 
employ 


2 F 4—2(m—~y'l)y*z+ (m—vy’'l)2 
uilines 


2 (y)4(1—y)Z 





2(m—y'l) dz 
emia ae ae 
a f (62) 
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an 


Ac 
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wl 





\y 
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and 


dz 2y2+2 27" dz 
sol + on (63) 
Z 4(1-y)Z 4(1-y)/ Z 
For the explicit solution of S(z), the residual integra] 
appearing in Eqs. (62) and (63) needs to be evaluated. 
As q is always positive, we find 
dz 2 2y*2+2 
—=— tan“. (64) 
Z V4 V9 


Accordingly, we arrive at the condensed result, 


|¥ 2 1-—y’?—y’z 
S(z)=| - ( ) 
Invd-v)\ 











tt eae ve+ 
a en, (65) 
10-7 (1—y*)! 
where 
2—y' 
Z= naareee 23+ 772". 
a 


The general path relation is thus revealed as a most 
involved one. We may specify the limits of integration 
and deduce the path length per oscillation. The S;(x) 
has an upper limit ef —1 corresponding to 0=3/2z for 
the peak of the trajectory. Hence, we determine 
that S; is 


2+-7' ( Y 
(i—y4) (14+-y2)4L \2(1--y2) 


Y 2y*—1 
eeneeres Shar 
2y(1—¥ 





oe =i (66) 
i 2 ad ind 
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Next, from the transformation relation of Eq. (55), we 
discern that, corresponding to the x limits of +1, 


y+2(1+7’)! 
eee, ; 
Y (67) 
L.=-1, 


whence, following some algebraic manipulations, we 
obtain finally 


3y°(2y+[1+7"}) 
(1-7 )[1+37°+ 2+ (14+ 27’) (1+7)4] 


2\1-y’-y' 1-y*\! 
(aol) 
y/ (1-y‘)! i+7 
ee | 
~ er ——— 68) 
(1—y‘)! 


5:= 











The full arc length is then given by 


oy 
S= 2(=) (1+42)(S,4-S2), (69) 


® 


and we observe that it reduces to the classical result for 
the cycloid in the limit of y—0, viz., 


Efi 
Sxae™ s—(-). (70) 
H\w 
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Low sputtering rates are measured by means of the probe technique in a plasma. The displacement of the 
probe curve along the voltage axis (and its change in shape) when the probe is covered with a material of 
different work function, sputtered from a sputtering electrode, is a dependable measure for the thickness of 
the sputtered layer. The method is very sensitive, generally applicable, and was applied especially to answer 
the question of a threshold voltage U» for sputtering. The sputtering rate for Pt in Xe, in the region of low 
ion energies (50< U,< 200 ev) is roughly proportional to (U,— Uo)? with Up= 40 ev. 


INTRODUCTION 


ELIABLE sputtering measurements at low ion 
velocities (in the region where the ion energy ap- 
proaches the minimum energy necessary to separate a 
metal atom from the surface) are of special interest for 
the basic understanding of sputtering phenomena. 

It is not amazing, however, that reliable measure- 
ments in this region are very scarce. The amount of 
sputtered material becomes so small that conventional 
methods, as for instance, measuring the thickness of 
sputtered deposits or measuring the loss of material 
from a thin wire, are not sensitive enough. Further- 
more, the majority of sputtering measurements have 
been made in the glow discharge at pressures where the 
limited mean free path of ions and sputtered particles 
result in a great uncertainty concerning both the 
energy and the angle of incidence of the impinging ions 
and the rate of back diffusion of sputtered particles 
to the cathode. 

To our knowledge, only the method of Kingdon and 
Langmuir! was sensitive enough to investigate the 
region of ion velocities below 100 volts in a reliable 
way. By this method the gradual removal of a mono- 
atomic layer of Th from a W base, subjected to ion 
bombardment in a low pressure gas discharge, was 
studied by measuring the decrease of electron emission. 
This method, however, is confined to special cases and 
materials like Th or Cs on W. 

The method being described here differs basically 
from this, insofar as the deposition and not the removal 
of surface layers is being measured by means of change 
in collection rather than emission of electrons. The 
electrons are furnished by a plasma and collected by a 
probe. In this way.a convenient density of the collected 
electron current can be selected by changing the 
plasma density independently of any thermionic 
emission of the probe. 

The fundamental effect upon which this method is 
based is this: The Langmuir probe characteristic, 
plotted along the voltage axis, depends on the work 
function of the probe. The change in work function of a 
probe can be measured easily and accurately by the 
displacement of the probe characteristic along the 


'K. H. Kingdon and I. Langmuir, Phys. Rev. 32, 142 (1923). 





voltage axis. Therefore, when a probe is covered with a 
thin layer of material with different work function, 
the probe characteristic before and after covering 
indicates a difference in work function A@. Inversely 
this A¢d is a measure for the thickness of the covering 
layer. 

Any interfering phenomena, such as different work 
functions at different places of the probe, surface 
migration, or high-resistance surface layers can easily 
be discovered and studied by investigating the change 
of the SHAPE of the characteristic as was described in 
detail in an earlier paper.’ 

After the development of the probe technique, 
especially by the application of an automatic plotter 
which writes a probe characteristic in a time scale of 
seconds, it was promising to use this effect for investi- 
gation of cathode sputtering. 


APPARATUS AND PROCEDURE 


The apparatus (Fig. 1) used to date here in principle is 
identical with that used for the investigation of the low- 
voltage hot cathode rare gas arc.” It consists of a de- 
mountable, bakeable, bell-jar tube with a probe that 
could be moved to any place of interest in the discharge. 
The base has two heavy leads for the cathode and 
several small leads for the sputtering electrodes. The 
hot cathode consisted of a pure W double helix. The 
cylindrical Mo anode is coaxial with the cathode. The 
sealing of the bell jar on to the base was done by 
silver-soldering in H2.* 

The procedure for the sputtering measurements is as 
follows. After reaching stable plasma conditions, the 
probe characteristic is recorded. The probe is situated 
in the vicinity of the sputtering electrode with some 5 
to 10 millimeters distance. Then the sputtering elec- 
trode is made negative against plasma so that ions from 
the plasma impinge upon it and cathode sputtering 
ensues. After some seconds, minutes, or even hours 
(depending on the sputtering voltage), the probe char- 
acteristic is written again. From the difference in work 
function of the probe before and after sputtering, the 
thickness of the layer of foreign material on the probe 


2G. Wehner and G. Medicus, J. Appl. Phys. 23, 1035 (1952). 
3G. Medicus, Rev. Sci. Instr. 23, 647 (1952). 
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SPUTTERING AT LOW 


can be determined once a gauging curve for the material 
in question is made. 

The main problem is to prevent the work function 
of the clean probe from “creeping” (changing of 
itself), because this limits the time in which a meas- 
urable amount has to be deposited. This, however, re- 
quires very pure conditions achieved with an unusually 
thorough baking schedule, noble gas flushing, and getter- 
ing by sputtering Ta or Mo in diffuse layers all over the 
tube walls and electrodes. To avoid any difficulties with 
impurities from stopcocks, a simple bakeable valve was 
built, which turned out to be very helpful. This valve 
was installed immediately behind the discharge vessel 
and was bakeable when open. It could be tightened so 
that a He-mass spectrometer leak detector indicated no 
leakage. This is quite sufficient for the purposes in 
question, since behind this valve there is a mercury 
shutoff (and a cooling trap) with low pressure in be- 
tween. 

The cleaning procedures were conventional and 
consisted in baking the vessel together with the valve 
just mentioned, high-frequency heating of the anode in 
high vacuum, heating the probe and the sputtering 
electrodes in the discharge itself by drawing electron 
current from the plasma, and in sputtering the differ- 
ent electrodes to be cleaned. It should be remarked 
that it is advisable to heat the cathode during the 
bakeout of the vessel. Without this precaution, several 
successive bakeout periods are necessary. 

Another source of contamination of the probe is the 
hot cathode. Since, however, both the probe and the 
cathode consisted of W, the work function of the 
probe is not changed appreciably by a deposit of W 
from the cathode. However, it is to be expected that 
measurements taken without precaution against this 
effect can be falsified considerably in the case of longer 


Fic. 1. Discharge tube. C: 


W cathode, A : anode cylinder, 

S: sputtering electrode (Pt), 

P: movable W probe, where A 

sputtered material from S 

settles. S J —+—P 
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Fic. 2. Bombarding ion current and sputtering rate of 
Pt vs Xe gas pressure. 


exposure times. In other words, at lower sputtering 
voltages, where sometimes it takes some hours to 
obtain measurable deposits, this admixture of W (in 
order of 6 hours for a monolayer at a cathode tempera- 
ture of about 2400°K) should become of importance. 
Similar errors may result from the evaporation of 
material from alloys formed on places with intermediate 
temperature such as the (W) cathode and (Mo) 
cathode-lead connection. It would be easy, although it 
has not been done yet, to avoid this effect by shadow- 
ing the probe and the sputtering electrode by means of 
a shade between the cathode and these electrodes—at 
least when the gas pressure is not too high. 

Another problem concerns changes of the deposited 
layers. During the sputtering procedure the probe is 
kept at low temperatures and not far away from plasma 
potential so that surface migration, evaporation, and 
resputtering from the probe can be kept negligibly 
small. However, when the complete characteristic is 
recorded, the temperature of the probe may rise 
enough to start not only surface migration but even 
evaporation. Therefore, it is necessary to stay below 
this critical temperature while measuring and to per- 
form the measurement as fast as possible. 

Another problem concerns the influence of fast 
neutralized ions reflected from the sputtering electrodes. 
Such atoms or molecules may not only cause sputter- 
of other electrodes (including the anode), thus con- 
taiminating the probe, but also resputtering of material 
from the probe. This effect may be serious in the case 
of light gas ions bombarding a heavy metal and is the 
main reason for not being able to attribute definitely 
a certain work function change to a certain layer 
thickness. Therefore, sputtering rates can only be 
given in arbitrary units. 

Another precaution, necessary to obtain constant 
plasma conditions, was to heat the cathode with dc, 
using a buffer battery, since for the sake of simplicity 
a directly heated cathode was chosen. 

It should be pointed out that the preliminary nature 
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Fic. 3. Work function increase of W probe caused by deposition of 
Pt, sputtered from a Pt electrode. 


of our setup becomes evident when we consider the 
configuration of the sputtered deposit on the probe. 
Normally a spherical probe was used in the vicinity of 
a cylindrical sputtering electrode (Fig. 1). In such a 
case, if the deposition occurs geometrically, the layer 
will be far from uniform. This nonuniformity of the 
deposit would change the shape of the probe curves 
markedly. Flattened curves should result, which lie in 
between the ones for the noncovered and for the uni- 
formly covered state. Actually, however, such a 
flattening disappeared readily as soon as the probe 
reached a temperature sufficient for starting surface 
migration of the sputtered material. The influence of 
nonuniformity of the layefs on the measurements 
could be avoided by measuring the displacement of the 
lower parts of the probe characteristic, where it is 
nearest to the maximum value. 

On the other hand, the arrangement used thus far 
was very helpful to find out to what degree this method 
is suitable for sputtering measurements and what can 
be expected from a better adapted setup (possibly a 
sputtering electrode which surrounds the probe). 


RESULTS 


The pressure region in which these measurements 
promised to be most reliable is determined by the 
following factors: (a) In order to avoid the return of 


sputtered material to the sputtering electrode, the 


pressure should be-as low as possible. (b) In order to 
have a well-defined ion velicity, the ratio of mean free 
path of the xenon ions to the thickness of the ion sheath 
shall be great, which again calls for low pressure and 
favors small ion sheath thickness (low sputtering 
voltages). (c) Detrimental evaporation from the 
cathode, as mentioned, requires a shade arrangement, 
which is most efficient at low scattering rates of the 
evaporated particles (low gas pressures). (d) The 
parallel shift of the probe characteristic can be meas- 
ured best in a region of steep rise in the probe char- 
acteristic, that is low plasma electron temperature 
which develops only above a certain minimum pressure 
(in the order of 10 microns). (e) Gas cleanup, always 
connected with sputtering, changes the discharge 
parameters and is a serious problem at pressure below 
1 micron. 

In order to find the region which offers the best 
compromise, as a first step the rate of sputtering of Pt 
and the collected ion current vs Xe gas pressure was 
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measured at three different sputtering voltages with 
the plasma density measured by the electron current 
collected at plasma potential held constant (Fig. 2). 
The pressure where ions start to collide with gas atoms 
within the ion sheath is indicated by the departure of 
the ion current from a constant to lower values. This 
is due to the lower average ion velocities and longer 
transit times of the ions within the sheath, the result- 
ing smaller sheath thickness and therefore smaller 
collecting area for ions around the cylindrical wire to 
be sputtered, i.e., smaller ion currents. The region of 
constant ion current extends to higher pressures at 
lower sputtering voltages (because of the decreasing 
thickness of the Langmuir sheath). The rate of sputter- 
ing, however, does not show any marked change with 
pressure in this region between 5 and 270 microns, 
although a marked decrease with increasing pressure 
was to be expected on account of the return of sputtered 
material, the average lower ion velocities and smaller 
ion currents. This amazing result must probably be 
attributed to the increase of the rate of sputtering 
when ions strike a surface at oblique angles.‘ Such ions 
produced by collisions with gas atoms within the ion 
sheath and increasing in number at the same rate as 
the ion current decreases with increasing pressure 
might well be responsible for keeping the rate of 
sputtering at approximately the same level. The meas- 
urements reported in the following were made in the 
region where the ion current starts to depart from the 
constant value, that is between 20 and 30 microns. It 
is obvious, however, that these measurements are of 
preliminary and informative character only, as long as 
they are confined to a certain pressure region. 

Figure 3 shows the work function change vs time of 
sputtering for the case of Pt sputtered onto the clean 
tungsten probe. The work function at first rises steeply, 
then more slowly, reaching a maximum similar to the 





Fic. 4. Time required to shift electron collecting part of probe 
characteristic (just below plasma potential) by an equal amount 
(0.15 volt) in the voltage direction (i.e. to cover the W probe with 
an equal amount of Pt), when the Pt electrode is bombarded with 
Xe ions of varying energy. ‘ 


*H. Fetz, Z. Physik 119, 590 (1942). 
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minimum obtained with Ba on W and finally leveling off 
at the value of the bulk Pt. This curve, when normal- 
ized, is the same for different sputtering voltages and 
if the maximum would correspond to a monolayer, then 
a rise in work function just above the experimental 
error from the clean tungsten would belong to about 
1/25 of a monolayer. Absolute sputtering values 
(sputtered atoms per impinging ions), of course, can- 
not be given before a reliable calibration has been 
made where the monolayer is correlated with the 
maximum of the calibration curve, and where the 
sticking probability (accommodation coefficient) of the 
sputtered atoms on W has to be considered. The follow- 
ing results concerning the rate of sputtering (in ar- 
bitrary units) are based on the obviously justified as- 
sumption that the time periods necessary at different 
ion velocities for obtaining a certain small work func- 
tion change are inversely proportional to the rate of 
sputtering. 

Figure 4 shows a series of such measurements. They 
were obtained in the following way: Step 1—Charac- 
teristic of the clean probe. Step 2—Sputtering period. 
Step 3—Characteristic of the covered probe. Step 4— 
After cleaning the probe, characteristic of the original 
curve in order to check if the discharge remained con- 
stant during the whole procedure. The same procedure 
is now repeated at different sputtering voltages. It is 
seen that at 200 volts sputtering voltage (reference 
plasma potential), 5 seconds of sputtering time are 
necessary in order to obtain 0.1 volt increase in work 
function, at 150 volts this time rises to 10 seconds, at 
100 volts to 34 seconds, etc., and finally at 40 volts, 
5400 seconds are required. At this voltage, with a 
sputtering time of nearly 2 hours, the limits of this 
arrangement regarding constancy, purity, and “creep- 
ing” effects would have been reached had not an un- 
expected effect come to assist. 

In Fig. 5 the 45 volt case with 1800 seconds sputter- 
ing time is repeated from Fig. 5. After cleaning the 
probe, the same sputtering voltage was applied only 
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Fic. 5. Time required to change the probe characteristic above 
plasma potential by an equal amount, when the Pt electrode is 
bombarded with Xe ions of varying (small) energy. 
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Fic. 6. Sputtering rate (arbitrary units) of Pt vs energy 
of bombarding Xe ions. 
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for 260 seconds. A work function change is hardly 
noticeable now, however, the region above and near 
plasma potential shows a marked change of the col- 
lected electron current. This deviation from the zero 
curve turned out to be exactly reproducible and the 
distance indicated by the arrows in Fig. 5, for small 
values, increased proportionally to the time. This 
effect can be interpreted as a change of the reflection 
coefficient for slow electrons (collected from the plasma) 
by the material of different work function sparsely 
scattered over the probe surface. Even without knowl- 
edge of the particularities of this effect, it seems to be 
justified to use it as a measure for very small deposits 
on the probe and to push the limits of the sensitivity 
further down to lower sputtering voltages. The reli- 
ability of this method was checked by measuring the 
region between 40 and 60 v by the displacement of the 
probe curve and by means of the method in question, 
which gave the same results. Figure 5 shows that 260 
seconds at 45 volts sputtering voltage produce the 
same change as 540 seconds at 40 volts, 1800 seconds 
at 35 volts, and 5000 seconds at 30 volts. 

Results from Figs. 4 and 5 are plotted in Fig. 6. The 
rate of sputtering (S) of Pt by xenon ions in the energy 
range 50<U,<200 ev is roughly proportional to 
(U,—Uo)? with the threshold energy Uo=40 ev. It is 
to be expected that the threshold becomes more pro- 
nounced with a definite angle of incidence and a definite 
face of a monocrystal instead of the polycrystalline 
surface so far examined. 

The main purpose of this paper is to show that the 
Langmuir probe technique furnishes a very sensitive 
method for detecting very small amounts of foreign 
matter on a probe surface and that it can be usefully 
applied for studying sputtering at low ion velocities. 
The method is quite cumbersome in the case of rare 
gases on account of the required purity. There seems 
to be some hope, however, that in the case of mercury 
vapor it may lose some of its drawbacks in this respect. 

Later experiments with a quite different and much 
more efficient method of determining the “threshold” 
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voltage [G. Wehner, Phys. Rev. 93, 633 (1954) ] showed 
that more basic information on the threshold question 
can be gained when a clear separation between per- 
pendicular and the much more efficient oblique-angle- 
sputtering is made. 
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In a circulating-fuel reactor, the circulation of the fuel causes a damping of power oscillations of the 
reactor. This is demonstrated under the assumption that there is no mechanical vibration coupled with 
the oscillation of reactor power, and that the shape of the hydrodynamic flow does not vary with time. 


I. INTRODUCTION 


HE first nuclear reactors were large structures 

and relatively low powered. They operated at 
temperatures far below the temperature at which they 
would undergo appreciable damage. Relatively little 
danger would be involved if such a reactor becomes 
“supercritical,” that is, gets into a condition in which 
the nuclear chain reaction tends to build up. Because 
of the low power per unit volume, the temperature rise 
is slow, and besides an appreciable increase in tem- 
perature can be tolerated. There is plenty of time for 
controlling such a reactor manually or by simple servo 
mechanisms. 

As pure fissionable material becomes more available, 
the parasitic neutron capture by nonfissionable atoms 
becomes small, and one can afford to lose more neutrons 
by leakage from the reactor. That is, one can build 
smaller reactors. At the same time one wishes to in- 
crease the reactor power, and—for better thermo- 
dynamic efficiency—a reactor temperature close to the 
permissible upper limit is desirable. All this drastically 
shortens the time available for reactor control, and 
manual, or even servo, control gets to be less attractive. 
Inherent stability of the reactor becomes a serious 
design problem. 

The inherent stability of the reactor has two aspects. 
One is the static stability which simply means that an 
increase in reactor temperature causes the reactivity to 
drop, so that heating of the reactor causes eventually a 
decrease in reactor power. Static stability—also known 
as negative temperature coefficient of reactivity—can 
be achieved by proper design using a number of physical 
effects.' For instance, the thermal expansion of the 
reactor increases the interstices between the nuclei and 


1 See, for instance, S. Glasstone and M. C. Edlund, The Elements 
of Nuclear Reactor Theory (D. van Nostrand Company, Inc., New 
York, 1952), p. 339. 


makes it easier for the neutrons to leak out of the 
reactor. Also, the cross sections of the nuclei for neutron 
reactions change as the temperature changes, though 
this may give a positive as well as a negative contribu- 
tion to the temperature coefficient of reactivity. 

The other aspect of inherent stability is dynamic 
stability. Since the heating of the reactor is not instan- 
taneous, the negative temperature coefficient does not 
compensate immediately for an excess in reactivity, 
nor does the power return to normal immediately after 
the temperature coefficient begins to act. Such delays 
may cause oscillations in the reactor power. Dynamic 
stability means that such oscillations are inherently 
damped. Delayed neutrons have been shown to provide 
such damping, at least in a large number of cases.’ 
(Additional cases will be presented in this paper.) 

However, the desire for higher power density may 
lead indirectly to a loss of delayed neutrons: a con- 
ventional reactor acts simultaneously as a heat ex- 
changer, and engineering considerations set a limit to 
the power that may be extracted from a unit volume of 
such a device; higher power densities may be achieved 
in the reacting volume if the heat exchanger is placed 
outside this volume and the fuel circulated through the 
reactor and then the heat exchanger; but then a part 
of the delayed neutrons is given off outside the reactor. 
The Oak Ridge National Laboratory has actually built 
such a circulating-fuel reactor, the “homogeneous re- 
actor,” for the above reasons and because of other ad- 
vantages of the design. 

The purpose of the present paper consists in pointing 
out that the loss of the delayed neutrons is—as far as 
damping of oscillations is concerned—compensated for 
to some extent by a damping effect caused by the fuel 
circulation itself. In its present state, the theory does 


2See, for instance, T. A. Welton, unpublished Oak Ridge 
National Laboratory reports. 
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not include any possible coupling between a mechanical 
vibration and the above power oscillations, which 
depend on nuclear heating of the reactor material and 
feedback through the negative temperature coefficient 
of reactivity. Nor did we consider yet any interaction 
between these power oscillations and the hydrodynamic 
flow of the fuel, though such interaction might exist 
because the fuel’s viscosity and density depend on 
temperature and hence on the power history of the 
reactor. 

The damping caused by the fuel circulation depends 
on the design parameters; and in one of the examples, 
this damping reaches a minimum for a certain relation 
between the parameters. This relation has to be avoided 
by the reactor design, if maximum stability is desired. 

Mathematically, the paper will have to treat differ- 
ential equations which are not only nonlinear, but also 
involve a “delay” term. This term arises from the fact 
that the reactor power at time ¢ influences the reactor 
not only for an infinitesimal interval (¢, +d?) but for 
a finite—or even infinitely long—time thereafter, for 
instance, because the delayed neutrons are given off 
some time after the fission which causes them. Con- 
versely, the reactor behavior at time / depends on the 
whole history during a finite or infinitely long interval 
preceding ¢. This is described by the delay term, which 
is an integral of the dependent variable over the past 
history. Such delay terms are extremely difficult to 
incorporate into analog differential analyzers, which 
makes the analytical approach—followed here—more 
attractive. 

The damping of the nonlinear oscillations is demon- 
strated by a plausibility argument rather than a rigorous 
proof. For a linearized case, the damping has been shown 
rigorously,’ and indeed the mathematical treatment of 
linear differential equations which delay terms has been 


‘known previously. Also methods for finding periodic 


solutions of nonlinear differential equations with delay 
terms are known.‘ 


II. THE REACTOR WITH CONSTANT POWER 
EXTRACTION 


A very simple kinetic behavior is exhibited by a 
hypothetical reactor, from which power is extracted at 
a constant rate, and which has no, delayed neutrons.* 
Furthermore, we assume for this reactor, and for all 
the others treated in this paper, that the reactivity 
depends only on the reactor temperature, and a re- 
activity change follows the temperature change without 
time delay. This assumption implies, among other 
things, that we do not consider any coupling with 

3 F. C. Prohammer, Note on the Linear Kinetics of the Circu- 
lating Fuel Reactor. Atomic Energy Commission Report M-5198 
(April, 1952). 

4F. H. Brownell, III, “Non-linear Difference—Differential 
Equations,” Annals of Math. Studies No. 20, Princeton University 
Press, 1950. This paper also contains references to the earlier 
literature. 


5J. M. Stein, unpublished Oak Ridge National Laboratory 
report. 


mechanical oscillations, for if we allowed, for instance, 
the temperature rises to cause first an increase in 
pressure and only afterward an expansion, the density 
and hence the reactivity would not be determined by 
the temperature alone. 

There is a temperature at which the reactor has no 
excess multiplication factor. This temperature is chosen 
to be the zero point of the temperature scale. At this 
temperature the reactor can run at constant power. 
If this power is equal to Po, the constant power ex- 
tracted, then the state of the reactor will be stationary. 

P(t) and T(é) are, respectively, the instantaneous 
reactor power, and temperature. The fractional increase 
in the power P from one neutron generation to the next 
is the excess multiplication factor (by definition of the 
latter quantity) and this excess multiplication factor is 
—with the above convention as to the zero point of 
temperature—proportional to T, the negative propor- 
tionality constant —a being the temperature coefficient 
of reactivity. If r is the average lifetime of one neutron 
generation, the multiplication of P per unit time is 
— (a/r)T, or 

d logP/dt= — (a/r)T. (1) 


On the other hand, the rate of change in temperature 
is proportional to the excess of the generated power P 
over the extracted power Po: 


T =«(P—P»). (2) 


By multiplication of Eqs. (1) and (2), one readily 
finds that 


dH/dt=d[eP— «Po logP+ (a/2r)T?)/dt=0. (3) 


The oscillation of the reactor may be simulated by a 
ball rolling on a suitably shaped concave surface, the 
ball’s displacement from the lowest point of surface 
being proportional to —log(P/P»), and its velocity 
being, by Eq. (1), proportional to +7. The quantity H 
corresponds to the total (potential+kinetic) energy of 
the ball. H is constant with time and the oscillations 
are undamped. The properties of H, as a function of 
log(P/Po) and T, are such that, for a given H, T cannot 
go beyond +[ 2(H—ePo)r/a]}, and hence T oscillates 
between these limits. For the same reason the power P 
oscillates between the two solutions of 


«P— Py log(P/P.) =H, (4) 


and as these limits grow further apart, the more H 
increases. 

For small oscillations, log(P/Po) may be approxi- 
mated by (P— Po)/Po, and the oscillations are harmonic 
with a period 2r(7/aePo)*. For large amplitudes, the 
power swings—as in Fig. 3(e) to the left—to large 
multiples of Po, but only for a short time. These over- 
swings are followed by long periods of low power, 
during which the excess heat is removed by the con- 
stant power extraction. The period depends on the 
amplitude, as common with nonlinear systems. 








Ill. THE SIMPLEST CIRCULATING-FUEL REACTOR 


The principles employed in the treatment of circu- 
lating-fuel reactors may be illustrated by a simple 
example, characterized by the following assumptions: 


(1) All particles of the fuel spend the same time 6 
in the reactor. 

(2) The flux and power distributions are constant 
over the reactor; so that the temperature rise of a fuel 
particle during a time interval dt depends only on the 
reactor power P(t) and is independent of the location 
of the particle; and so that a temperature change of an 
element of fuel influences the reactivity to an extent 
that is independent of the position of the element. 

(3) Delayed neutrons are neglected. 

(4) The reactor inlet temperature is constant. (If the 
fuel at the reactor outlet reaches a maximum, this may 
eventually be reflected at the reactor inlet, as the 
maximum may not be completely smoothed out by the 
passage of the fuel from the reactor outlet, through the 
heat exchanger, to the reactor inlet. However, this sort 
of feedback is inherently slow, as it depends on a rela- 
tively long travel of the fuel. Hence, control rod motion 
could compensate for this éffect if necessary, and the 
assumption of constant reactor inlet temperature is 
from a practical viewpoint, not a bad one.) 


With these assumptions, Eq. (1) remains applicable 
to the reactor, and Eq. (2) is replaced by 


t= p- (1/8) f Piss] (5) 


that is, the power extraction has not the constant 
value Po, but is proportional to the outlet temperature. 
The outlet temperature in turn is proportional to the 
integral of the power over the past transit time and 
the power extraction is normalized so that it assumes 
the value Po, if P is constant at this value. The integral 
in Eq. (5) is an example of a delay term. 

In order to prove that the system described by 
Eqs. (1) and (5).is a damped oscillation, one would like 
to construct a function of T and log(P/Po), which 
would be a decreasing function of time, and which 
would in analogy to H of Eq. (3), determine limits, 
between which T and P can oscillate, these limits being 
the narrower the smaller the H. That it was so far not 
possible to construct such a function, should be regarded 
as a flaw of the theory in its present state. The present 
theory considers what would happen if the oscillations 
described by Eqs. (1) and (5) were undamped and 
periodic. It finds that, after a whole cycle, the quantity 
H, as defined by Eq. (3) would have decreased (or, in 
some limiting cases, would have remained constant). 

After establishing the above property of H, two lines 
of reasoning can be used to show that the oscillation is 
damped: one, introduced by Welton,” visualizes a 
simulator like the one described earlier in this paper, 





704 WILLIAM KRASNY ERGEN 


but the motion of the ball is now supposed to be de- 
scribed by Egs. (1) and (5), except that such additional 
external forces are applied to the ball as to keep it in a 
periodic motion. If only Eqs. (1) and (5) would de- 
termine the motion, the energy H would have decreased 
after a whole cycle—except in the limiting cases where 
it remains constant. That means that—except in those 
limiting cases—the external forces have to supply extra 
work to keep the motion periodic. Without the forces, 
the oscillations can reasonably be expected to collapse. 

Another reasoning was suggested by Tamor:*® It 
can be shown that the oscillations described by Eqs. (1) 
and (5) are bounded above and below. Hence there are 
certainly no antidamped solutions, that is, solutions 
which reach infinitely large amplitudes. Except for the 
limiting cases in which periodic solutions exist even 
according to Eqs. (1) and (5) alone, all solutions must 
be damped. 

Neither of the above two lines of reasoning is quite 
satisfactory. If one considers the motion without any 
external forces, that is, the motion described by Eggs. (1) 
and (5) alone, it readily appears that H is nonincreasing 
only in the average over a period. During part of a 
period, H actually may increase. If the motion starts in 
a phase where this is the case, then it might be that the 
motion could hit the higher-H oscillation in such a 
phase that H increases further. Though this probably 
does not occur, it is not excluded by Welton’s reasoning 
quoted above. Tamor’s reasoning does not exclude the 
possibility that small oscillations first build up to a high 
amplitude. True, this amplitude has to be below a 
certain limit, but in practical cases this limit is so high 
that the reactor certainly would be destroyed if this 
limit were reached. 

The above shortcomings of the reasoning are believed 
to be merely a mathematical flaw in the present theory. 
The decrease of H—in the average over a period—is 
regarded as a strong indication that the oscillation is 
damped and will not build up appreciably over its 
initial amplitude. This belief is strengthened by the re- 
sults of the numerical studies discussed in the next section. 

Tamor’s proof of the boundedness of the solution will 
be presented in the next section. The proof that H is 
not increased after one period p of the oscillation is 
obtained readily by multiplication of Eqs. (1) and (5), 
and integration from 0 to p: 


H(p)—H(0)= f ” @H/d)dt= f ” at 
X((d logP/dt)e(P—Po)+ (a/r)TT] 


” f al — Poa logP/dt) 


+ (€/0)(d logP/at) f Piss} 


6S. Tamor, unpublished Oak Ridge National Laboratory 
report. 
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The right side is transformed by partial integration, 
and the periodicity of P(t) is used to take advantage of 


6 
logP(p)=logP(0), logP(f) f P(p—s)ds 


8 
=logP (0) f P(—s)ds. 
Then, , 


H(p)—H(0)=— (¢/6) f dt logP 


x | (d/dt) f P(t- sas] 


=- (/0| f " dtP() logP() 


-{ dtP (t—@) log | (6) 


The first integral on the right side may be regarded as 
the limiting case of a sum over terms of the form 
P(t;) logP(t;), the ¢; being suitable discrete values of /. 
Similarly, the second integral is the limit of sums over 
terms P(/;—6) logP(t;). Essentially, the P(¢;—@) run 
through the same values as the P(/;), but in a different 
order. 

Use is now made of a theorem’ regarding sums of the 
form >-a,b;, where the a; and 6; are given except for 
their ordering. The theorem states that the sum is 
greatest if the series (a;,@2,---a,) and (b,,bo,---b,) are 
“similarly ordered,” that is, if the greatest a is multi- 
plied by the greatest b, the next to the largest a by the 
next to the largest b, and so on. The theorem becomes 
“intuitive,” if we interpret the a as distances along a 
rod to hooks and the 6 as weights suspended from the 
hooks. To get the maximum statical moment with 
respect to an end of the rod, we hang the heaviest 
weights on the hooks farthest from that end. 

Since logP is a monotone increasing function of P, 
the condition of similar ordering is fulfilled for the sum 
corresponding to the first integral on the right of Eq. (6), 
but not necessarily for the sum corresponding to the 
second integral. Hence, the first integral is not smaller 
than the second, and the right side of Eq. (6) is non- 
positive, which we wanted to show. Furthermore, it can 
be shown that the right side of Eq. (6) vanishes if, and 
only if, P(t{—@) = P(?) for all ¢, that is, if @ is a multiple 
of a period. Only under this condition can oscillations 
persist with constant amplitude. The condition is ful- 
filled only if there is a certain relationship between the 
transit time 8, on one hand, and a, 1, ¢, and the ampli- 
tude of oscillations on the other. 

If good damping of reactor oscillations is desired, 


7 Hardy, Littlewood, and Pélya, Inequalities (Cambridge Uni- 
versity Press, Cambridge, 1952), p. 261, Theorem 368. 


one will design the reactor in such a way that the transit 
time is not close to a multiple of any period with which 
the reactor might oscillate. 


IV. BOUNDS ON THE OSCILLATIONS AND 
NUMERICAL EXAMPLES 


As previously mentioned it can be shown that the 
oscillations are bounded. The following proof given by 
Tamor® can be modified, by means of a few obvious 
changes, to fit the somewhat more general cases given 
in Secs. V, VI, and VII. 

The power prevailing at /—86, or earlier, has no in- 
fluence on the temperature T at time /, because all the 
fuel present at time /—@, or earlier, has left the reactor 
before time ¢. 

Assume now that /—@ is the time at which the reactor 
power passes through Pp and is rising. Eventually the 
reactor heats beyond 7=0, the temperature at which 
the reactor is just critical, and then the power has to 
start dropping. 

The attainment of the temperature 0 and the con- 
nected drop in power have to occur at time ¢, at the 
latest, because, unless the power drops before /, it will 
have exceeded Pp» during the whole time interval ‘—#é 
to /, and even Py» would have been sufficient to raise 
the temperature to 0. This shows that the power cannot 
start at Po and rise continuously for a time interval in 
excess of 0. 

Also, the rate of increase in logP is limited, because 
the reactor temperature cannot go below the inlet tem- 
perature; and this limits the excess reactivity. Since 
both the rate of increase and the time of increase are 
bounded, the maximum is bounded, too. Furthermore, 
if the reactor power stays above Pp for the time 8, it 
has to drop below Po before it can rise again, because 
the temperature could not otherwise go below 0. When 
the power has gone below P» and starts increasing again, 
the above argument again holds. 

A similar argument shows that the power has a finite 
lower limit. Actually, the limits found by the above 
consideration are far wider than the limits obtained in 
practice, but they show that there are no antidamped 
oscillations that would increase to infinity. 

Tamor also calculated a few numerical examples. 
For all of them, the dimensionless parameter Poaeé?/r 
was 12.5. One example referred to the case in which the 
power is 4Pp for all times ‘<0. At />0, Eqs. (1) and (5) 
apply. The other case involved normal power P» at all 
times up to 1/10 of a transit time before ‘=0. For a 
period of 1/10 transit time just before ‘/=0, the power 
is 10Po. At >0, Eqs. (1) and (5) are valid. The power 
and temperature as a function of time were calculated 
out through the first overswing. The results are shown 
in Figs. 1(a) and 1(b). The transit time is taken as unit 
of time. The ordinate on the right side is P in units of Po, 
and the ordinate on the left is the temperature 7 in 
units of r/a@. It can be seen that the extreme values of 
P and T were nearly exactly the same for the two cases, 
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Fic. 1. Power and temperature transients. 


indicating that they are close to the most extreme values 
obtainable with the assumed parameters of the reactor. 

The similar shape and limiting values of the curves in 
the two above cases is easy to understand. After the 
large initial disturbance, the reactor almost shuts itself 
off. The period of very low power is essentially the same 
in both cases, and it determines the future time be- 
havior of the reactor. 

For this reason, the following fictitious limiting case 
is plotted in Fig. 2 in the same units as Figs. 1(a) and 
1(b). The power is zero for ‘<0. At ‘=0, the power is 
suddenly brought to Po, and thereafter Eqs. (1) and (5) 
take over. Even in this case, the power and temperature 
oscillation is not much more violent than in Figs. 1(a) 
and i(b). 

A few examples were run off on the Differential 
Analyzer of the University of Pennsylvania by Pro- 
fessor Cornelius N. Weygandt and his staff. In all these 
cases, it was assumed that, at times /<0, the transit 
time is equal to the period p of the oscillation. At =0, 
the transit time changes while all other parameters of 
the equation remain constant. Figures 3(a) and 3(b) 
refer to a small oscillation ; for the undamped condition 
at ‘<0, the maximum and minimum power deviate by 
only 1 percent from Po. At ‘=0, the transit time in 
Fig. 3(a) abruptly gets 10 percent smaller, and in 
Fig. 3(b) 10 percent greater than the period of the un- 
damped oscillation. The oscillation is practically sinus- 
oidal, and the damping rather weak, though present. 


Figures 3(c),3(d), and 3(e) use a different scale and refer 
to a more violent oscillation. In the undamped condi- 
tion, the maximum is 6.5 times Py and the minimum 
only 0.01Po, that is, the reactor almost shuts itself off. 
At ‘=0, the transit time jumps to 0.9, 1.1, and 1.5 times 
the period of the undamped oscillation, in Figs. 3(c), 
3(d), and 3(e), respectively. Figures 3(c) and 3(d) show 
that the damping is small initially because of the small 
deviation of the transit time from the period. As the 
amplitude decreases, the period decreases. In Fig. 3(c) 
this means that the period more closely approaches the 
transit time, and hence the damping decreases. In 
Fig. 3(d) the opposite is the case. In Fig. 3(e) the large 
deviation of the transit time from the period results in 
a strong damping during the first cycle. Then the period 
happens to have decreased to one-half the transit time, 
and the oscillation continues essentially undamped. It 
should be noted, however, that undamped oscillations 
of this kind are unstable, as a small disturbance, which 
decreases the amplitude, and hence the period, would 
“detune” the system and cause further damping. More 
important, the possibility of undamped oscillations is 
largely a consequence of the simplifying assumptions 
used in this and the preceding section, in particular the 
assumption of constant transit time and constant 
power and flux distribution. Under more general con- 
ditions, the undamped oscillations are much less likely 
(see the following sections). 
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V. ALTERNATE FUEL PATHS WITH DIFFERENT 
TRANSIT TIMES AND NEUTRON FLUXES 


The reasoning does not become much more involved 
if one drops the assumption of constant fuel transit 
time through the reactor and describes the flow of the 
fuel by a number of alternate paths with different 
transit times 0;. At the same time, one can allow the 
power distribution in the reactor to be such that 
different fuel paths are exposed to different power 
densities, and heat up at different rates. The variation 
in power distribution is connected with a variation in 
neutron flux so that a given temperature change of a 
fuel volume affects the over-all reactivity to an extent 
dependent on the fuel path in which the fuel volume is 
located. At this stage it is, however, still assumed that 
power and flux distribution remain constant for any 
given path. 

Any power oscillation that might occur will be 
damped, because each fuel path tends to damp the 
oscillations. This is almost self-evident, considering the 
results of Secs. III and IV. (In limiting cases, the 
damping may be exactly zero but no antidamping can 
occur.) In detail the damping can be shown as follows. 

The alternate fuel paths are to be numbered 1, 2, -- -, 
i, --+, , in such a way that the 6; form an increasing 
series. T; is to be the average temperature of the fuel 
in the ith fuel path. There again exists, of course, 
a stationary state in which the reactor runs at constant 
power. For each fuel path, this stationary state corre- 
sponds to a definite average temperature, and this 
value of the average temperature is taken as the zero 
point 7;. The zero points of the temperature scales 
vary thus from one fuel path to another. The relative 
importance, with respect to the over-all reactivity of 
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the different fuel paths can be expressed by factors fi, 
so that —af;7; is the contribution of the ith path to 
the excess reactivity. Setting 


T=DSiT: (7) 


then salvages Eq. (1). 
Instead of Eq. (5) one has the set of equations 


T= «f P- 1/0; f 
0 


The e; indicate the different rate of heating for different 


6; 


P(t- asl (8) 
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Fic. 4. Special shape of K(s). 


fuel paths. Equation (8), combined with Eq. (7), can 
be written as 


P efi - 
t=P-L— f P(t—s)ds, (5a) 
i 6; 
where ; 


e=> efi. 


H can again be defined by Eq. (3). In analogy to 
Sec. III, Eqs. (1) and (Sa) are multiplied, and dH/dt 
obtained. By integrating this over a period of oscillation 
and proceeding in analogy to Sec. III, the total change 
of H during a period is found to consist of a sum of 
terms of the form of the right side of Eq. (6). Each of 
these terms is negative (or in limiting cases zero), 
indicating that the amplitudes of oscillation are de- 
creasing or, possibly, constant. Constant amplitudes 
occur only if all @; are multiples of the period, a condition 
easily avoided in practice. 
Equation (5a) can be written in the form 


T= {rw- J ; K()P—sasl, (9) 


1 n 
K(s)=- = 


ex=i 0 


9:1SsSS6;, O=0. 


The kernel K(s) is a monotone nonincreasing function. 
Conversely, if a reactor can be described by equations 
of the form (1) and (9) with K(s) nonincreasing, the 
oscillations are, at least in mathematical formalism, 
analogous to the oscillations of the reactor discussed in 
this section. Hence the oscillations are damped, or in 
the limiting case, just of constant amplitude. The case 
of constant amplitude occurs only if K(s) is a decreasing 
step function with the following properties (Fig. 4): 
there are successive time intervals, each a multiple of 
the period of oscillation; during each time interval, 
K(s) has a constant value; the value in each interval is 
smaller than the value in the preceding time interval. 


VI. POWER DISTRIBUTION VARYING ALONG 
FUEL PATH 


That K(s) of Eq. (9) be nonincreasing, is a sufficient, 
but not a necessary condition for the damping of the 


oscillations. This can be seen in the following example 
which refers to a reactor with a power distribution which 
varies along the fuel path. For simplicity, it is assumed 
that there is only one fuel path (with a definite transit 
time @) and that the power distribution is constant in 
a direction perpendicular to the flow. If either of these 
assumptions is not fulfilled, the considerations of this 
section can be generalized in the same way in which 
Sec. V generalizes the considerations of Sec. III. 

We introduce a coordinate x measured along the flow 
of the fuel in such a way that the fuel enters the reactor 
at x=0, and leaves at x= L>0. The effect of a variation 
of the power density along x can quite accurately 
be described by representing the power density as 
P(t)f(x), where f(x) is a non-negative function, and 
f(x)=df(x)/dx=0 for x<0 and x>L. , 

The varying power density is connected with a vary- 
ing flux density: if a fuel particle at point x deviates 
by 7 (x,t) from the “equilibrium temperature,” then 
this deviation will contribute to the over-all excess 
reactivity of the reactor an amount proportional to 
—aT (x,t) g(x). It is a simplification and usually quite 
good approximation to assume ¢(x)= f(x). This will be 
done in the following. As the above-mentioned ‘‘equi- 
librium temperature” at x we take the temperature 
which would exist at x if the reactor were running at 
constant power P». 

If v is the constant velocity of the fuel in the reactor, 
then 


z/v 
Tea=e f ds P(t—s)— Po |f(x—vs), 


that is, the particle which is at location x at time ¢ has 
a temperature 7'(x,t) which is the integral of the excess 
power, P—Po, over the time the particle has spent in 
the reactor, the excess power at each time interval 
being weighted by power distribution f corresponding 
to the location of the particle at that time interval. 
T (x,t) may now be weighted by f(x) and integrated 
over the whole reactor, to give the effective temperature 
T(t) which determines the excess reactivity and is to 
be substituted into Eq. (1), 


L a/v 
Tw=e f asp(s) f ds{ P(t—s)— Po] f(x—vs). 


Differentiating with respect to time, we get the 
counterpart to Eq. (5) 


L zo 
tae f aspx) f ds dP (t—s)/dt|f(x—vs) 


= Pte J * def(e) f . 


XdsP(t—s)df(x—vs)/ds. (10) 
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Here we used dP(it—s)/dt= —dP(i—s)/ds, partial in- 
tegration with respect to s, f(0)=0, and normalized f(x) 
in such a way that 


L 
f dxf?(x)=1. (11) 


0 


Reversing the order of integration in the integral on 
the right side of (10), one finds 


Lio 
T= {rw-f isk(9 POs) (9) 


with 

. ie sv) 
K()=- f dx f(x)————-_, 0SsSL/v=0 

- ds . (12) 
K(s)=0 s<0O, s>0 


It is easy to verify that with the normalization ex- 
pressed by Eq. (11) 


f dsK (s)=1. (13) 
0 


K(s) from Eq. (12) is not necessarily a nonincreasing 
function of s. This can be verified easily by choosing 
f(x)=(2/r)' sinx, OSxSL=n7; f(x)=0, xS0, x2r. 
The damping criterion from the last section is no longer 
sufficient. Instead, one has to resort to a criterion, dis- 
covered by Welton® which states that oscillations de- 
scribed by Eqs. (1) and (9) are damped if 


f ds sinwsK (s)= 0 for all w, (14) 
0 


that is, if the sine Fourier transform of K(s) is every- 
where positive. 

That K(s), as defined in Eq. (12), fulfills condition 
(14) can be shown as follows: K(s) from Eq. (12) is 
introduced into Eq. (14). In the resulting double 
integral, the order of integration is reversed, and then 
a=x—sv substituted. 


f w df (a) 
ds sinwsK (s) = yy dxf (%) f da ae —a)——. 
: da 


Now, sin(w/v)(x—a) is replaced by sin(w/v)x cos(w/v)a 
—cos(w/v)x sin(w/v)a, and in the resulting 


w df(a w df(a 
ff eacase f(a) f(a) 


and f ea . 


partial integration is carried out. After some cancella- 


*T. A. Welton, unpublished report. 


tion, there remains 


_ d: ae da a 
| {fe since [ sin( “a fe 


w a w 
+ f(x) cos—« f da cos(“a) fe) 
v 0 v 
By introducing 


S(x)= [fe sin(M f(a), 


c@)= f doen “a) f(a), 
0 v 


the expression is transformed into 
w cf’ dS dC w 
- f ds| —S(2)+—c) |-“T r+) 120. 
v +o dx dx 2v 


Before deriving Welton’s criterion, we recall from 
Sec. III that the oscillation is supposed to be either 
periodic by itself, or kept periodic by the external 
means, such as control rods. In either case, the oscilla- 
tion is described by Eqs. (1) and (2). A quantity H, 
defined by Eq. (3) is considered. As long as Eq. (2) 
holds, this quantity does not change. The deviation of 
Eq. (9) from Eq. (2) may cause a change in H, and if 
over a period of the oscillation the change of H is non- 
positive, the oscillation is regarded as damped. 

As long as Eqs. (1) and (2) hold, P(t) can be ex- 
panded in a Fourier series which contains only cosine 
terms, because replacement of ¢ by —/ does not change 
P(t). 


P(t)=Po(A+S. dn cosmet). (15) 


n=1 


Since P(t) is an even function of /, logP(t) is likewise 
an even function of time. 7, essentially the derivative 
of an even function, is an odd function of 1. 
oe dn ; 
T=€ePo >> — sinnwt. (16) 


n=1 WwW 


The form of the coefficients in Eq. (16) follows from (2) 
by integration. Equation (9) can now be rewritten as 


co) 


dsK(s) Ee dn Cosnw(t—s) 
={P)—Po]. (17) 
This multiplied by Eq. (1) yields 
dH/dt=d{eP— Po logP+ (a/27r)T? \/dt 


T+ ePo 


fo] 


a @ 
=—-ePoT | dsK(s) D a,cosnw(t—s). 
- n=1 
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Substituting for 7 from Eq. (16) and integrating 
over a period p= 27/w, one obtains 


H(p)—H(0)= f dtdH /dt 
0 


2 Ay, 


Qa P 
=—— eps f dt > — sinnwl 
T 0 n=l Ww 

co) 


2) 
x f dsK(s) © am(cosmwt cosmws 
0 m=1 


+sinmwt sinmws) 


a 2 a,” = 
=—-€P,r > — ds sinnwsK (s). 
T n=1 Nw? J 9 


If Welton’s condition, Eq. (14), is fulfilled, the change 
of H over a period is nonpositive, and the system is 
regarded as damped. 


VII. DELAYED NEUTRONS 


If delayed neutrons are present, Eq. (1) has to be 
modified to read 


dP a B B f” 
—=—“rp—-P+- f dsD(s)P(t—s). (18) 
dt T T To 


The case with no delayed neutrons, Eq. (1), is ob- 
tained by setting 8=0. If the delayed neutrons are 
present, 80. The second term on the right of Eq. (18) 
indicates that the excess reactivity is reduced, at any 
instant /, by an amount proportional to the number of 
neutrons born at time /, and hence proportional to the 
power P. This reduction results from the fact that a 
fraction of the neutrons, the delayed ones, is not 
immediately available for the chain reaction. On the 
other hand, later some reactivity is gained, as indicated 
by the third term on the right of Eq. (18) because some 
delayed neutrons appear at time /, though they resulted 
from a fission at some earlier time /—s. The number of 
these delayed neutrons is, of course, proportional to the 
power at /—s, and a time distribution function D(s) 
indicates which fraction of the delayed neutrons, caused 
by fission at /—s, is available at a time s later. D(s) is 
normalized so that 


f D(s)ds=1, (19) 


and the factor 6 in the third term of Eq. (18) guarantees 
that all the neutrons which fail to appear instan- 
taneously, show up some time later. The factor 1/7 in 
the second and third term of Eq. (18) indicates that 
the rate of change in power is inversely proportional to 
the lifetime of one neutron generation. 

Some explanation with respect to Eq. (18) is in order 
in the case of a circulating fuel, and a power distribu- 


tion f(x) and a neutron importance function g(x) with 
f(x) and g(x) varying in the direction of flow. B(s) is 
the probability that a delayed neutron, caused by 
fission at time 0, is emitted at time s. B(s) is thus the 
familiar function, resulting from the superposition of 
several exponential decay curves of different half-lives. 

The fissions at point x and time /—s cause a number 
of delayed neutrons proportional to f(x), a fraction of 
which is given off at time /, this fraction being pro- 
portional to f(x)B(s). The importance of this fraction 
is proportional to f(x)B(s)g(x+v7s), because the im- 
portance function g has to be taken at the point which 
the precursors of the delayed neutrons have reached at 
the moment ¢ of delayed neutron emission. The integral 
over x of f(x)B(s)g(x+s) is then proportional to the 
number of delayed neutrons at time /, caused by 
fissions at time /—s, anywhere in the reactor, the 
delayed neutrons being properly weighted according to 
their importance. This integral is to be extended over 
the reactor. It is a function of s alone, and properly 
normalized, it is just the function D(s) required in 
Eqs. (18) and (19). 


I 


D(s)=const f dxf (x) B(s)g(x+1s). (20) 
0 


g(x) is zero for points outside the reactor, by defini- 
tion of what is regarded as outside the reactor. There- 
fore, if the fuel does not re-enter the reactor after 
leaving the reactor outlet, D(s) =0 for all s greater than 
the transit time @ of the fuel through the reactor. If the 
fuel re-enters the reacting volume, D(s) may assume 
positive values at some s>0@, and it may oscillate 
between zero and positive maxima. Successive maxima 
would be decreasing, because of the monotone decrease 
of B(s). 

The normalization constant in Eq. (20) will not 
always turn out to be one. It is still convenient to 
normalize D(s) according to Eq. (19), and to let @ in 
the third term on the right of Eq. (18) absorb the 
normalization constant. In general, 6 will then be 
smaller than the usual delayed neutron fraction of 0.75 
percent because some of the delayed neutrons will be 
swept by the fuel circulation into regions where they 
contribute little or nothing to the chain reaction. For 
this reason a circulating-fuel reactor has slightly less 
reactivity than a reactor with stationary fuel, all other 
things being equal. To keep the circulating-fuel reactor 
running, this deficiency in reactivity is made up, for 
instance by adding a little more fuel. This additional 
reactivity can be included in the second term on the 
right of Eq. (18). This term refers to the net loss 
of instantaneous reactivity due to the delay in the 
emission of some neutrons. Though actually 0.75 per- 
cent of the neutrons are not immediately available for 
the chain reaction, the additional reactivity reduces 
this loss, so that the net loss is described by the 8<0.75 
percent. That the 6’s in the second and third term on 
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KINETICS OF CIR GME 


the right of Eq. (18) are equal becomes evident 


considers the constant power case, in which these tw6 @ 
‘ 


terms have to cancel. 

As the second equation describing the behavior of 
the reactor, we choose Eq. (17). This equation applied 
to the most general case considered. In order to demon- 
strate the damping, Eq. (18) is rewritten in the equiva- 
lent form 


a dlogP B ¢* 
ee een 


T dt T#HOo 





P(t—s) 
isD(o)|1- | 


P(t)” 
and then multiplied by Eq. (17). This yields 


dH d a 
—= ‘| eP—ePo logP+— 7°] 
dt dt 2r 





Pa x ; BP» 
--= f dsD(s)[ P(t)— P(t—s) + 


T 0 T 


P(t—s) 
x f isD(s)|1- oe 


ePoa ) o 
= r f dsK(s) }> an cosmw(t—s). (21) 
0 


T n=1 








In order to obtain the change of H over a period #, 
this equation is integrated over a period. Then, the 
first term on the right yields zero contribution, because 
the integral of P(t) is the same as the integral of 
P(t—s). 

The second term on the right contains integrals of 


the form 
P P(t—s) 
{2 
0 P(t) 
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vhich P(i—s) assumes during a period, 
bthe values assumed by P(t). The 
ies) /P(i) may be regarded as the 
se of im P(t;—s)/P(t;). One may then 

emai Sec. III, which refers to 
Swim the a; and 5; given except 
orem states that such a sum 
is smallest if the M401,02,--*,dn) and (b;,be,---,bn) 
are ordered in the “®pposite sense,” that is, if the 
largest a is multiplied by the smallest 5, the next to 
the largest a by the next to the smallest 5, and so on. 
If the a; are identified with the P(t;—s) and the }; with 
the 1/P(t,), then the condition of opposite ordering is 
fulfilled for s=0. If the a;= P(t;—s) are “rearranged” 
by giving s a nonvanishing value, the sum is increased. 
Going to the limiting case, the integral, it becomes clear 
that the 
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use the 
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for their ordé 


f ” UP (t—s)/P()= J ” UP (t)/P(), 


and that the integral of the second term on the right of 
Eq. (21) is nonpositive. 

If Welton’s criterion, Eq. (14), is fulfilled, which is 
the case in all examples considered, then the last term 
in Eq. (21) makes a nonpositive contribution, as 
pointed out in the preceding section. All together, the 
net change of H over a period is negative, indicating 
damping of the oscillations.* 


* Note added in proof —A more rigorous proof for some of the 
preceding statements is contained in “A Theorem on Rearrange- 
ments and its Application to Certain Delay Differential Equa- 
tions” by F. H. Brownell and W. K. Ergen, a paper submitted 
to the Journal of Rational Mechanics and Analysis. See also W. 
K. Ergen and A. M. Weinberg, “Some Aspects of Non-Linear 
Reactor Dynamics,” presented at Heavy Water Reactor Con- 
ference, Oslo, Norway (August 12, 1953). 
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Using methyl metkactiite af W iritermediate, an attempt was made to obtain a high-resolution two- 
step replica, by impréing etapléifaition elements and evaporation method. It was found that, by using Zr, Si, 


and Fe, with Ge and @r, 


‘8 Gvaporation elements, the resolution of two-step replicas was superior to that 


obtained up to the present? It is also known that the resolution of replicas obtained by performing metallic 
evaporation after treatment by ion or electron bombardment for a methyl methacrylate intermediate rep- 
lica is superior to that without bombardment. Two evaporation methods—the usual continuous method 
and an intermittent one—were compared. A new method for the production of surface replicas of micro- 
specimens is also proposed. The high-resolution replica obtained here is compared with others along with a 


brief consideration of the results obtained. 


I. INTRODUCTION 


ARIOUS replica techniques for the observation of 
surface of materials have been published since the 
first one by H. Mahl.' Among these techniques, the two- 
step process is one in which after replicating the sur- 
face of a material by using plastic and further perform- 
ing metallic evaporation onto it, the plastic is softened 
by a solvent and only the deposited film is used as the 
specimen in the electron microscope.* In general, poly- 
styrene, polyvinyl alcohol plus Formvar, methyl 
methacrylate, etc., have been used as the plastic, and 
silica, Al, etc., as the deposited film.2~? A methyl 
methacrylate evaporated Al replica has been used 
generally in this country. 

Two-step replica can be utilized for the observation 
of the surface of all materials and has an advantage in 
that its resolution is better compared with that of the 
one-step plastic replica. Generally, however, the 
resolution is inferior to the oxide film replica, etc.’ To 
improve the resolution of the two-step replica, qualities 
of plastic and of metallic deposited film should be 
studied. Some studies on the quality of the former were 
made, but few studies were made of the latter. For 
this reason, using methyl methacrylate as plastic, the 
authors made an attempt to establish surface replica 
having far better resolution than those obtained up to 
the present, by studying kinds of deposited film and 
methods of evaporation. 


Il. IMPROVEMENT OF TWO-STEP REPLICA BY 
USING VARIOUS EVAPORATION ELEMENTS 


By using various evaporation elements, a systematic 
improvement of the resolution of the two-step replica 


1H. Mahl, Z. techn. Phys. 21, 17 (1940). 

* In this paper the intermediate replica such as the Al press by 
J. Hunger and R. Seeliger [Metallforschung 2, 65 (1947)] was 
excepted from the category of two-step replicas. 

?R. D. Heidenreich and V. G. Peck, J. Appl. Phys. 14, 23 
(1943). 

3 Barnes, Burton, and Scott, J. _— Phys. 16, 730 (1945). 

4C. H. Gerould, J. Appl. Phys. 18, 333 (1947). 

5 Schwartz, Austin, and Weber, J. Appl. Phys. 20, 202 (1949). 

* A. F. Brown_and W. M. Jones, Nature 159, 635 (1947). 

7B. Tadano, Oydbutsuri (in Japanese) 16, 113 (1947). 

® R. D. Heidenreich, Rev. Sci. Instr. 23, 583 (1952). 


was realized by C. J. Calbick® for the first time. He used 
silica, Cr, Al, Au-Manganin alloy, Al-Pt-Cr alloy, and 
Ge as the evaporation material. According to his idea 
the resolution of the replica depends only on the mass 
thickness of evaporated material, that is, his idea was 
to obtain a high resolution replica by producing a thin 
deposited film of material having high density.t He 
found that Ge and Cr are the best replica materials 
among semimetals and metals, respectively, and that 
the Ge replica is superior to Cr from the point of view 
of its amorphous property and the strength of its film. 
Against this, a study of deposited films was tried on the 
grounds of other than mass thickness. A rule on the 
aggregation of metallic deposited film was previously 
found by one of the authors” in a study of metallic 
shadow casting, using a nozzle system. In order to 
confirm whether the rule is correct or not, the produc- 
tion of a high-resolution replica was attempted here, 
using various elements which were selected on that 
rule. 


1. Preliminary Experiment 


From the experimental resulfs on metallic shadow- 
casting,” nine elements—(Zr, Fe, Cr, Mn, Ge, Cu, Si, 
Be, and Al) which would evaporate comparatively 
easily were chosen for evaporation. A thermistor flake 
was chosen by Calbick® as a measure for determining 
the resolution of replica obtained. In this case, how- 
ever, the distance between elementary slip lines in Al 
measured on electron micrograph and roughness of the 
deposited grains were chosen for this purpose. The sur- 
face of an Al polycrystal chemically etched by hydro- 
chloric acid, nitric acid, and hydrofluoric acid after 
heating at 630°C for several hours, electrolytic polish- 
ing (Jacque’s solution) and extension of 5 percent, was 
used as the specimen. Methyl methacrylate was 





°C. J. Calbick, Bell System Tech. J. 30, 798 (1951). 

t He indicated that the contrast in a replica depends on the 
angle at which evaporated atoms impinge to produce the replica 
film relative to the incident electron beam. Through this experi- 
ment this incidence was fixed at normal unless otherwise specified. 

” T. Hibi, J. Appl. Phys. 23, 957 (1952). 
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polymerized on the surface of the specimen,f and Mer 


drying it was stripped off to form an intermediate 
replica. This replica was then softened by toluene or 
benzene after evaporation and shadowing of the 
metals to produce a final replica. 

The shutter was always used for the purpose of 
evaporation and shadowing. The less the thickness of 
the deposited metallic film, the better the resolution 
of the replica will be, if not limited by image contrast. 
In this experiment, the films were as thin as possible in 
the limits of the contrast of the image and the strength 
of film. For the purpose of simplifying the apparatus 
and of determining the order of aggregation by the 
electron diffraction method, evaporation and shadow- 
ing were performed first by using the same elements, 
that is, if the evaporating element was Ge, then Ge was 
used as the shadowing one. A nozzle was not used in 
this case and the shadowing angle was 20°. Through 
this experiment, electron micrographs were obtained 
using the 50-kv magnetic electron microscope (HU 6). 

As shown in Fig. 1, the order of Zr (a), Si, Fe (b), 
Cr (c), Ge (d), Be (e), Mn (f), Al (g), and Cu (h) was 
obtained as the better deposited film, (Si was omitted 
from the figure) and it was found as expected from the 
previous rule’ that the larger the heat of sublimation, 
the better the quality of the replica. That Cu replica is 
inferior to Al notwithstanding its larger heat of sub- 
limation, can be easily explained by the fact that Cu 
belongs to “b” of periodic chart. It was found that ex- 
cept for the elements which were used by Calbick,? Zr, 
Si, and Fe were best for high-resolution replicas. 

Electron diffraction patterns were observed from the 
oblique direction at the position of intermediate image 
of the electron microscope by switching off the electric 
current of the objective lens. Figure 2 is diffraction 





Fic. 1. Comparison between resolution of replicas by using 
evaporating elements and shadowing ones of same kinds. Electron 
images of microslips of Al polycrystal. a: Zr, b: Fe, c: Cr, d: Ge, 
e: Be, f: Mn, g: Al, and h: Cu, (20000). 


{In the case of the specimens showing no change at lower 
temperature, polymerization of methyl methacrylate was pro- 
moted by means of heat treatment at about 80°C. 


ee 


Fic. 2. Diffraction patterns of replicas by using various evapo- 
rating elements placed on the sheet mesh. a: Si, b: Zr, c: Ge, d: 
Fe, e: Cr, f: Be, g: Mn, and h: Al. 


patterns of replicas obtained by using various evapo- 
rating elements placed on the sheet mesh. Si and Zr 
show a diffused ring, but the diffraction ring gradually 
becomes sharp from Ge to Cr, and a very sharp ring 
appears in the case of the Al deposited film. In other 
words, it was found that Si, Zr, Ge, Fe, and Cr de- 
posited films tended to aggregate less than Al, and 
generally speaking, the more diffuse the diffraction 
ring, the better the resolution of replica. It seems, 
however, that, the order of Zr and Si is reversed and 
Ge is less crystalline than Fe or Cr. These results are 
in good agreement with the electron diffraction results 
obtained by Calbick,® though the reason cannot be 
explained adequately. Si and Ge are semimetals, and 
thus it may be imagined that both elements are rela- 
tively easy to aggregate, but difficult to recrystallize. 


2. Experimental Apparatus and Experimental 
Method 


An unetched surface of an Al single crystal to which 
an extension of 5 percent was given after its electro- 
lytic polishing, was used as the specimen. As deposited 
elements, the metals Zr, Si, Fe, Ge, Cr, Be, and Al were 
chosen, omitting Mn and Cu which were not good from 
the results of the previous preliminary experiment. In 
all cases, Cr was used as the shadowing metal and the 
shadowing angle of 20° was also chosen. The apparatus 
is one of metallic shadow casting, using a nozzle 
system” combined with one for producing a deposited 
film. The dimensions of the nozzle were 1.5 mm in 
diameter at the entrance, 1.0 mm in diameter at the 
exit, and 30 mm in length. After outgassing, metallic 
deposition on the plastic was performed by opening a 
shutter for evaporation. Then, by closing the shutter 
for evaporation and opening one for shadowing, the 
metaliic shadow casting on the deposited film was made. 

Surfaces of microspecimens such as very small 
metallic particles, metallic smokes, bacteria, etc., were 
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Fic. 3. Comparison between resolution of replicas by using 
various evaporating elements. Cr shadowing using a nozzle 
system. Electron images of microslips on Al single crystal. a: Al, 
b: Be, c: Ge, d: Cr, e: Fe, f: Si, and g: Zr, (20 000X). 


observed as follows: aqueous solution of gelatin was 
let flow on a clean glass, the specimen was placed 
gently on insufficiently dried gelatin and then gelatin 
was dried well. Then an ordinary two-step replica was 
produced. 


3. Experimental Results and Their Application 


Figure 3 (a)—(g) shows experimental results on 
slip laminae on an Al single crystal. The order of 
resolution of the replicas due to various evaporation 
elements does not differ from the preliminary experi- 
mental results obtained, but their resolutions are 
superior to previous results for every evaporated 
element. The least distances between elementary slip 
lines on the Al single crystal as measured on the electron 
micrographs are shown in Table I. In this table other 
factors necessary for the production of the replicas are 
also shown at the same time. 





Fic. 4. Electron image of a shark fin fiber of pectoral fin of a great 
blue shark. Ge-deposited film and Ge shadowing, (40 000X). 


As mentioned above, it was found that the methyl 
methacrylate two-step process was improved con- 
siderably by selecting proper elements other than Al 
for the evaporation or by using a shutter and a nozzle. 
Hence, a few examples of its application are shown in 
which no nozzle was used for metallic shadow casting. 

Figure 4 is an electron micrograph magnified 40 000 
times of a surface replica (Ge-deposited film and Ge 
shadowing) of shark fin fiber from the pectoral fin of 
the great blue shark. A very beautiful fiber structure 
having regular spacing of about 300A is seen in this 
figure. Figure 5 is an electron image magnified 40 000 
times (Fe-deposited film and Fe shadowing) of the 
etched surface of Al polycrystal. Figure 6 shows the 
image, magnified 40 000 times, of a very fine inter- 
crystalline precipitate in heat-resistance steel (Timken) 
which was water quenched after heat treatment at 
1200°C for 1 hr, and then annealed at 750°C for 70 hr. 
The deposited film and shadowing metal for this 
replica are both Zr. Figure 7 is the image magnified 
45 000 times (Fe-deposited film and Cr shadowing) of 
a cleavage plane of mica. In this figure the surface 
exhibits steps and a very fine surface structure can be 


TABLE I. Qualities on evaporation of various elements and on replicas obtained by using them. 











Heat of Hardness Hardness 
sublimation or easiness or easiness Strength Measure of 
(kcal/mole of evapo- of discrimi- Degree of Mechanical to electron- resolution of 
Group Element Rank at room temp) ration nation rolling strength bombardment replica (A) 
A Zr 1 110 slight slight small mediate mediate 180 
hard hard 
Fe 2 94 slight easy mediate large large 180 
hard 
Cr 3 88 easy easy mediate large large 180 
Mn 4 74 easy easy large mediate mediate 
B Ge 1 85 easy easy small large large 180 
Cu 2 81.2 easy easy mediate small small 
Cc Si 1 (94.3) easy easy small large large 180 
Be 2 75 easy easy mediate mediate mediate 220 
Al 3 55 easy slight mediate mediate large 250 
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Fic. 5. Electron image of etched surface of Al polycrystal. Fe- 
deposited film and Fe shadowing, (40 000X). 


seen. Figure 8 is the surface image magnified 30 000 
times (Ge obliquely deposited film") of molybdenum 
oxide smoke. In this case the method in which the 
specimen was fixed by gelatin on a glass as mentioned 
above was used. Structure having steps and three- 
dimensional crystal growth are seen clearly in this 
figure. 


III. IMPROVEMENT OF TWO-STEP REPLICA 
THROUGH THE EVAPORATING METHOD 


In addition to the improvement of resolution of 
replicas by choice of evaporated elements, resolution 
may be improved by deposition on a well outgassed 
substratum. Adhesion forces between deposited element 
and the substratum increase, making the deposited 





Fic. 6. Electron image of intercrystalline precipitates of heat- 
resistance steel (Timken). Zr-deposited film and Zr shadowing, 


(40 000). 


"H. Mahl, Korrosion u. Metallschutz 20, 225 (1945); and 
also R, C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 17, 23 


(1946). 





Fic. 7. Electron image of cleavage plane of mica. Fe-deposited 
film and Cr shadowing, (45 000X). 


film less subject to granularity. In this experiment two 
methods, ion bombardment and electron bombard- 
ment, were tried for the purpose of outgassing the 
methyl methacrylate intermediate replica. 

The effect of the mode of evaporation on resolution 
of the replica by two different methods—continuous 
evaporation and intermittent—was also examined. 


1. Experimental Apparatus and Experimental 
Method 


The least distance measured on electron micrograph 
between elementary slip lines of Al single crystal 
having an extension of 5 percent was chosen as a meas- 
ure of the resolution of replica as in the case of the 
above-mentioned experiment. In this case, only Cr, 
Si, and Al were used as evaporated elements. 

Figure 9 shows the apparatus. In this figure A; and 
A, are an evaporating basket and a shadowing basket of 
0.5-mm diameter tungsten wire. F is a bell jar, G being 





Fic. 8. Electron image of molybdenum oxide smokes. Ge oblique 
evaporation, (30 000X). 
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Fic. 9. The apparatus for previous ion-bombardment of inter- 
mediate replica, metallic evaporation, and shadowing. 











connected to the vacuum pump. Two circular plates of 
5.5-cm diameter and 2.5 mm, thick (C; and C2) located 
at distance of 3 cm, act as electrodes for gas discharge. 
E is an iron piece moved by means of a magnet for 
working C; as a shutter during evaporation and 
shadowing. Between the two plates a glass cylinder D 
of 4-cm diameter and 3-cm height was placed for the 
purpose of uniform discharge. A replicating film B of 
plastic which was stuck on a glass slide was also 
placed at the center of this cylinder. To clean the 
electrodes, they were polished with cloth each time 
and a preliminary gas discharge for 5 min was made 
with no replicating film. Afterward the replicating 
film was placed in the bell jar, ion-bombardment was 
carried out using an alternating potential of 2000 v in 
vacuum of 0.02 mm Hg. When the vacuum in the bell 
jar reached about 10-*~10-° mm Hg, the evaporation 
and shadowing elements were well outgassed under the 
shutter action of Al electrode C;. Then C; was opened, 
and evaporation and shadowing were performed. A 
nozzle was not used for shadowing. 

> In order to examine the effect due to the electron 
bombardment, a tungsten filament of hair-pin type of 
0.15 mm diameter was prepared as an electron source, 





Fic.-10. Comparison between resolution of Cr replicas without 
ion-bombardment (a), of ion-bombardment for 1 hr (b), and of 
ion-bombardment for about 2 min (c). Electron images of micro- 
slips of Al single crystal, Cr shadowing, (20 000X). 






di , 
a 
hoe 


< 
, sé 
ee 


t 
wt af 


¢ “7 


= we 0am 
ee Ss 


a 


b 





Fic. 11. Comparison between resolution of Al replicas by means 
of usual continuous evaporation (a) and of intermittent evapo- 
ration of the constant quantity divided into five times (b), after 
previous ion-bombardment for 1 min. Electron images of micro- 
slips of Al single crystal. Al oblique evaporation, (20 000). 


and electron beam was focused on a fluorescent screen 
which was located above the’ replicating film, using 
Wehnelt cylinder and cylindrical anode. After adjust- 
ing for best focus of the electron beam, a fluorescent 
screen was moved by an external magnet and the 
replicating film was exposed to electron-bombardment. 
The accelerating potential used was 350 v and the 
current was about 10 wA. 


2. Experimental Results and Their Application 


Figure 10 shows the results on Cr replica. In this 
figure (a) is an image in the case of no ion-bombard- 
ment, (b) in the case of ion-bombardment for 1 hr 
showing the destruction of structure of methyl metha- 
crylate, and (c) the image superior to (a) due to the 
proper ion-bombardment for about 2 min. As seen in 
this figure the resolution of replica does not change 
when period of ion-bombardment to plastic is too 
short, while the structure of the plastic is destroyed if 
the period of ion-bombardment is too long. The proper 
period of ion-bombardment should be carefully chosen.§ 
It should be changed with degree of polymerization of 
methyl methacrylate. Two min and one min are the 
bombardment times for plastic having a high degree of 
polymerization and for one soon after stripping, re- 





Fic. 12. Electron image of Al-deposited film of about 750A thick 
on a glass. Zr-deposited film and Fe shadowing, (70 000X). 


§ An ideal ion-bombardment treatment is desirable by which 
adsorbed gas on plastic can be removed as far as possible without 
harming the faithfulness of replica. 
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Fic. 13. Electron images of staphylococcus aureus obtained from replicas without previous ion-bombardment (a), 
and of previous ion-bombardment for 1 min (b), Fe-deposited film and Cr shadowing, (30 000X). 


spectively. The same results were obtained with Si 
and Al replicas. The difference between the cases of no 
ion-bombardment and ion-bombardment is more pro- 
nounced for the Al replica than for the Cr one, since 
aggregation of the Al film is more exaggerated than 
that of the Cr one. 

Also in the case of electron-bombardment, similar 
to ion-bombardment, the structure of the plastic is 
destroyed if the period of electron-bombardment is too 
long, and so the proper period must be chosen. In this 
experiment the proper period was about 5 min. The 
grain became also fine and replica having resolution of 
nearly the same order as the proper case of ion-bom- 
bardment was obtained in this case. As ion-bombard- 
ment is easier technically than electron-bombardment, 
the former is more commonly used. The rise in 
temperature of methyl methacrylate in the cases of 
ion-bombardment and the electron one was measured by 
using a copper-constantan thermocouple, and a rise in 
temperature of about 2~3°C was observed. 

Replicas produced by evaporating Al in steps or 
bursts ten times, and five times were compared with 
one by means of usual continuous evaporation. As 
shown in Fig. 11, it was found that replica produced 
by evaporating Al five times (b) was inferior to one by 
usual evaporation (a), and one produced by evapo- 
rating Al ten times became further inferior. Accord- 
ingly, it may be concluded that the replica produced 
by intermittent evaporation is adequate where high 
resolution in the replica is not essential and the replica 
is to be preserved for long periods, while one produced 
by usual continuous evaporation is better where high 
resolution is desired and the replica is examined in the 
electron microscope as soon as possible after its pro- 
duction. 

As mentioned above, in the case of continuous dep- 
osition on the plastic outgassed by the previous 
proper ion or electron bombardment, it was found that 
the resolution of the two-step replica was improved 


over the previous method. A few examples for metal- 
lurgical or bacteriological application are given as 
follows: 

Figure 12 is the surface electron image magnified 
70000 times (ion-bombardment for 1 min, Zr-de- 
posited film, and Fe shadowing) of Al-deposited film 
of about 750A thick, on a glass. Three-dimensional 
behavior of the aggregation of Al is seen in this figure. 
Figure 13 is the surface image magnified 30 000 times 
(Fe-deposited film and Cr shadowing) of staphylococcus 
aureus. The method wherein the specimen was fixed 
by gelatin on glass as mentioned above was used in 
this case. In this figure (a) and (b) are the images in 
the cases of no ion-bombardment and ion-bombard- 
ment for 1 min, respectively, and image (b) is clearly 
better than (a). Figure 14 is also the surface ‘image 
magnified 70000 times (ion-bombardment for 1 min, 
Fe-deposited film, and Cr shadowing) of carbon black 





Fic. 14. Electron images of carbon black obtained from replica 
by means of previous ion-bombardment for 1 min. Fe-deposited 
film and Cr shadowing, (70 000). 
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Fic. 15. Electron images of electroetched surface of heat-resistance chromium steel obtained from replicas by means of Al 
press process (Cr shadowing) (a), and of methy! methacrylate-Al process (oblique evaporation) (b), (10 000X). 


which was fixed by gelatin on a glass. In this figure the raphy of the specimen, two experiments were per- 
inner structure of carbon black is seen. formed as follows. 


IV. COMPARISON BETWEEN TWO-STEP REPLICA 1. Comparison between Methyl Methacrylate-Al 
AND OTHER ONES and Al Press Replicas 


To determine whether the two-step replica is superior For a comparison between both replicas, similar 
to others for the observation of microsurface topog- surfaces of heat-resistance chromium steel which was 


Fic. 16. Electron images of microslips of Al single crystal by means of oxide film replica of no shadowing (a), and of 
Cr one (b), of methyl] methacrylate-Fe replica without previous ion-bombardment (Fe shadowing) (c), and by previous ion- 
bombardment for 1 min (Fe shadowing) (d), (45 000). 
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etched electrolytically with a solution of chromic acid 
after heat treatment at about 500°C for several hours, 
were chosen as specimens. Figure 15 shows their images 
magnified 10000 times, (a) being one obtained by 
means of Al press replica (Cr shadowing), and (b) 
being one obtained by means of methy] methacrylate- 
Al replica (oblique evaporation). In these figures 
precipitates in the grains and along the boundaries 
are seen, but notwithstanding Al replica of oblique 
evaporation details of surface topography of (b) are 
better observed than those of (a). 


2. Comparison between Two-Step and Oxide 
Film Replicas 


For the comparison of replicas, nonetched surface 
of an Al single crystal of 20 percent extension (after 
electrolytic polishing) was used as the specimen. After 
preparation of the two-step replica, an oxide film 
replica of the specimen was produced. Figure 16 shows 
the electron micrographs (magnification 45 000X) 
exhibiting microslip in the Al single crystal. (a) is the 
electron micrograph of the oxide film replica, (b) the 
Cr shadowing oxide film, (c) the electron micrograph 
of the methyl methacrylate-Fe replica (Fe shadowing), 
and (d) the image of the replica produced by previous 
ion-bombardment for 1 min in the case of (c). In the 
case of (d) the smallest spacing measured on the 
electron micrograph is about 120A. From these it is 
seen that the resolution and image contrast of the 
replicas becomes better from (a) to (d). 


3. Discussion 


Al press replicas and oxide film replicas are not only 
restricted in their application, but also their resolu- 
tions seem to be generally inferior to two-step replica 
obtained here. The main cause may be attributed to 
the fact that sufficient contrast difference in the image 
of the oxide film cannot be obtained, for the contrast is 
due to the difference in thickness in the direction of the 
incident electron beam. The only means of improving 
this situation is fine metallic shadowing for the de- 
tection of very small unevenness of the surface. The 
same thing may be said, for example, of the one-step 
replica obtained using silica though it was not tried 


here. In other words, a practical high-resolution replica 
including image contrast factors should be able not 
only to observe a very small separation of two points, 
but also to detect minute differences of height. The 
high-resolution replica obtained here can be applied to a 
variety of materials. Limits of resolution of the plastic 
and the two-step replica, and faithfulness of replicas 
where distortion introduced in the replicating process 
was taken into consideration were not described 
quantitatively. Though these have been discussed in 
the ideal case and the existence of plastic granularity 
of 100A order was demonstrated experimentally,® it 
seems that replicas produced up to the present have 
not yet come to the limit of resolution of plastic, but 
have rather been limited by the evaporated method. |! 
Accordingly, the practical limits of resolution of plastic 
and two-step replicas and their faithfulness should be 
determined quantitatively after further development 
of techniques on evaporation and metallic shadow- 
casting. 
Vv. CONCLUSION 


As mentioned above, it was found that the resolu- 
tion of two-step replicas becomes better by using Zr, 
Si, Ge, Cr, etc., in place of Al on methyl methacrylate- 
Al replicas, and by performing previous proper ion- 
bombardment or electron one for intermediate methyl 
methacrylate film. Several examples of their applica- 
tion were shown. It was also found from this experi- 
ment that the method of replicating microspecimens 
fixed by gelatin on glass was very effective. It was also 
shown that from the comparison between two-step 
surface replicas obtained here and those prepared by 
other methods, the fromer was superior. 
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|| We found recently a new evaporation technique for the pur- 
pose of further improvement of metallic shadow casting (to be 
published). In the case of replicas obtained by using this tech- 


nique, the least microspacing in Al single crystal measured on 
the electron micrograph was about 100A. 
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Experiments are described which supply evidence on the manner of electrical conduction through the 
oxide cathode coating. In the first experiment, I-V characteristics were obtained using special diodes with 
embedded probes. Contrary to the Loosjes-Vink theory, the characteristics for temperatures above 700°K 
are generally linear at high positive and negative potentials but curved at lower potentials. Other experi- 
ments would appear to confirm the presence of space change in the pores of the coating at temperatures 
above 700°K, and so support the Loosjes-Vink theory for higher-temperature conductivity. A modified con- 
duction theory is put forward, and it is shown to fit in with all the known facts. 





INTRODUCTION 


T has been suggested! that the low-frequency fluctua- 
tions of emission from oxide-coated cathodes may 
be partly due to spontaneous fluctuations in the con- 
ductivity of the coating itself. The following evidence 
on the process of conduction through the coating is the 
result of certain experiments designed to investigate 
any connection between these fluctuations and the 
conductivity. The experiments involved measurement 
of the resistance between the cathode core and a helical 
metal probe embedded in the oxide coating. Special 
diodes with such probes have been previously em- 
ployed for this conductivity measurement and are ade- 
quately described in the literature.?~ It is now gener- 
ally accepted that the conductivity o varies with 
temperature T, up to some 1000°K, according to a law 
of the type 


(—)+ (—) 
=o; Cx 2 eX 9 
ais Er 


i.e., there are at least two conductivity paths in parallel. 
The first term is dominant at lower temperatures, 
becoming negligible near 1000°K. Consequently a plot 
of logo vs 1/T shows a kink or bend; the “crossover” 
temperature is in the region of 700°K. 

According to Loosjes and Vink,’ the lower-tempera- 
ture conductivity may be ascribed to normal conduc- 
tion from granule to granule of the coating material 
(although barriers may be present at contact surfaces). 
The higher-temperature conductivity arises in the emis- 
sion current which flows between granules, the spaces or 
pores being filled with an electron cloud. This twofold 
mechanism is a result of the porosity of the coating. 
It has been shown that the cross-over temperature 
coincides with the inception of emission from the surface 
of the coating,*® and that the apparent activation energy 
of the higher-temperature mechanism is equal to the 








1A. Van der Ziel, Physica 16, 359 (1950). 

21D. A. Wright, Proc. Roy. Soc. (London) A190, 394 (1947). 

* Hannay, MacNair, and White, J. Appl. Phys. 20, 669 (1949). 

4A. A. Shepherd, Brit. J. Appl. Phys. 4, 70 (1953). 

5 R. Loosjes and H. J. Vink, Philips Research Repts. 4, 449 
(1949). 

*R. C. Hughes and P. P. Coppola, Phys. Rev. 88, 364 (1952). 


work function (as obtained from emission studies) at 
all stages of activation.® The results of the present work 
strongly support the above theory for the variation of 
conductivity with temperature, and, arising from these 
results, certain modifications and additions to that 
theory will be described. 


EXPERIMENTAL EVIDENCE 


Four special probe diodes were investigated. The 
C21 and B21 diodes referred to below were originally 
investigated by Wright? and constructional details are 
to be found in his paper. Results will also be quoted 
for the PT27 diode which is described in a paper by 
Shepherd.‘ The fourth diode was exactly similar to the 
PT27 and gave correspondingly similar results. 

In a first series of experiments, characteristics show- 
ing the variation of probe current with probe potential 
were obtained for different temperatures between 
500°K and 1200°K. There was a definite time delay 
before a steady reading was obtained although the 
difference between initial and final readings was some- 
times quite small. The largest time changes occurred 
with the PT27, especially at high temperatures. Once 
the cathode temperature had settled down to a steady 
level, the results were taken as rapidly as possible to 
approximate to the zero time characteristic. For com- 
parison purposes, the characteristics were also dis- 
played on an oscilloscope using an ac method, and a true 
zero time characteristic so obtained. It was noticed 
that these characteristics are completely linear at tem- 
peratures below the cross-over temperature, and dis- 
play curvature near the origin at higher temperatures. 
At the extreme high temperatures this curvature be- 
came less pronounced. In their paper, Loosjes and Vink 
deduce that this curvature towards the voltage axis 
follows a parabolic law and their analysis supports this 
view. On the other hand, close examination of the ex- 
perimental points in their curves suggests that, at the 
higher values of probe potential, a linear law fits their 
results rather better. In our results, this linear relation 
at extreme positive and negative probe potentials was 
particularly noticeable for the PT27 diode. It is difficult 
to obtain this linear section of the curve since the ap- 
plication of too large a voltage to the probe wire will 
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(a) 





(b) 


Fic. 1. Probe current vs probe potential characteristics taken from the screen of an oscilloscope; (a) PT27, 765°K ; horizontal 
deflection equivalent to 17 v, peak to peak; vertical deflection 700 wa, peak to peak. (b) C21, 675°K; 17 v, 360 wa. Using the ac 
method, a much larger input voltage may be applied for a short time without overheating the probe wire. The linearity of the 
characteristics for larger applied voltages is clearly evident. The vertical and horizontal lines in (b) are for calibration pur- 


poses only. 


cause overheating and the resultant expansion may 
crack open the oxide coating. Using the ac method and 
the oscilloscope display, the input voltage was increased 
for a brief interval during which time a photographic 
exposure was made. The two reproductions of Fig. 1 
fully illustrate this linear part of the I-V characteristic. 

The resistance R between the probe wire and the 
cathode core (anode “floating’’) was also measured by 
an ac bridge method using a small input voltage of 
about 1 mv. Curves were drawn of logiol/R vs 1/T: 
those obtained with the PT27 and C21 diodes are shown 
in Fig. 2 and the activation energies $1, ¢2 corresponding 
to the two conduction terms are given in Table I. The 
C21 (a) results are those originally obtained for this 
specimen tube. The C21 (b) results were obtained 
after long continuous use at low temperatures during 
which time the emission fluctuations were being re- 
corded. This slow return to a state of lower activation, 
due to operation at low temperature, was also observed 
by Wright.’ 

The results obtained by the bridge method agreed 
accurately with those deduced from the slope of the 
“zero time” I-V characteristic at the point of zero 
current, except in the case of the B21 diode. The reason 











TABLE I. 
>: - $2 
PT27 0.11 ev 1.17 ev 
C21 (a) 0.083 ev 0.80 ev 
C21 (b) 0.20 ev 0.92 ev 








7D. A. Wright, Brit. J. Appl. Phys. 1, 150 (1950). 


for the discrepancy with this particular diode is dis- 
cussed in a later section and has an important bearing 
on the modified conduction theory which is presented 
there. The value of the resistance given by the slope of 
the characteristics over the linear part at higher posi- 
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Fic. 2. Conductivity as a function of temperature in oxide- 
coated cathodes. The C21 (a) results are those originally obtained 
for this tube; the C21 (b) results were obtained after considerable 
use at low temperatures. 
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tive and negative probe potentials was always found 
to be rather less than 2R. 

The bulk resistance R, of that part of the oxide coat- 
ing lying between the cathode core and the cylindrical 
surface containing the probe wires was also measured. 
For this purpose, an ac voltage was applied to the 
anode of the diode which acted as a rectifier. The anode 
current, in the form of a rectified sine wave, caused an 
ac voltage to appear between the probe wire and the 
cathode. A calibrated variable resistance, connected in 
the cathode lead, was adjusted until an equal ac voltage 
was developed across it. In this manner, a direct measure 
of R, was obtained. Since this method depended on the 
flow of a sizeable anode current, results were obtained 
only at temperatures above the “cross-over” tempera- 
ture as indicated by the logi/R vs 1/T curves. As ex- 
pected, the measured ratio R/R, had a constant value 
for both the C21 (ratio 30) and the PT27 (ratio 88) at 
all temperatures. Using the dimensions quoted for the 
C21 assembly, a ratio of 65:1 is calculated, assuming a 
uniform field. The measured ratio for that diode is, 
therefore, less than this by a factor of more than two, 
and it may be concluded that the lines of conduction 
flow have a considerable spread near the cathode sur- 
face. For small applied voltages, the assembly may be 
replaced by the circuit of Fig. 3. It follows that the 
“spreading resistance’ (R—R,) is much larger than R; 
so that the application of an ac signal between probe 
wire and core can be expected to have little influence on 
the anode current. In actual fact, a maximum “‘voltage 
gain” of 14.7 10~ was achieved (using an anode load 
of 50kQ) with the PT27 diode at 865°K and at an anode 
current of 3 ma. Under the same conditions the gain of 
the C21 diode was 7.0X10-*. It is interesting to record 
that the output voltage at the anode was in antiphase 
with the applied voltage at the probe wire over a wide 
range of anode currents. This suggests that the anode 
current vs probe potential characteristic has a positive 
slope under the stated working conditions. This matter 
was further investigated. 


CATHODE SURFACE 






SPREADING 
RESISTANCE 


PROBE WIRE 


CATHODE CORE 


Fic. 3. The equivalent circuit of the cathode coating for small 
applied voltages. R; is the resistance of all that part of the oxide 
coating between the cathode core and the cylindrical surface 
which includes the helical probe wire. 


The variation of anode current with probe potential 
was ascertained for two specimen probe diodes for a 
wide range of cathode temperatures. No results were 
obtained below the cross-over temperature since the 
emission current was inconveniently small. Typical 
curves are shown in Fig. 4. It is seen that the anode 
current increases with increasingly negative probe 
potential. This is due to direct emission from the 
probe wire to the anode, the emission current in- 
creasing with higher values of anode-probe potential 
difference. However, at a certain negative value of 
probe potential (depending on the temperature), the 
slope of the curve becomes positive showing an in- 
crease of anode current with increase of probe potential ; 
the probe wire appears to act in a manner similar to 
that of the grid of a triode. This reversal of slope can 
be explained by assuming that the probe wire modifies 
the emission current which reaches the anode from the 
cathode core, due to the presence of an electron space 
charge in the region of the probe wires. If the electron 
space charge were not present in the cathode coating, 
one would expect the probe wire to act solely as a sub- 
sidiary cathode. This means that the characteristic 
showing the variation of anode current with probe 
potential would have a continuous negative slope. It 
follows that the experiment supports qualitatively the 
higher-temperature conduction mechanism suggested 
by Vink. The anode current of the C21 diode falls 
again for positive values of probe potential, the in- 
creasing number of electrons collected by the positive 
probe wire is at the expense of the anode current. 

It might be considered possible to explain this effect 
in terms of the depletion layer hypothesis.* However, 
the resistance R measured between probe wire and 
cathode core was found to be virtually independent of 
anode current up to a value approaching the tempera- 
ture saturation current. For instance, when using the 
C2i tube at temperatures above 950°K, R was found to 
decrease by less than 1 percent for an anode current 
increase 0-100 ma. In this respect, the results obtained 
with these diodes differ from those reported by Neer- 
gaard. It may be concluded that any depletion layer 
resulting from the flow of anode current is a thin layer 
only and does not affect to any marked degree the con- 
ductivity of the bulk material lying between the probe 
wire and the cathode core. Consequently, the explana- 
tion based on space charge in the pores of the material 
is the more likely one and has also the virtue of sim- 
plicity. 

THE MODIFIED CONDUCTION MODEL 


It is believed that valuable evidence on the conduc- 
tion mechanism is supplied by the characteristics of the 
B21 probe diode. This diode was originally examined 
by Wright? and has now been retested by us with similar 
results (Fig. 5). It is noticeable that at temperatures 
above the cross-over temperature the I-V character- 


8L. S. Neergaard, R.C.A. Rev. 13, 464 (1952). 
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Fic. 4 (a-c). Anode current vs probe potential, showing the region of positive slope in which the probe wire acts in a similar manner 
to that of the grid of a triode. This behavior confirms the presence of space charge in the pores of the cathode coating and so supports 


the Loosjes-Vink model for higher-temperature conduction. 


istics display a definite rectifier action. As a result, the 
logi/R vs 1/T plot is meaningless for this diode since 
the measured value of R will depend greatly on the 
operating point and on the magnitude of the applied ac 
signal. The I-V curves are linear at the more positive 
potentials, except at temperatures near the cross-over 
temperature where signs of saturation appear. They 
resemble the dynamic characteristics of a diode in 
series with a fixed resistance whose value is temperature 
dependent. The author agrees with Wright in that the 
rectifier action is most likely due to a thick barrier at 
the probe surface. It is further suggested that the series 
resistance arises in the fact that the pores of the coating 
are in the main completely closed in by the surrounding 
granules. Consequently, at the higher temperatures, the 
conduction paths are partly across the pores and 
partly through (or around) the granules. The complete 
picture is one of many diodes in series with many re- 
sistances, all in parallel with many other similar com- 
binations, and the low-temperature effect is also present. 
This complicated system is approximately represented 
by a single diode with a series resistance Ro, all in 
parallel with a larger resistance R,, Fig. 6(a). At lower 
temperatures, the emission of the diode is negligible so 
that the conductivity is determined by R, and a linear 
I-V curve is obtained. 

The idea now is that this conduction mechanism is 
bilateral in a normal device so that the arrangement is 
that of Fig. 6(b). To test this theory, the B21 curves 
were plotted again in combination with a set of image 
curves such as would be obtained when the probe wire 
acted as emitter and the cathode core as collector. One 
such curve is depicted in Fig. 7. The combined curves 
show a characteristic which has a form very similar to 
those obtained for the PT27 and also for the C21 at 
intermediate temperatures. In both these cases the shift 
of origin may be due to thermoelectric, contact poten- 
tial effects, etc. The linearity at higher potential mag- 


nitudes is quite clearly explained by this simple hy- 
pothesis. The lack of symmetry in the C21 higher-tem- 
perature characteristics and others which have been 
described in the literature, may well be the result of 
barriers of different thickness occurring at the two 
metal surfaces. Also the system of a cylindrical core 
with a surrounding helical probe wire is not a sym- 
metrical one and the field at the emitting surface of 
the core for a given positive probe potential will be 
different from that at the surface of the probe wire at 
the corresponding negative potential. The “spreading 
resistance” values may also differ. 

On this basis, all the known results may be explained. 
The value of the series resistance Ry may be evaluated 
from the slope of the linear part of the voltage-current 
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Fic. 6. (a) The circuit equivalent of the B21 cathode. (b) The 
suggested equivalent circuit for the cathode of a normal probe 
diode. 


characteristic. Its value is somewhat less than twice 
the resistance R measured between the probe and the 
cathode by the ac bridge method. This suggests that, 
at low values of probe potential, emission occurs at 
both cathode and probe surfaces, the initial emission 
velocities overcoming the effect of the retarding field 
in the one case. As a result, over a restricted voltage 
range near the origin, both diodes of the two-diode 
system are emitting simultameously. 

One feature remains to be explained; this is the 
manner in which the value of the series resistance Ro 
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Fic. 7. Illustrating the manner in which a normal conduction 
characteristic might be the result of a characteristic of the B21 
type combined with an image characteristic. The linearity at 
higher applied voltages, and curvature near the origin are both 
provided by this two-diode model. 
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varies with temperature. If log1/Rp is plotted against 
1/T the slope is of a similar order to that of the high- 
temperature effect, and not that of the low-temperature 
effect as might be expected at first. A possible explana- 
tion follows. For a composite surface the work function 
for the surface is an average figure only. All the ele- 
mentary surfaces will have different values of work 
function, extending over a wide range. This will be 
equally true for the surfaces of the granules which make 
up the coating. As the temperature is progressively 
increased, emission will occur from more and more of 
those granules whose surfaces have a high work func- 
tion. Consequently, the number of conduction paths 
“short-circuited” by the emission from these surfaces 
will increase with temperature. This will result in a 
more rapid reduction in the value of the series resistance. 
As this effect is primarily one of emission, an activation 
energy similar in value to the work function is expected. 

To proceed further, at still higher temperatures the 
emission current between granules will become space- 
charge limited and the total surface area which emits 
will become less temperature dependent. This should 
lead to a reduction in slope of the temperature plot, and 
eventually a slope similar to that of the low-tempera- 
ture effect should be obtained. It is significant that both 
our results and many published results do show this 
tendency at the higher temperatures. This change of 
slope is particularly significant in the results of Hannay 
et al® 

In conclusion, it must be emphasized that this 
conductivity mechanism, although it appears to fit all 
the known facts, will depend on further evidence before 
it can be accepted as a true representation of the elec- 
trical behavior of the oxide coating. 

The author wishes to thank Professor E. E. Zepler 
of the University of Southampton for his valuable en- 
couragement and advice, Mr. D. A. Wright and the 
General Electric Company, Ltd., Wembley, England 
for supplying the B21 and C21 diodes. Thanks are also 
due Professor F. A. Vick and Dr. A. A. Shepherd of 
the University College of North Staffordshire, England 
for supplying the PT27 and other diodes which were 
used in this work. 











nc- 
ths 
ces 
la 
ce. 
ion 
ed. 
the 
,ce- 
1its 
uld 
ind 
Ta- 
oth 
his 
- of 
lay 


this 

all 
ore 
lec- 


ler 


the 
and 
ilso 
| of 
and 
rere 





JOURNAL OF APPLIED PHYSICS 


VOLUME 25, NUMBER 6 





JUNE, 1954 


New Method of Measuring the Cathode Temperature of Indirectly Heated Vacuum Tubes 


SUKETOSHI IKEHARA 
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(Received September 8, 1953) 


A new method of determining the cathode temperature of the diode, triode, and multigrid tube, using 
high harmonic component of initial current which flows to the anode when an ac voltage is applied to the 
anode, is presented. The principle and apparatus of this method are described, and the causes of error in 
measurement are discussed. The advantage of this new method is that the temperature may be read directly; 
the time for measuring is extremely short; the error due to the leakage current is reduced; and it has a high 
accuracy (within +0.05 percent) and good reproducibility. Results on diode 6AL5, 6H6, triode 6J6, and 
pentode 6SH7 taken by this method, and results taken by other method, are compared. 





I. INTRODUCTION 


N investigating or producing electron tubes, a very 
important parameter is the cathode temperature. 

It is a factor connected with various characteristics 
and the lives of electron tubes. It is necessary, therefore, 
to measure the cathode temperature accurately and to 
control it so as to keep it within given limits. However, 
there has been no suitable method for this measurement 
in production tubes. The optical pyrometer can be used 
only for tubes made specially for this purpose. More- 
over, some indefinite factors, for instance the spectral 
emissivity of the cathode surface and the absorption by 
the glass bulb, may be included in this measurement. 
The static method of measuring the slope of the ordi- 
nary retarding potential curve resulting from the 
initial velocity distribution of the emitted electrons is 
not practical because it is complicated and is liable to 
gross errors.!:? A modification of the previously men- 
tioned method involves the application of a sawtooth 
voltage, and the temperature is read directly from the 
mean value of the output current due to the initial 
velocity distribution.* It is an improvement so far as 
the measuring speed is concerned but it cannot be ex- 
pected to reduce errors. Another study of the measure- 
ment of temperature has been carried out, in which the 
initial current characteristic is utilized by applying an 
ac voltage. This method is independent of the study 
described in the present paper since only the variation 
of the dc component of the current is measured. The 
limitation of this method lies in the fact that the error 
due to the leakage current between electrodes cannot 
be removed as in the case of the method of Champeix 
and others.*:° The author has previously described a 
method in which the initial current characteristic is 


1 W. Heinze and W. Haro, Z. tech. Phys. 6, 166 (1938). 
as — Sano, J. Inst. Elec. Commun. Engrs. (Japan), 764 

942). 

3S. Takada and E. Ando, Liaison Meeting Record for Wire Com- 
munication Valve, Elec. Communication Laboratory, Nippon 
Telegraph and Telephone Public Corporation, No. 98. 

‘Takagi, Satoo, and Aikawa, Valve Section Report, UHF 
Communication Research Committee, No. 10 and North Eastern 
Branch Joint Meeting Record, p. 109 (1949). 

5 P. Gadin and R. Champeix, Compt. rend. 229, 545 (1949). 

®R. Champeix, Compt. rend. 230, 64 (1950). 


measured dynamically.”"* We have succeeded in im- 
proving this method, obtaining a more practical tech- 
nique which is applicable to tubes with grids as well. 
This paper is a summary of our investigation. 


Il. RELATION BETWEEN THE AC COMPONENT OF 
THE INITIAL CURRENT AND THE TEMPERATURE 


A. Case of Diodes 


If the end effects are neglected and the spacing be- 
tween electrodes is not so large but that the cylindrical 
diode may be considered as an ideal diode composed of 
parallel plane electrodes, the initial current J is given 
by the following well-known equation, assuming that 
the initial velocities follow the Maxwell distribution law, 


I=I, exp(—E/En), (1) 


where J, is the saturation current, Er=7x/11 600 
(volts), Tx is the absolute temperature of the cathode, 
—E is the retarding or inverse anode voltage, being 
negative with respect to the cathode surface and includ- 
ing the contact potential. Now we consider —E to be a 
dc voltage E, superposed by a small ac voltage E; sinwt, 


—E=E,+£; sinowt. (2) 


Then, according to the method used by Strutt in calcu- 
lating the distortion factor,® the initial current may be 
represented 


T=Io+J, sinwt+]2 cos2wi+TJ; sin3wi+---, (3) 
where the crest value of the mth harmonic is given by 
I,=I, exp(Eo/Er). «nJn(jEi/Er). (4) 


J,(jE;/Er) is the first nth order Bessel’s function; 
Kn=2/s/—1 when n is odd and x,=2 when 1 is even. 

We designate J, as J,’ when £, is increased to 
E,+AE, and as I,’’ when £; is varied to E,’, while the 
other components are held constant. Then, 


I,'/In=exp(AE/Er), (5) 
Tn" /In=In(jEi/Er)/In(jEi/Er), (6) 


7S. Ikehara and T. Hinata, 25th Tokyo Branch Meeting Record 
(November, 1951). 

8S. Ikehara, J. Inst. Elec. Commun. Engrs. (Japan) 49 ay 

9M. J. O. Strutt, Moderne Mehrgitter-Elektronenrohren (1940), 
p. 14. 
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Fic. 1. Relation between the grid voltage and the 
initial current flowing to the anode. 


and the ratio of the mth harmonic to the mth harmonic 
is given by 
| a I m(jEi/Er) 


———_——_—. (7) 
Ses Kn J n(jEi/Er) 

Now we can obtain the relation between the tempera- 
ture and the initial current by Eqs. (5) to (7). 


B. Case of Triodes and Multielectrode Tubes 


First, in the case of triodes, neglecting any nonuni- 
formity in structure for simplification, the value of the 
initial current J, which flows to the anode is expected to 
vary as shown in Fig. 1, when the grid voltage E, is 
varied keeping the anode voltage E, constant. When E, 
has a very large negative value, the average potential 
of the surface containing the grid becomes much lower 
than £, and electrons cannot pass over this potential 
barrier, hence, J, will be small. But as E, is made more 
positive, the average potential of the surface containing 
the grid will increase and J, will also increase (a region). 
As the average potential of that surface becomes higher 
than the anode potential, 7, will increase very rapidly 
(b region). 
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Fic. 2. Potential distribution between electrodes. 
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This increase continues until the potential of the 
surface containing the grid becomes equal to the poten- 
tial of the grid conductor (c point).* When E, becomes 
still larger J, will decrease because some of the electrons 
which have passed through the grid are turned back into 
the grid (d region). Hence when E£, is such that J, be- 
comes a maximum (point c), the potential of the grid 
conductor is equal to that of the space, the field near 
the grid becomes uniform, and the electron paths are 
not disturbed. In this state the triode can be treated as 
the diode; and the equation 


I,=al, exp(E,/Er) (8) 


is obtained, where a is the ratio of the projected anode 
area (from which the grid area projected on the cathode 
has been subtracted) to the total cathode area. 
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Fic. 3. Relation between E,’ and /4. 


In order to get a measurable value of current Jg, it is 
necessary for E, to be nearly —2 volts. In a tube of 
ordinary construction E, is expected to be smaller than 
—0.4 volt, therefore, J, is very large and the space 
charge between the cathode and the grid must be con- 
sidered. Hence, the variation of the potential will be 
as shown in Fig. 2, and E,/Ea, is expected to be larger 
than x,/xa. 

* Strictly speaking, as E, approaches the point c from the region 
b, the current distribution will also change. Therefore, the maxi- 
mum value of J, is likely to occur before E, reaches the point ¢ 


but, in fact, this is negligible compared with the nonuniformity in 
structure. 
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Figure 3 shows some experimental results with E,’ 
and E,’ the applied grid and anode voltages, respec- 
tively. E, and E, are not known directly because the 
contact potential of each electrode is unknown. The 
value of E,’ at which J, becomes a maximum differ 
little in general for different E,’ values. 

If the value of EZ,’ corresponding to the maximum of 
I, is determined according to the above, and neglecting 
the said variation of E,’, the diode Eqs. (5) and (6) 
may also be used in this case. 

While we have described the situation for triodes, 
the case of multi-electrode tubes can be treated in al- 
most the same way, assuming that the previously 
mentioned grid surface is in the position of the nearest 
grid to the anode. But in this case Eq. (8) cannot be 
expected to hold perfectly because each grid will have 
different surface potentials and will disturb the electron 
paths. 


Ill. METHOD OF MEASURING THE CATHODE TEM- 
PERATURE BY UTILIZING THE AC COMPO- 
NENT OF THE INITIAL CURRENT 


Each of the relations (5), (6), and (7) should allow 
us to compute the cathode temperature, but in the case 
of (6) or (7) it is necessary to know the absolute value of 
the ac voltage E;. On the other hand, using relation (5), 
it is not necessary to know this and, moreover, it is 
advantageous that the temperature can be read directly 
if the variation of the dc voltage AE is calibrated as a 
function of the temperature. Therefore, we have adopted 
the use of this relation. 

Taking the logarithm of Eq. (5) and substituting 
Tx for Er, we have 


T x=100 750(AE)/[20 logiol »’/In]. (9) 


The denominator of the above equation represents the 
variation of the initial current in decibel when E£ is 
increased by AE. Inversely, therefore, if the variance 
AE of the de voltage E which is necessary to change the 
initial current by a certain amount (for example 10 db) 
can be obtained, the cathode temperature (°K) is equal 
to AE (volts) multiplied by 10075. That is to say, in 
Fig. 4 we only need to adjust AE in order that the ratio 
of J, to 7,’ becomes 10 db, where 7, is the nth harmonic 
of the initial current when the switch is in position No. 1 
and J,’ is the same when the switch is in position No. 2. 
Actually J, and J,’ are very small in value. Since they 
cannot be measured directly, we must insert a load 
resistance R, and amplify the output voltage for the 
purpose of this measurement. Figure 5 shows the 
measuring circuit used for multielectrode tubes in 
which all of the grids are connected to terminal G and 
the anode to terminal A. 

Choosing E,’ suitably (about —1 volt), we are to 
select a value of E,’ that the indication of LM becomes 
a maximum. In this state, if AE is adjusted so that the 
output meter LM does not vary when the switches 5S; 
and S$, are simultaneously switched to position 1 and 2 


Fic. 4. Circuit showing the 
principle of the measurement, 





alternatively, the ratio J,’/J, will be 10 db. Conse- 
quently Tx can be obtained according to the above 
procedure. It is also advisable to ascertain whether the 
equations are valid by confirming that the measured 
temperatures do not differ even if the measurements 
have been carried out under different conditions, that is, 
at different values of the dc bias voltage E,’. 

In practice, especially in multi-electrode tubes, the 
measured temperatures obtained under different condi- 
tions, are frequently not the same because the construc- 
tions of the electrodes are not ideal and the cathode 
temperatures are not uniform. In such a case, the mini- 
mum values of that temperatures are adopted as the 
typical values. In the case of the diode, we can connect 
it simply to terminal A, choose a suitable Z,’, and make 
the measurement. Figure 6 shows the measured tem- 
peratures of 6AL5 for various values of E; and Fig. 7 
shows the same for various values of Rx, where E; of 
0.8 volt was used. It is advisable to make Ry, variable 
and to take the measurement with the smallest possible 
R, according to the tube being tested because if Rz is 
too large, the error resulting from the reaction becomes 
large. In the above examples the third harmonic was 
used. 


IV. DISCUSSION ON THE CAUSE OF ERRORS 
A. Leakage Currents 


It is assumed here that the leakage currents include 
all the current flowing between the cathode and the 
anode caused by abnormal reasons other than the 
normal thermionic emission, for instance, poor insula- 
tion between the electrodes, thermionic or photoelectric 
emission from the anode, etc. Since the leakage currents 

















™) LPF) 














10KC 

















Fic. 5. Circuit diagram for measuring the cathode temperature. 
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Fic. 6. Measured results for various £;. 


are a function of the retarding potential applied to the 
anode, the crest value of the nth harmonic of the ap- 
parent initial current &, will be equal to 7,+Jin, as- 








‘Fn’ I, exp{ (Ect AE)/Er}knJ x jEi/Er}+ (In) Betak 


suming the crest value of the mth harmonic of the leak- 
age current is J;,. Consequently, corresponding to 


Eq. (5), we have 





Referring to Fig. 8, the leakage current is seen to be 
nearly ohmic in the range of high retarding potential. 
Supposing that this is also true in the range of low 
retarding potential, 7;, may be neglected as » becomes 
large; and by choosing large the error due to the leak- 
age current can be minimized. To know the magnitude 
of this error, it is calculated, using the fundamental $, 
in the presence of the leakage resistance R; as follows: 
in this case, (Jin)z,4a¢ and (Jin)z, in (10) are equal to 
E;/Ri, and solving it for Er we have 


AE 
Er=- ? (11) 


Ei 
le 
F; TR, 








S$, «sy exp{ Eo/Er} kn nf jEi/Er)+ (lin) eq 


(10) 





where 
1,=2I, exp(E,/Er)1/\/— 1J,(jE;/Er). 


Hence the error, the difference between the tempera- 
tures obtained from (11) (the leakage resistance being 
considered) and (9) is 


l = 
eae 
Fi IR: ; 
ér= —1 |< 100(%). (12) 
$1'/Fy 





When §,'/%,=3.16 as in Fig. 5, at Tx=880°K, for 
instance, the errors for various values of R; and J, have 
been calculated; they may be very large as shown in 
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Fic. 7. Measured results for various Ry. 
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Fic. 8. Observed values of the leakage current between electrodes. 
(E,’: retarding voltage from the exterior.) 


Fig. 9 and cannot be neglected. Thus, since in the usual 
ratings of electronic tubes the insulation resistance must 
be larger than 50M ohm in the cold state, it must be 
considered that even selected tubes may fall under this 
limit under operating condition. (6AL5-No. 2 in Fig. 8 
is about 20M ohm.) Even though the leakage is esti- 
mated as 100M ohn, in the case when J,=20 ma and 
E,=—1.2v, the error will be 4 percent; and the higher 
the retarding voltage becomes, the larger the error 
will be. 


B. Nonuniformity of the Temperature 


The cathode temperature may not be uniform along 
its length because of the end cooling effect. In such a 
case, what is the temperature which will be obtained by 
this measuring method? Now we will consider the case 
in which, for simplification, the temperature of the 
section \ of the cathode surface is T; and that of the 
remaining part (1—A) is T:. Then the total initial 
current is comprised of two parts 


T=1,) exp(Eo/Er1) + (1—A)I 2 exp(E./Er2). (13) 


Assuming that the constant of the saturation current is 
proportional to the 5/4 power of the temperature, and 





Tx = 880° 
fi = OL volts | 
Li, -346 
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Fic. 9. Errors due to the leakage current. (E,: net re- 
tarding voltage including the contact potential.) 


that T7;=1100°K, 7,=1000°K, g=1.0 volt, computed 
values of Tx» for various values of \ which would be 
measured by using the third harmonic and the circuit 
of Fig. 5 are shown in Table I. From the above, as the 
retarding potential decreases, Tx m approaches the mean 
value of the cathode temperature; as it decreases, the 
latter approaches to the value of the high-temperature 
section, thus, Txm is always between the mean value 
and the highest temperature. We can utilize this rela- 
tion inversely, i.e., when all the conditions (the struc- 
ture, etc.) are the same, the temperature uniformity of 
two cathodes can be compared by measuring T'xm at 
various retarding potentials. 


C. Spacing of Electrodes 


Vacuum tubes of practical structure are generally 
regarded to be nearly cylindrical, and the initial current 
in a diode of cylindrical construction is given by” 


1=8I, exp(Ea/Er), (14) 


where B is a function of the ratio r;/rq (radii of the cath- 
ode and the anode) and E,/Er. 8 asa function of E,/T x 


TABLE I. 








Tm (°K) (Ei =0.8 volt) 





r Ea=-—1 volt E.= —2 volt E. = —3 volt 
0.2 1046 1070 1086 
0.4 1069 1086 1095 
0.6 1083 1094 1097 
0.8 1093 1097 1099 








” W. Schottky, Ann. Physik. 44, 1011 (1914). 
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Fic. 10. Relation between 6 and E,/T x. 


is shown in Fig. 10." As —E,/Tx increases, 8 ap- 
proaches to the value of r,/r;, and becomes flat. There- 
fore, this leads to the same result as Eq. (5). When 
r,/Tq is small, it is necessary to make measurements at 
large values of — E,/Er, i.e., at a high retarding poten- 
tial, in order that Eq. (5) may be used. For example 
in the 6H6 since r;/rg=0.55, it is advisable that 
—E,/Tx should be larger than 10. Thus, when we 
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Fic. 11. Relation between the input voltage and the 
initial current characteristic. 


" H.*Nukiyama and T. Takahashi, Valve Section Report, UHF 
Communication Research Committee, No. 29. 


IKEHARA 


measure a temperature near 1000°K, for instance, a 
retarding potential over 1 volt is required. 


D. Effect of Grids 


During the measurement AE and £; are added to 
E,’ and unless we vary E,’ in a suitable manner to 
correct for this, the field near the grid becomes non- 
uniform. Hence, we must anticipate an error due to this 
in the measured temperature. As noticed in Fig. 3, the 
optimum values of E,’ for various values of E,’ depend 
on the particular type of tube under test. It is seen that 
the error may be positive or negative according to the 
value of E,’ which is fixed. Moreover, in the case of 
multielectrode tubes the error is inevitably larger due 
to the causes mentioned in Sec. II. 


E. Space Charge 


When the current density of the initial current ex- 
ceeds a certain limit, a potential minimum will occur 
in the space between the cathode and grid so that 
Eq. (1) will no longer hold. This limiting value Imax is 
given approximately by the following equation”; 


Tmax=3X10-"T x41/x2(amp/cm?), (15) 


where xq is the distance between the cathode and the 
anode (cm). In the 6AL5, for example, Jmax=120 
<10-* amp when 7 x= 1000°K. In the case of the tube 
with grids, we must take the distance between the most 
outside grid and the anode instead of x, described above. 
Then, in general, the value of Jmax is much smaller. 


F. Nonuniformity of the Surface Potential 
of the Cathode 


It is reported that when the work function of the 
cathode surface is nonuniform, the field near the surface 
becomes nonuniform and the electron paths are dis- 
torted, hence, the measured temperatures are higher 
than the true value.'-*.'* By making the retarding 
potential on the anode large, this error can be con- 
siderably reduced. However, it is necessary that we 
increase the sensitivity of the measuring apparatus for 
this purpose. Nonuniformity of the anode work func- 
tion is negligible since it has little effect on the electron 
paths. 

V. MEASURABLE RANGE 


The lowest temperature that can be measured is de- 
termined by the maximum alternating current J» max 
which can be derived from the output circuit of the 
tube under test, the load resistance R, and the gain of 
the amplifier V (db). Assuming that the output meter 
is read at 0 db, then, 


Tn max2V2/Rz log“[—(2.21+-N)/20]. (16) 


12H. Rothe and W. Kleen, Grundlagen und Kennlinien der 
Elektronenrohren, p. 10. ; 

13 C, Yabumoto, Monthly J. Elec. Commun. Lab., Nippon Tele- 
Frey, and Telephone Public Corporation, Vol. 2, No. 7, p. 300, 

uly, 1949). 

“J. A. Darbyshire, Proc. Phys. Soc. (London) 53, 219 (1941). 
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Fic. 12. Observed cathode temperatures under various measuring conditions. 


It is generally recognized that the initial current is an 
exponential function of input voltage between A and B 
as shown in Fig. 11 in accordance with Eq. (1), how- 
ever, between B and C this function is not valid. Conse- 
quently, the inverse voltage E, should be selected such 
that E,4 E;= E£’, in order that the operating range may 
always lie between A and B allowing J, to be a maxi- 
mum. Substituting this in Eq. (4), we have 


en (17) 
y=exp(E;/Er)knJ.(jEi/Er), (18) 
o=I, exp(E’/Er). (19) 


y is a maximum with respect to E,/Er as shown in 
Table II for n=1, 2, 3. o is the dc value of the initial 
current at the point B and should not exceed J» max of 
Eq. (15). Hence, 


Tn mex s 3X 10-°T x*yS (xa). (20) 


It also cannot exceed J,. Using the Richardson equation, 
we have 
Tn max ySAT x’ exp(—¢/Ez), (21) 


where S is the cathode area, A is a constant, and ¢ is 
the work function. The point B may be also limited by 
the requirements stated in paragraphs (C) and (F) of 
Sec. IV as well as Eqs. (20) and (21), but the lowest 
measurable temperature is fixed in general by using 











TABLE II. 
n Ei/Er "max 
1 1.5 0.22 
F 4.5 0.12 
3 8.5 0.08 


Eq. (20) or (21) after J, max has been determined. For 
example, in the 6AL5, when V=80 db, Rx=18 kohm, 
In max is 6.1% 10~* amp and since x,=0.016 cm, S=0.28 
cm?, Tx calculated from Eq. (20) by using the third 
harmonic is very small. But assuming A =0.01, g=1.0 
volt, we obtain 556°K from Eq. (21). Therefore, in this 
case the lowest measurable temperature is limited by 
the saturation current and is 556°K. The lowest 6AL5 
cathode temperature which we have successfully 
measured with our experimental apparatus is 530°K. 
In order to establish the highest sensitivity it is neces- 
sary to choose E;/Er7 as shown in Table II. The reduc- 
tion in sensitivity when using the second or third 
harmonic is not large compared with the sensitivity 
using the fundamental ; the values are 5.2 db and 9.0 db 
as seen by comparing values of ymax. 


VI. COMPARISON WITH CONVENTIONAL METHODS 


We will now compare our method for temperature 
measurement with the conventional method in which 











TABLE ITI. 
Tm (°K) 
Tube under test dc method ac method 

6AL5 
E;=5.9 volts 

No. 1 980-1050 970 

No. 105 1020 approx 1025 
E;=6.3 volts 

No. 2 1130-1160 1070 

No. 5 1075-1100 1075 
6H6 
E;=5.9 volts 

No. 33 1110-1150 1060 


No. 48 1130 approx 1100 
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the initial current characteristic is measured using a 
dc voltage and the cathode temperature is calculated 
from the slope of the curve drawn on linear-logarithmic 
graph paper. The advantage of the new method is that 
the temperature may be read directly, the time for 
measuring is extremely short, the error due to the leak- 
age current is reduced, and it has a high accuracy 
(within +0.05 percent) and good reproducibility. 
Figure 9 shows the error which results from the leakage 
current in the case of using the fundamental, but it is 
believed that this error would be far larger if the dc 
method had been used, because the dc component of the 
leakage current would be added. The values measured 
by the dc method are generally higher than those by 
the ac method as shown in Table III; the main cause 
for this may be the error due to the additional leakage 
current. Values of the initial currents measured by the 
dc method are seldom perfectly exponential, therefore, 
it is often difficult to determine the point at which the 
slope of the curves should be measured. 


VII. EXAMPLES 


Figure 12 shows the results which have been obtained 
by using the fundamental and the harmonics in meas- 
urements on a 6AL5 in which the leakage current is 
comparatively small. As —£E,’ becomes smaller than 
0.5 volt, Txm increases because the initial current 
characteristic becomes saturated. On the other hand, 
as —E,’ becomes larger than 0.7 volt; Txm also in- 
creases. It is believed that this is due to the leakage 
current and the capacitance between electrodes, thus 
values near the minimum are the least erroneous. The 
main reason that the minima in the case of using the 
harmonics are shifted to the left, is that the operating 
range has been actually shifted to the right because the 
measurements for the convenience have been carried 
out at a progressively higher input voltage E; than 
when using the fundamental. The measured results using 
the sixth harmonic and different values of E; for the 
same E,’ coincide with each other in the range from 
—0.15 to —2.0 volts. Therefore, these values can be 
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Fic. 13. Relation of the heater voltage to the cathode temperature. 
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Fic. 14. Comparison of the temperatures measured 
optically and electronically. 


regarded as being reliable. Values measured using the 
other harmonics coincide at the minimum values, al- 
though the temperature curve measured using the 
fundamental has a higher minimum value. This is 
mainly the result of the error due to the fundamental 
component of the leakage current. Figure 13 shows one 
of the relations between the heater voltage and the 
cathode temperature which was determined by this 
method. The values are somewhat higher than those 
by the optical pyrometer (neglecting absorption by the 
glass bulb). While it is impossible to measure tempera- 
tures with the pyrometer at heater voltages lower than 
6 volts, it is easy to measure them electronically down 
to 1.5 volts. Figure 14 shows a comparison of the results 
for four 6SJ7’s and five 6J6’s by both methods. We can 
see a correlation between them. Previously described, 
the values measured by the pyrometer are the corrected 
values for spectral emissivity of coating. That emis- 
sivity is assumed to be 0.3. 


VIII. CONCLUSION 


As mentioned above, a new and practical method for 
measuring the cathode temperature is developed in 
which several faults of the customary methods, in par- 
ticular the error due to the leakage current between 
electrodes, are eliminated. It is believed that this 
method will be applied widely to the investigation 
and/or quality control of the cathode. 

In the case of triodes and other multielectrode 
tubes, the accuracy is not entirely satisfactory. How- 
ever, in its present stage, it can be said that this is the 
most accurate method applicable to vacuum tubes of 
practical construction. 

In conclusion, the author takes this opportunity to 
express his sincerest thanks to Dr. Juichi Osawa, Dr. 
Hidehiko Nishio, Dr. Osamu Harashima, and Mr. 
Naomi Aida for their kind guidances, and to Miss 
Tsuneko Hinata for carrying out the experiments and 
the calculations. 
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Electromagnetic Field of a Dipole Source above a Grounded Dielectric Slab* 


Y. T. Lot 
University of Illinois, Urbana, Illinois 
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A theoretical investigation of the electromagnetic waves due to a dipole source above a grounded dielectric 
slab has been made by integral transforms. The solutions in integral form have been evaluated asymptoti- 
cally for distant field. It is found that the fields consist of a space wave and a surface wave. The former, 
spherical in nature, predominates in the free space, while the latter, cylindrical in nature and with a finite 
number of modes, is guided along the dielectric. As a result of the existence of at least one pole of the inte- 
grand, this surface wave always exists. At the dielectric surface, the zero-order spherical wave has a null 
value except the case of critical thickness; then it should be referred to the next-order solution. 





INTRODUCTION 


LONG time ago Van der Pol and Bremmer,! in 

the investigation of the wave diffraction around a 
conducting sphere, formulated a problem concerning 
the wave propagation along a grounded dielectric slab 
due to a vertical electric dipole. In recent years the sur- 
face wave along coated conductor has aroused much 
interest, and their problem has been paid more atten- 
tion. A two-dimension version of this problem has been 
carefully studied by Tai;? besides, Attwood’s’ article on 
wave propagation over a coated plane conductor and 
Whitmer’s‘ dielectric wave guide are intimately related. 
This paper attempts a theoretical study of the problem 
originally suggested. 

The concept that an arbitrary wave can be regarded 
as composed of elementary waves has been stressed by 
various authors.® In the present investigation integral 
transforms have been used along with this concept, 
while the solutions in integral form thus obtained are 
evaluated asymptotically by the saddle-point method 
for distant field. In general, the mathematical proce- 
dures are mostly derived from the works for the study 
of the famous Sommerfeld’s problem® of wave propaga- 
tion over conducting earth. 


1. Formulation 


In Fig. 1, a vertical dipole is located at z=6 above a 
perfect conducting plane which is assumed to be of 
infinite extent in the x—y plane. Over this conducting 
plane there is a dielectric slab of thickness a and of 
index of refraction n. In the present investigation, only 


* Based on a thesis submitted in May, 1952, to the Department 
of Electrical Engineering, University of Illinois, in partial fulfil- 
ment of the requirements for the Ph.D. degree. 

t Now at Channel Master Corporation, Ellenville, New York. 

1B. Van der Pol and H. Bremmer, Phil. Mag. 24, 825 (1937). 
See also J. A. Stratton, Electromagnetic Theory (McGraw-Hill 
Book Company, Inc., New York, 1941), p. 590, ex. 12, or S. A. 
Schelkunoff, Electromagnetic Waves (D. Van Nostrand Company, 
Inc., New York, 1943), p. 428. 

2C. T. Tai, J. Appl. Phys. 22, 405 (1951). 

3S. S. Attwood, J. Appl. Phys. 22, 504 (1951). 

4R. M. Whitmer, Proc. Inst. Radio Engrs. 36, 1105 (1948). 

5 J. A. Stratton, reference 1, Chapters 6, 7. S. A. Schelkunoff, 
reference 1, p. 410. 

® A. Sommerfeld, Ann. Physik 28, 665 (1909). 


the case for the source above the slab, i.e., b><a, will 
be considered. Let II be the Hertz vector; because of 
symmetry, only the z component II, has a nonzero 
value. Hence, if the time-dependence factor is assumed 
to be e~‘, the vector equation of ITI’ will be reduced toa 
scalar equation as follows: 


VI.+-°11.= —P,/a, z>a 


, (1) 
VIl.+-7767I1,=0 a>z>0 
where 
2 8 8 
V=—+—+—, 
dx? dy? dz? 
B?=w"p161, 


P,=the dipole moment. 


Let the dipole current be —4miwe,; then by intro- 
ducing Dirac’s function for the point source, P, can be 
expressed as 

P,=49e,5(y)i(z—5). 


By applying integral transforms to the foregoing 
equations the solutions in integral form under the given 
boundary conditions can be immediately obtained. 
With further mathematical manipulations they can be 
finally reduced to the following expressions of integra- 
tion along W in a sheet (called S,) of a double-value 


SOURCE, be | 




















Fic. 1. The physical construction of the problem. 


7J. A. Stratton, reference 1, p. 430. 
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Fic. 2. The integration path W on y plane. 


y plane with branch points y=+8 and cut at y=+8 

+i|y2| as shown in Fig. 2. 

f ; ydy 

4 Le fe nee 
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1 
the — sign for z>), 
| 0 


the + sign for a<z<b. 


od 





2 f f, coshkxzHo (yp)ydy, a>z>0, 
w 


where 
kP=7’-86, k2=y2—n°B?, 
n*k,— ke tanhk,a, JQeki(a—b) 








eae * ae 

The first term of the first integral of (2) can be 
identified by Sommerfeld’s formula as the Hertz vector 
due to a dipole at z=), namely e**!/R,, where Rj, as 
shown in Fig. 1, is the distance between the dipole and 
the point of observation. The second term of the same 
integral represents the reflected wave which may be 
regarded as from an image at z= 2a—6 with reflection 
coefficient f,. Obviously the second integral is the re- 
fracted wave. 

The poles of the integrands of (2) are given by the 
roots of the following equation: 


n?k,+keotanhk,a=0. (3) 


Let its root be 7, ; then it can be proved that in order to 
satisfy the physical conditions, , must be real and in 
the range nB>v+¥,>B8. 

Following Whitmer,‘ let koa=iw and d= (n?—1)'a; 
then k,= (d’—w*)!/a, and (3) becomes 


tanw= n?(d?’—~w")!/w. (4) 


According to the range of y,, the root w, should be in 
the range d= (n?—1)!8a >w,>0. For the exact location 
of poles, it is simpler to introduce another quantity, 
a, such that 


W,y=d sina, 


0<a, <72/2. (5) 


LO 


Then Eq. (4) reduces to 


tan(dsina,) =n? cota,, O<a,<2/2. (6) 


The solution of (6) can be graphically obtained as 
shown in Fig. 3. From a, and Eq. (5), w,, then y,, can be 
determined so that the relation y,=8[(n?—1) cos%a, 
+1]! is obtained. Obviously, by referring to Fig. 3, 
there exists at least one solution for any d>0 and m>1. 


2. Evaluation of the Integral 
(a) Zero-Order Solution 


In order to apply the saddle-point method of inte- 
gration to the present problem, the following trans- 
formation will be introduced: 


y=B6 siné. 


It will transform the sheet S, of the y plane into a strip, 
and the path of integration W to the path C in the @ 
plane in Fig. 4. While the images of the branch points 
are at 2/2 on @ plane, and the pole in @ plane is at 


6,= +2/2i| cosh (n?—1) cos’a,+1]#]. (7) 
For the & functions, 
ki= (y’—6*)'= +78 cosé, ko=+i8(n?—sin%)!, 


where for k,; only the negative sign will be used because 
for y>8 on W, k, should be positive and real in order 
to insure the convergence of the integrals. 

By means of the relations of k functions and the 
following substitutions: 


p= R: sina, 
2’ =2—2a+b=R; cosa, 
(2) becomes 
(eiBRi ip 
—+— f fatto (Bp sind)ei8*’ cos6 sin6dé, 
Ri 2 Cc 
z>4, 
_ (8) 
B . . 
— fi » coshk2zH\ (8p sin#) sin26d8, 
4v¢ 





a>z>0. 


Considering the term due to reflection, for large Bp the 
Hankel function can be replaced by its asymptotic 
expression and the exponential function involving R2 
will be 


EB R2(cosd cosa+sin@ sina) — eibRe cos(6—-a) | 
The region of convergence for the integral is shown by 


the hatched area in Fig. 4. The saddle-point @, can be 
obtained by putting 


—cos(@—a)=0 or 6,=a. 
dé 
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ELECTROMAGNETIC FIELD OF A 


Following Oit,® let the Hankel function be retained in 
the integration instead of its asymptotic expression ; 
then according to Sommerfeld’s formula, the reflection 
term is given by 
eibRe 
Il,= f-(a , 
r= fr(a) - 


2 





(9) 


where R2 is the distance between the image and the 
point of observation. It should be noticed that 


n? cosa+i(n?—sin’a)! tanBa(n?—sin’a)! 





f-(a@)= 
n? cosa—i(n?—sin*a)! tanBa(n?—sin’a)! 


is the reflection coefficient of a vertically polarized plane 
wave under the given boundary condition. For a point 
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Fic. 3. The graphical solution for a, of the equation 
tan(d sina,) = n? cotar. 


on the surface of the dielectric a~2/2 and R,= Rg, if dis 
not equal to its critical value d.= mr, m=1,2,---, f(a) 
=: —1, and the resultant field given by this solution then 
approaches zero. In this case, a higher-order term will 
be important. 


(b) First-Order Solution 





As aa, let 
f-(0)=—1+ (6), 
where 
2n7k, 
g(0)= : (11) 
n*k,+ Re tanhkea 


The first term then gives a free space radiation due to 
the image, namely, —e‘*#:/R,. What remains is to find 
the first-order solution of the integral involving g(@). 


8H. Ott, Ann. Physik 41, 443 (1942) ; 43, 393 (1943). 
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For the convenience of later reference the first integral 
of (8) is rewritten as 


eR: eifRe iB 


,=—— 
Ri Rz 2 





x fs (0) Ho (Bp sin8)e**’ °° sinfd@. (8a) 
c 


Following Van der Waerden’s method on saddle- 
point integration’ and using two terms of the asymptotic 
expansion for Hy), the integral in (8a) due to g(@) can 
be expressed as 





_ pe FIN2 
——— f P(uje'“du, (12) 
(ay sina)? 
where 
u=—i cos(6@—a), \’=BRz, 
k; sin'@ [ 1 d@ 
P(u)= i+ bE (13) 
n*ki +k tanhkeal 8id’ sina sind Jdu 
Let S°=i+u and 
P(u) = b_,S +b +0,S+ eee, (14) 


The solution of (12) will be 


V2in*Be-**!4 

= 9 [26_-"r() 
(xX’ sina)? 

+-2b,r-3°T'(3)+-0(A'-82)]. (15) 


e, 9-PLANE 








7 
“7 4@ a 























Fic. 4. The integration path C on the @ plane is deformed into 
C, in passing through the saddle = 6,=a, with a necessary 
detour around poles @,;, 9,2. The hatched area is the region of 
convergence of the integral. 


* B. L. Van der Waerden, Appl. Sci. Research B2, 1, 33 (1951). 
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Let P(u) be decomposed into two terms such that 





ky sin! dé 

P,(u)= —, 
n?k, + ke tanhk.a du 
P,(u)=- —P (u). 


i8X’ sina sin® 


Since P2(u) is one degree higher in (1/R:2) than P,(2), 
then as far as the first-order solution in 1/R2 is con- 
cerned, it is only necessary to find the first and third 
coefficients of P;(«)’s expansion and the first coefficient 
of P2(u)’s. All of these coefficients can be found by the 
limiting process 

b_,=LimSP(u), 
S-—0 


@SP(u) 
by =Lim 
S—0 dS? 





Since P(u) is a very complicated function of 6, it is 
almost impractical to write down the general expression 
for }b,;. However, it is ¢onsiderably simplified for 
a=m/2, in which case only it is significant. Thus after 
collecting the terms in 1/R2 and 1/R:, the resultant 
potential field near the interface (22/2) will be 














eR eibRe 
l,=—— + 2v2n7e**!4 
; 1 iA \ Je®R2 
x| 4+ (2-=)| , (16) 
2BR2 4 R2 
where 
e~ iris 
A=— 
v2 


cos @ 





° . . ry . ’ 
n? cosa— i(n?—sin*a)? tanBa(n*—sin*a)! 


16a) 
Vet !/4 


B= 





{ 2n?— i8[3 (3n?+-1) tand/4(n?—1)! 


+3a sec?d+ 2in*/D}}, 
D=n—i(n?—1)! tand, 
and 
6=2/2—a. 


From this solution it can be seen that as a—7/2, A 
approaches zero as expected from the previous dis- 
cussion, while B approaches [ — 2v2e**/4n?/(n?—1) tan*d ] 
or I1,~[—i4n*/B(n?—1) tan*d Je®”2/R,?. 


(c) Residue Wave 


In fact, in the integration by saddle-point method the 
path C has been deformed into a drop line C, of the func- 
tion i cos(@—a), which passes through @, and is found 


LO 


as expressed by 
cos (@,;—a) cosh6e= 1. 
The intercept of this line with @=7/2 is 


6=2/2—i|cosh™(csca) | 


where only the one in the strip should be considered. 
Comparing this with the location of the pole given by 
(7), if the point of observation is at such an angle a that 


csca <[(n?—1) cos*a,+1 ]!=+7,/8 (17) 


residue terms due to all a,’s must be added to (16) fora 


complete solution of I,. The residue of (8a) at 0, is equal 
to 


k;(0,) sind, 








R(0,) = —2xn?B 
06» 
F (n*ki +k tanh) 
dé 


X Ho (Bp sind, )e*’ cose 
or, in terms of a, instead of 0,, 


2rin? (n?—1)48 cosa, 





R(a,)= 
n’+ (tang,+ gy Sec? yy) Cota, 
X Ho (Bel (n?— 1) cos’a,+ 1 }?) 
Xexp[_— 82’ (n?—1)! cosa, ], (18) 
where 


¢»= Ba(n?— 1)! sina,. 


The residue waves under the conditions of (17) are 
therefore given by 


(II,)»=R(a,)/2 as cota=(n?—1)! cosa, 
(11.)»= R(a,) 
(II,),=0 


as cota<(n?—1)!cosa,,¢ (18a) 


as cota> (n?—1)! cosa. 


Since the residue wave is attenuated exponentially along 
z’ direction according to exp[—z’(n?—1)} cosa, ], it is 
strongly attached to the dielectric surface ; besides, of all 
the residue terms, only those due to the poles @,’s closest 
to 7/2 are dominant. From (18), it can be seen that on 
the dielectric surface 2’=b—a, so that the closer is the 
dipole to the dielectric slab the less the attenuation. It 
is also seen that because of its cylindrical nature this 
wave at far zone is predominant over the spherical type 
as obtained previously, especially along the dielectric 
surface, the zero-order term of the latter being null. 
This wave indeed represents a surface wave in the sense 
of Sommerfeld.” As a result of the existence of at least 
one pole in the present problem, there always exists a 
surface wave in contrast with Sommerfeld’s problem.*® 


1A. Sommerfeld, Partial Differential Equations in Physics, 
translation by E. Straus (Academic Press, Inc., New York, 1949), 
p. 254. 
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(d) Critical Thickness of the Dielectric Slab 


A difficult case which needs separate consideration is 
when 0,~2/2+70 and a~2/2; in other words, this is to 
find the field along the surface of the dielectric when its 
thickness is approximately at its critical value. In this 
case the pole is very close to the saddle point, so that at 
this point the variation of the integrand of (12) does not 
depend mainly upon the exponential function only and 
the classical saddle-point method of integration fails to 
give correct solution. According to Ott’s and Van der 
Waerden’s recent works’* their modified saddle-point 
method can also be applied for the present problem. 

Following Van der Waerden, let P(u) of (12) have a 
simple pole at S=06’; then P(u) can be expanded as 


, 


B 


Then the solution of the integral (12) will be 


in*Be~**/4v2 


——e {y+ (b.i—y')L+0Q'4)}, (20) 
(xX’ sina)} 


where 


7'=8'/0’, \’=BRz2, 


L= 2f exp(—‘S*)dS = 25}, 


-f (S—b’)— exp(—A’S?)2SdS 


= 2ni)'$— 20 (—b”)) exp(— bX’ )erfc(—b”n’)}, 
b”=i[ 1—cos(6,—a) }. 


From (19), 6’ and 6_; can be found as before by a 
limiting process. The final results are 


a e~inl4 


P cai ——-_—__—_ 


b’ 2v2 
cos6, (n?—sin’6,) 
4 , 
0,—a 
(n?— 1) (n?—iBa sin6, cos8,) sin*@, sin 














(e—inl4 
, for a=a, 
v2n? 
— Cosa 
(bs—-y') =) ; ; (21) 
v2 n® cosa—i(n?—1)! tand 
a~d. 
for 





q ax da.. 


Combining Eqs. (8a), (20), and (21), for a=x/2, 


6,=2/2—1052 with 0<0,21, there results 








ePRi pifRe QI n?e*!4 
,=—— 1—-———_[(b.1.-v’) 
Ri R: (sina)! ‘i 
+y'[1—/9(— bd’)! exp(— bX’) erfc(— bd’) #] 


+0(—)}. (22) 


For a~7/2, 6’ may be a very small quantity such that 


2 oo 
erfe(—#"n’))=— f exp(—y")dy~1. 
we (—b’n’)s 


Then the term involving erfc will again represent a 
surface wave. 

Here it should be called to the attention that 6=2/2 
(a case of critical thickness) is not a pole, because at 
this value of @ both the numerator and denominator of 
g(0) are zero. In fact, g(@) approaches 2 as 6-7/2. This 
conclusion can also be approached from (20) with (21). 


(e) Refracted Wave 


The second integral of Eq. (8) is referred to as the 
refracted wave II, and can be evaluated in the similar 
manner as for II,. By using the asymptotic solution of 
H,™, one obtains 


se 2sind\i 
=— ff coshss( ) e' Be siné—*/4) cos6d6, 
2%¢ ™Bp 





O0<z<a (23) 


and 
JQeki(a—b) 





7 wk, coshkya+ ke dnhbes 


Because of the factor e*!‘* the saddle point of the 
integrand is deviated from #/2 by a small value o which 
is determined by (b—a). For small (b—a), it can be 
found approximately by putting 


b—a 
“(sino —* cos) = cos#,———— sin#, = 0; 
6 =65 p 


then 


Again according to Van der Waerden’s formula, 


IT ,=Q(p,2)e*/p+2 R, (6), (24) 
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where 
2ae¥o-2)¢ 
O(p,2)= coszd/a 
na cosd—i(n?—1)! sind 
i2x exp[ —8(n?—1)#(b—a) cosa, | 
R o(9-) = 





cos¢,+ (sing,+ ¢, secy,) cota, 


Xcos¢,2/a Ho (Bp[ (n?—1) cos’a,+1}). 


The spherical wave, because of multiple reflections at 
the surfaces of the dielectric slab, is distributed sinu- 
soidally along z axis and propagates in p direction, 
similar to a wave guided between planes. Since it is 
proportional to a, generally it is small (compared with 
the residue wave) unless d= d,= mz, m=1, 2, 3, ---, in 
which case 


QO(p,z) = (— 1)™(2e8°-9)¢/n?) cosmmz/a. (25) 


The residue terms should be summed up according to 
(18a) ; however, only those due to poles nearest to 2/2 
are dominant (same as II., 9=2/2 is not a pole). This 
is an interesting wave because it is cylindrical in nature 
and guided in the dielectric. Since only H, exists in the 
present problem, it represents a 7M wave propagated in 
p direction and sinusoidally distributed along z direction. 
For finite thickness of the slab, the number of poles is 
finite so that as in wave guide there is a finite number of 
propagating modes. Physically one may regard this 
phenomenon as a result of the energy in the form of a 
spherical wave being abstracted by the dielectric slab 
from the dipole and converted into a form of modal 
surface wave. 


3. Electric and Magnetic Field 


By means of (2) and the following equations 





nee 
~ ee VV- 
(26) 
oe Il /iwp, z>a, 
ri wWevX WM /iwu, a>2z>0, 
there results: 
(a) As z>a, 
yd 
Eph f [ero + feheor-20 Yt (yp) (27) 
Ww 1 


By} [ Cerne fer ntet-20 HT, (yp) rd, (28) 
Ww 


& 
H,=— [erki(e-b) 4 fe-ki(etb-20)’) 
Zim’ w 
ydy 
XA (yp) —, (29) 


1 


LO 


(“* upper sign for z>), ) 
the lower sign for b>z><a. 
(b) As a>z>0, 


E,=} atl fq coshk,zHo (yp)y*dy, (30) 


“fj . fa sinhkssH, (yp)kvy'dy, (31) 


np? 

H.=— So coshkizH ;") (yp)y*dy. (32) 
Ziwpy 

The zero-order solutions of E and H can be obtained 
by either applying (26) directly to the zero-order 
solution of II. or evaluating (27)—(32) asymptotically. 
As in the case of II,, the resultant field is the sum of a 
free space wave, due to the dipole which can be found 
in most texts," and a reflected wave with a reflection 
coefficient f,(a) shown as follows: 





(33) 


eR ebRe 
E,= a sine 


1 2 








Ig eBRi ifRe 
E,= —— sinzr = + f-(a) sin2e | (34) 


1 9 





B8 iBRi ipRe 
y= ——| sinr—+ f(a) sina—]. (35) 
R R 


Wu 1 2 


At a=0, both E and H are null, while at the dielectric 
surface if a is appreciably different from a,, the far zone 
fields the same as IT, are nearly zero; then in this case 
the higher-order solution and the residue waves are im- 
portant. Following the method used for evaluating II, 
at a~2/2, the solutions to the resultant fields can be 


"For example, E. C. Jordan, Electromagnetic Waves and 
Radiating Systems (Prentice-Hall, Inc., New York, 1950), p. 305. 
From those expressions of fields and from Eqs. (27)-(29) the 
following interesting relations are obtained as an extension to 
Sommerfeld’s formula: 


if EHIME (yp) 
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a 


16 sin?r 4 {i=5 con 


—3 sad 1 
Ri (is os x} ’ 


f eile HY) (yp) y4dy = winnie pit . 
Ww R? 


y*dy eR 
pf etl (9p) X= —sinr 4 pz}: 


where R= (s—b)’+p?, r=cot~ 1(—b)/p, k2F=Y—-S* 

In the saddle-point method, f,(6) taking the value f(r), the 
integrals due to the reflection terms in (27)-(29) then can be 
evaluated by the foregoing formulas. However, the terms in- 
volving 1/R*, 1/R* do not give a complete higher- -order solution 
because only the first term of f,(@)’s expansion at 6=r has been 
considered. 
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obtained and are shown as below: 


E, sin?r Be®® | sin’a 
| E| = |~sinzs/2 —;—sin2a 






































a —Bsint/wu) R, —B sina/wu 
PeibRe 1 
+2(2H) 94 —cosa }A 
2 —B/wp 
1 eibRe 
+((#}-[2es > ase 
—B/wu! 4 7 2BRoI Re 
2 Ex | 
+22E,, |, (36) 
 He| 
where 
(24) 8° 
1= 
3 (11n°—7) tand+4d sec? *d 2n4 
x | 20 -a i —|t, 
4 (n?—1)! D 
— (21) 46" 
B,=————— 
D 
X {2(n?— 1)! tand—6(7 (m?— 1)! tand+i2n?)}, 
— (218 
ail wuD? 
3 (7n?—3) tand+4d sec’?d 2n! 
x | dnt] + | ; 
(n?—1)! D 
Ry = y°R (ay), 
i2an? (n?—1)6* cos*ary» 
Ryv= _ H, (yp) 
n?+ (tang,+ ¢, sec?¢,) cota, 
Xexp[_— Bz’ (n?— 1)! cosa, |, 
2r n?(n*— 1)58* cosavY» 
R,.=— Hy (yop) 


wu n?+ (tang,+ ¢, sec?¢,) cota, 
Xexp[ — 82’ (n?— 1)! cosa, ]. 


> .£..=summation of R,, over all poles under con- 
ditions of (18a) ; the same is true for >-,£,, and >>. y», 
and A, D, 6 have the same meaning as in (16a). 

Comparing these expressions with (16), (18) it can be 
seen that the general properties of II, are retained in E, 
and H. At the dielectric surface R2=R), a~x/2, 
A=0 and then only the terms in 1/R,? and the residues 
are significant; obviously, when p is large enough, the 
principal wave will be due to the residue alone. 


When a~a, but a#a,, the modified saddle-point 
method of integration can be used. The first two terms 
of the solution are identical with those in (36) while the 
third term and one of the residue terms whose pole is 
nearest to 7/2, should be replaced by the following: 


sind, 
2(2i)'n 2 {~ — cosa La+| coe, 
—B/ou —B/ou 


X sind,’ (1—+/me”™’ (— bd’)! erfc(—b’2X’)4) 


ebRe 





x (37) 


2 


Referring these expressions to (22), the discussion in 
Sec. 2(d) for II, applies to E and H as well. As a=a, 
(or a~a,) the zero-order solution of E, and H, at 
a~/2 is equal to (or nearly equal to) twice the value 
due to the dipole alone. As before, when p is large enough 
the residue wave will surpass the former. However, as 
for E,, since its terms are proportional to sin 2a, cosa, 
cos@,, resp., its zero-order wave is always negligible. Ob- 
viously this is due to a perfect ground assumed. Here 
it is interesting to notice that as a=a,, the zero-order 
wave in the horizon (i.e., a~2/2) is independent of the 
index of refraction of the dielectric slab even if it is re- 
placed by a perfect conductor. 

In the dielectric as d=d,= mr the resultant fields are 


E,= (—1)"8* cos(mmz/a)e*?/n?p+ (Ez) Res, 
= (—1)™*'726? (n?— 1)! sin(maz/a) | 
(38) 
XK ee /n? p+ (E,) Res, 
= (—1)"26" cos(mas/a)e*/cup+ (He)Res, ) 
where 


(Ez)res= = 6 sin’®,R,(0,), 


(E,)nes=2 iM (0,) sin (g.2/a)Hi™ (yep), 


n2 2 
(H,) Res == ——M (6,) cos(¢,2/a)Hi™ (yep), 


* wu 


2x8 sinO,e'8%-2) cos8v 


and 





M (6,)=- ° 
cos¢,+ (sing,+ ¢, sec¢y,) Cota, 


In case d#d,, the zero-order terms of all components 
are proportional to ¢ [see Eq. (24) ] and therefore can be 
ignored as compared with the residue wave. Thus, in 
the far zone, the wave of cylindrical type predominates 
in the dielectric region. 


CONCLUSION AND REMARKS 


The solution to this problem consists of two types of 
waves: spherical and cylindrical. In medium 1, the 
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n= 2 
d =falr-1= W/2 














Alb-ad= N/a 
Ble-aj=W/2 
Qszo0, Bv=N/4 


Fic. 5. The radiation pattern of the space wave of II, 
due to a vertical dipole above a dielectric slab. 


zero-order spherical wave predominates; it can be re- 
garded as a direct wave due to the dipole and a reflected 
wave from its image. At the dielectric surface the first- 
order spherical wave should be considered because the 
zero-order term is nearly zero unless the dielectric is at 
critical thickness. The cylindrical wave with a finite 


0 nis2 











Alb-a)= T/4 
A(b-a)= 1/2 
azo, Bb=/2 


Fic. 6. The radiation pattern of the space wave of II, due to a 
vertical dipole above a dielectric slab of critical thickness. 
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number of modes is strongly attached to the dielectric 
and its surface. 

It may be interesting to note that the reflection 
coefficient function f,(a,¢) approaches —1 as a—/2 
first and a—a, next, and +1 as a-—a, first and 
a—2/2 next. In fact, this nonuniformity does not 
exist in the present physical construction for two rea- 
sons: first, in medium 1, a has an open interval 0<a 
<2/2; secondly, as a—2/2, R- and the field strength 
approaches zero. But as a is very close to #/2, the tran- 
sition of f, from —1 (as a~a,) to 1 (as a=a,) is not 
abrupt. On the contrary, it is given by (22) and (37) 
where @~a, means that the point of observation is at 
such an angle a that cosa is comparable with the 
quantity (n?—sin’a)!X tanBa(n?—sin*a)!/n?. 

A few normalized radiation patterns” of the potential 
field in simple cases have been prepared in Figs. 5 and 6. 
The patterns for the case without slab are also given in 
these same figures, for convenience in studying the 
effect of the dielectric slab. 
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Solution of the Field Problem of the Germanium Gyrator 
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A mathematical solution is obtained of a two-dimensional boundary-value problem involving flow of 
electricity in a solid when Hall effect is present, it being assumed that only one type of carrier is involved and 
that there is no surface recombination. The solution is used to calculate the efficiency of a Hall-effect “gyra- 
tor,” a four-terminal circuit element which violates the reciprocity law, as function of relative electrode size, 
shape of boundary, and magnetic field strength. It is also shown how corrections must be applied in measure- 
ments of Hall voltage and magnetoresistance in short samples. 

Some of the results have been checked experimentally with fields up to 22 000 gauss. The calculations have 
been carried out for much higher fields as well and should prove useful in studies of materials such as indium 
antimonide which have higher mobilities than germanium. 





1, INTRODUCTION 


OR some time the Hall effect has been of interest 
chiefly in studies of the solid state, and detailed 
knowledge of the boundary effects of a finite piece of 
material has not been of importance. In measurements 
of the Hall coefficient the sample has been made long 
and slender to avoid the electric field distortion near 
electrodes. Recently, the Hall effect has been receiving 
attention from an application standpoint, particularly 
in the “germanium gyrator”! which consists of a square 
slab of germanium crystal of uniform thickness with 
electrodes on the edges, placed in a magnetic field whose 
direction is along the thickness, as shown in Fig. 1. The 
structure is symmetrical so that in the absence of a 
magnetic field a voltage applied across a pair of opposite 
electrodes produces no voltage across the other pair; 
when a field is applied the Hall effect produces a voltage 
across the output terminals proportional to the product 
of input voltage and magnetic field intensity, this rela- 
tion being approximately a linear one for even rather 
high fields. The resistance gyrator is, therefore, a 
product modulator and this property has been made use 
of in several devices; for example, in a drift-free dc 
amplifier. When the magnetic field is constant the 
gyrator is a passive four-terminal circuit element pos- 
sessing interesting properties; the fact that the Hall 
field intensity is proportional to the vector cross product 
of the current density and the magnetic field intensity 
leads to the result that the mutual terms in the two 
Kirchhoff equations are of opposite sign: 


Vy=Z iti t-Z ite, 
V= —Z 21 tZirir. 


This “gyrator” property has received its name from the 
fact that corresponding equations hold for the me- 
chanical gyroscope, although in the latter case the ratio 
Z1:/Z12 is negligible, whereas in the resistance gyrator it 
is greater than unity and the transmission loss is there- 
fore considerable. By paralleling the gyrator with a 
simple network of resistances it is possible to obtain 


1 Mason, Hewitt, and Wick, J. Appl. Phys. 24, 166 (1953). 


unilateral transmission, and the same result can be 
obtained by upsetting the symmetry of the structure in 
various ways* so that zero transmission occurs when the 
magnetic field is finite rather than zero. 

In the gyrator the boundary effects cannot be ignored, 
for in a short sample the electric field distortion extends 
over the whole area and the transmission loss and 
resistance between terminals depend in a complicated 
way on the proportion of the crystal edge covered by 
plating and on the magnetic field intensity. The essential 
content of this paper is a solution of the Hall-effect field 
problem with arbitrary size of electrodes and arbitrary 
field strength, assuming only one type of carrier and no 
surface recombination. The method uses conformal 
mapping; it is, therefore, assumed that the electric 
intensity and current density are independent of the z 
coordinate, where this is taken along the thickness, and 
that the resistivity, Hall coefficient, and magnetic in- 
tensity do not vary from point to point. Although the 
constants of a germanium crystal are not the same in all 
directions, there are orientations of the crystal cut for 
which the assumptions are justified, namely, when the 
thickness is along a crystal axis. The method of solution 
is general enough to apply to boundary shapes other 
than the square; in fact, it applies to any polygon and to 
a circle with any number of electrodes of arbitrary size ; 
but the labor of computation increases with the number 
of electrodes and with departure from symmetry. 

Calculations of certain special cases will be presented, 





Fic. 1. Schematic arrangement of a gyrator. 


* This was pointed out by W. Shockley in a private memoran- 
dum. 
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in some cases with experimental verification. With re- 
gard to the resistance as function of magnetic field, it 
turns out that when two electrodes are close together 
the Hall resistance can be comparable with the magneto- 
resistance, a fact of some practical importance in appli- 
cations using these effects for modulation. It also shows 
that in measurements of the magnetoresistance the 
sample must not be too short if corrections are to be 
avoided. 


2. THE FIELD EQUATIONS 


The Hall-effect equation can be written in the form 
pJ =E+R,J XA, (1) 


where J is the current density, E the electrostatic field 
intensity, H the magnetic field intensity, p the re- 
sistivity, and Ry, the Hall coefficient. In general, p and 
Ry are functions of H. We shall be concerned only with 
a magnetic field component perpendicular to the plane 
of J and E. If we use complex quantities to represent the 
vectors, Eq. (1) can be written 


— Ru ; 
B=) (1+i—x), i=(—1)!. (2) 
p 
Thus, E and J make the constant angle 
T RyH 
l-=tan-'—— (3) 
2 p 


with each other. By Maxwell’s equations, 
curl—E=0, divJ=0 


at all points within the region, and it is easy to show 
that by virtue of Eq. (2), also divE=0 and curlJ=0. 

Thus, E is the gradient of a function V satisfying 
Laplace’s equation since there is no charge density in 
the medium. (This would not be true if Ry, H, and p 
were functions of position.) Hence, the well-known 
theorem that a potential function in a region free of 
charge attains its maximum and minimum values on the 
boundary applies. But an isolated perfectly conducting 
portion of the boundary cannot be at a maximum or 
minimum of potential for if it were, F would everywhere 
on this portion be directed inward or everywhere out- 
ward ; and since E is always perpendicular to the surface 
of a perfect conductor and J makes an angle less than 
90° with EZ, the normal component of J would also be 
either everywhere inward or everywhere outward. But 
this is impossible since no net current flows into an 
isolated conductor. 

It follows that the maximum and minimum values of 
the potential must occur on the electrodes connected to 
the source of emf, and hence no two points in the 
medium can have a potential difference exceeding that 
applied. 

Finally, if two other electrodes are connected to a load 
resistance, the potential across them must be less than 
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on open circuit since the resistance looking back into 
this pair of terminals must be positive. (If it were 
negative, power could be extracted from the magnetic 
field, which is impossible because the Hall electromotive 
intensity is perpendicular to the current density.) 


3. A LOWER LIMIT TO THE TRANSMISSION LOSS IN 
A RESISTANCE GYRATOR 


The above result can be used to derive a lower limit 
to the insertion loss in a resistance gyrator which we will 
take to be of rectangular shape with electrodes sym- 
metrically arranged as in Fig. 2. Its general circuit 
equations can be written 








ZootZoa ) Eva Zea 
V =) 2 -+t2— il 24 | 
2 2 
L2o—-Zoa Zv0tZ oa 
Ve= — er — —, (4) 


. ’ . ZaatZba 5 Zvv0—Z ba — 
V3=t) Z, a + te ; —+14:2., 











in which Z, is the impedance between two adjacent 
electrodes when the others are open circuited, Zaq is the 
impedance between opposite electrodes No. 1 and No. 3, 
the other being open circuited, Z,, is the impedance be- 
tween No. 2 and No. 4 when No. 1 and No. 3 are open 
circuited, and Z»,_ is the transfer impedance from 
terminals No. 2 and No. 4 to terminals No. 1 and No. 3, 
when the latter are open circuited. (Zas, the transfer 
impedance from No. 1 and No. 3 to No. 2 and No. 4, 
when the latter are open circuited, has not been used 
since it is equal to minus Zya.) We shall consider 
transmission from terminals No. 1 and No. 3 to No. 2 
and No. 4. This means that ist= —io, i3= —4,, and 
writing Vza=Vi—V3, Vea=V2—Vs4, the equations for 
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Fic. 2. Current and voltage conventions used. 
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this balanced circuit obtained from Eq. (4) are: 
V o= 1:Z aatt2Z ba, (5) 
V b= —1:Z patt2Z op. 
The insertion loss between resistances equal to the 
respective image impedances is given by 


2 Zona \* 
20 logio|- jit (1+— -) || (6) 
|Z ba 'Zaat Zoo Zo Let 

But Za, Zaa is the open circuit voltage across terminals 
2-4 per unit voltage applied to terminal 1-3, and so 
cannot exceed 1. Similarly Z,./Z cannot exceed 1. It 
follows from (6) that the lowest loss is 7.66 db, obtained 
when Les 2u™ Lie: 

The question of how closely this lower limit of loss can 
be approached is one of the objects of the following 
sections. 








4. SOLUTION OF THE FIELD PROBLEM FOR THE 
SYMMETRICAL RECTANGULAR GYRATOR 


In the preceding section it was stated that the general 
circuit Eqs. (4) for the symmetrical rectangular gyrator 
involve four open circuit parameters: three driving- 
point impedances and one transfer impedance. We shall 
calculate them by setting up three separate field 
problems in accordance with the definition of the 
parameters: 


1. Voltage is applied between. terminals No. 2 and 
No. 4, the other two terminals being open circuited. 
This leads to the determination of Z5, and Za». 

2. Voltage is applied between terminals No. 1 and 
No. 3, the others being open circuited. This leads to the 
values of Zaq and Zy,, although the latter need not be 
calculated since it is equal to —Z ap. 

3. Voltage is applied between terminals No. 1 and 
No. 4, say, the others being open circuited. This gives 
the value of Z,. The open circuit transfer impedance 
from No. 1 and No. 4 to No. 2 and No. 3 can also be 
determined from this problem but this is unnecessary 
since its value is expressible in terms of the other 
parameters from Eqs. (4). 


Consider problem 1. The field problem can be treated 
as one of boundary values since the potential satisfies 
Laplace’s equation, but unlike the usual type of electric 
potential problem the boundary conditions here do not 
involve the specification of V or dV /dn but of the angle 
which E makes with the boundary. On the electrodes, 
which are assumed to be of perfectly conducting ma- 
terial, FE is perpendicular to the boundary and on the 
other parts of the boundary E makes an angle with the 
tangent equal to the Hall angle, /(#/2), since J, is taken 
to be zero. On some portions it may be positive and on 
others negative. 

The first step is to map conformally the rectangle, 
regarded as being in the {= +7 complex plane, onto 
the upper half of the z plane such that the boundary of 
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Fic. 3. Mapping of rectangular gyrator on the xv axis. 


the rectangle goes into the real axis. This is accomplished 
by the Schwarz-Christoffel transformation : 


%e 


dz 
1\7 
[o(e3) 
xy? 


which is obtained from the general form? 





(7) 


s=cf (2—a)*"(z—b)F.--(g—l)"'dz, (8) 


for the polygon whose internal angles are am, Br, ---, Ar. 
The points on the x axis corresponding to the corners 
are a, b, ---,/. The principle corresponding points in the 
¢ and z planes as given by (7) are shown in Fig. 3. The 
center points d and / of the two vertical sides have been 
arbitrarily chosen to transform into (1,0) and (—1, 0), 
respectively, and the origins have been made to corre- 
spond by taking z¢=0. It must be shown that the values 
1/22, 1/x», and 1/2; have been chosen correctly to insure 
equality of oa with hg, bc with ef, cd with de, etc. Thus, 
for example, 





“7 dx 
o0a= —_—_—_— OO Cho 
|4 
. [|er—se (#-—) | 
x 
whereas, 
” dx 
hg= 








1\|7 
7 ("29 (#-—) 
xe 


Putting y= 1/x in the latter integral transforms it into 
the former. 

To express oa as an elliptic integral, put x=xsy 
whence, 





oa= x,F (k,¢), (9) 


where F is the incomplete elliptic integral of the first 
2 This is given in many books on theory of functions of a complex 
variable, for example, Forsyth, Theory of Functions of a Complex 
Variable (Cambridge, University Press, 1900), pp. 635, 637. It is 
also found in some books on electricity, such as Jeans, Electricity 
and Magnetism (Cambridge, University Press, 1925), p. 266. 
When one of the angular points of the polygon is to be made 
to transform into infinity, the formula is the same as before ex- 
ay a the factor involving this point is omitted. See Forsyth, 
p. ; 
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Fic. 4. Mapping of rectangular gyrator on the w plane. 
kind whose modulus is k=x,?, and x,/x,=sing. By 
replacing x, with x» in (9), we get 

ob= x,K(k), (10) 


where K is the complete elliptic integral of the first kind. 
Similarly, by well-known substitutions we find: 


x 


fo d 
bc= 
1 
b 


x 2 
7 





j= oF (k¢'), (11) 
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where 
1 (x2?— X»") ; 


sing’ = — 
Xe 1— xp! 


, k=(1—x,*)}. (12) 
By replacing x2 with 1 in (11) we get 

bd=x,F (k',~”), where sing’ =1/(1+-x,?)!; 
but this is also expressible as a complete elliptic integral : 


Xo 
bd=—K (k’). (13) 


- 


Having derived formulas which determine x; and 
X2 (x» is also determined but is not needed) we complete 


- the solution by conformally transforming the upper half 


of the z plane into the parallelogram with “fins” of 
Fig. 4 such that the real axis of the z plane goes into the 
boundary (the “fins” form part of the boundary). This 
is effected by the Schwarz-Christoffel transformation 


1 
s—1)(s+—)a 
Xe 





wef 
, | —x0( 


which involves an additional parameter, x,. The inte- 
grand is to be taken as real and positive at z=0. The 
acute angle equals 7/2 minus the Hall angle, that is, 
x/2(1—l). W=U+iV is the complex potential, and 
i(dW/dz) is the conjugate of the electric intensity in the 
z plane. To see that (14) is in fact a solution of the 
problem, subject to the determination of x., suppose a 
few lines of electric intensity are sketched in as in 
Fig. 5. The segment —x,<x<.4, corresponds to the 
original electrode No. 4, *2<x<1/x2 to No. 3, 1/x; 
<x<o@ plus — 0 <x<—1/x, to No. 2, and —1/x.<x 
<—-x, to No. 1. Since a voltage is applied between No. 2 
and No. 4, but No. 1 and No. 3 are open circuited, the 
lines must be as follows: 


(a) For —x,<x<.4, they are everywhere downward 
(with the arbitrary choice of polarity assumed) because 
this electrode is at a minimum of potential. 

(b) For x1;<x*<-x,2 the current density is parallel to 
the boundary, so the electric intensity must make an 


Z -PLANE 





Fic. 5. Direction of lines of electric intensity at the boundary 
in the z plane. 


1 1\ VOI+HDe 1 1\ q-De2 
++—) (2+-x2) (:- -)| Ge (:- —) (s—2x2) (-+—)| 
xy Xe X11 Xe 


(14) 





angle /(x/2) with the boundary. The component parallel 
to this boundary must be from right to left because of 
the choice of direction in (a); whether the normal 
component is directed upward or downward depends on 
the direction of H. 

(c) For x2<x<x,, the lines must be perpendicular to 
the boundary and upward, whereas for x,.<x<1/x» they 
musi be downward. (They cannot all be in the same 
direction because this electrode is not at a maximum or 
minimum of potential.) 


The direction of the field on the other segments is 
determined by the same arguments. Now going back to 
the rectangle, the point corresponding to x, of the 
z plane lies between c and e. Let it be designated by r. 
Then the corresponding point 7’ on electrode No. 1 
must be such that kr’=cr from symmetry consider- 
ations. It follows that r’ transforms into —1/x, in the z 
plane. 

Thus the boundary conditions are all satisfied in the 
“parallelogram” of Fig. 4 with a uniform electric field 
directed downward. Segments BC and CD are equal 
(and thus AB and DE collinear) because current 
entering BC equals that leaving CD, corresponding 
to the open circuit of electrode No. 3. Similarly, 
HI=IJ. Equation (14) then follows by substitution of 
the known angles of Fig. 4 into (8). 








ts = 








el 
of 
al 
n 











SOLUTION OF FIELD PROBLEM OF GERMANIUM GYRATOR 745 


The parameter x, is determined by setting 


1/ ze 
J,dx=0, 


2 


where J, is the normal component of current density. 
But since J makes a constant angle with EF, we can use E 
instead. Thus 


1 
ies (x) (r+—)a 


|D| 





=0, (15) 


2 


where D is the denominator in (14) with z replaced by x. 


But 
1 1 
(x— Xe) (=+-) = t—2(x-—) —1. 
Xe Xe 


Hence, putting 





1 
anal (16) 
we find 
1/72 42 /z2 xdx 
f/f ow 
az |D| DI’ 
and 
a /{@ } 
Xe=—+t (—+1) . (18) 
2 4 


The potential difference between the input electrodes 
is now given by 


[x1 z2 Tr 1/21 - 
—V\= f Edz= f E cosl—dx+ E cosl—dx, 
z1 Z1 1/ zg 2 


since Ecosl(x/2) is the component of E along the 
boundaries between electrodes. That is 


wr p%x—1—ax 


— V,=cosl- ——- —dx 
2J,  |DI 
nr plts—1—ax 
—cost= f ————dx, (19) 
2 Hi/ 22 |D| 


the minus sign before the last integral arising from the 
fact that in passing around two successive singularities 
of the integrand the angle of D changes by z. Similarly, 
the potential difference between the output electrodes is 
given by 


gr e@e—1—ax 
—Viscosl f ~———-—dx 


1 |D| 
um gf—1—ax 
+cosl— ———dsx. (20) 
1/z2 | D| 


The total current, as calculated in the z plane, is 
found by integrating the normal component of the 


























Fic. 6. Alternative mapping for problem 2. 


current density from —<x; to x;. Thus, 
* lr 
I=rf |J| orm 
-™ 


where 7 is the thickness of the crystal. Since 





I=- cos*— ————dx. (21) 
p 2 —Z1 |D| 


It is easy to show that the current is an invariant of the 
transformation from the ¢ plane to the z plane. The 
impedances are therefore also invariant and are given by 


V; 

Zoo= hs =p(M—N)/(rP coslr/2), (22) 
V, 

Zva= 7 aout N)/(rP coslr/2), (23) 


where 


z2 1/71 Zl 
=f ( )dx, vef ( )dx, p= f ( )dx, 
71 1/z2 —Z 


the integrand being that of Eqs. (19) and (20). 

The solution of problem 2 is obviously of the same 
form as that for 1, the only difference being the numerical 
values of x; and x3. However, problem 2 can be solved 
also by using the same ¢ to z transformation as for 
problem 1. In this case, the lines of electric intensity are 
to be sketched in as in Fig. 6 which also shows the 
mapping on the W plane. From the skew-symmetry of 
the field $= 1/£, and, putting 





1 
B=i——, (24) 
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Fic. 7. Mappings for problem 3. 


where D is the same function of x;, x2 as before. 8 is now 
determined, however, by equating the current over 
—x,;<x< x; to zero. Thus 


71 , *t xdx 
3= ax / f mn (26) 
—z ‘DI —z |D| 
It is then easily seen that 
Zaa=p(R—S)/(rU ee | . 
(27) 


Zavb=p(R+S)/(rU coslx/2), 
where 


raf )dx, s=f( )dx, U= fr )dx, 


the integrand being (x*—1—£8x)/|D]. 

To solve problem 3, we again use transformation (7), 
but the second transformation is different. By sketching 
in lines of electric intensity we see that the polygon in 
the W plane is that of Fig. 7 and the Schwarz trans- 


formation is 
* (s—x’)(2—2x"")dz 
w= f (28) 
0 





D 


where D is the same denominator as heretofore. The 
difference between this and Eq. (14) is that because of 
lack of symmetry here, x” and x’ are not reciprocally 
related. They are again obtained by the requirement of 
zero net-current in each of the isolated electrodes. Thus, 
putting 


x’ +2 =a’, xx’ =a", 





we have 
V/ 22 42 — gy! y+ a” 
f ————dx=0, 
3 | D| 
© —a mee —U 21 42 — oy! y+" 
f ict f —dx=0. 
1/ zt ipl 


In the infinite integrals, replace x by —1/x and we have 


1 a! + a'x+1 
f cl dah 
—2 |D| 
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Solving these two equations for a’’ and a’, and using the 
following abbreviations for the integrals 


" dx *t xdx wddx 
n= { —., r= f ——, r= fe 
—z |D| -z, |D| \D\ 








(29) 
zz dx ze xdx re y2dx 
r= f —, r= f —, r= f aa 
xn '!DI| n |DI re ‘DI’ 
we tind: 
T3T6—TiTs 
a= —_— 
T. oT s+ T; I 
(30) 
—T2T.—T Ts 
a” =— 
TT s+ nt 
Proceeding as before we get 
71 y27—@ xa" 
OS = -dx) 
{Ce | (31) 





oz #1 oa ‘etal! 
"cos! “| i a 


We call attention again to the fact that Z, does not 
appear when transmission takes place from one pair of 
opposite electrodes to the other, which is the case of 
greatest interest. 

The integrals cannot be evaluated simply in terms of 
known, tabulated functions but can be calculated 
numerically by various approximation methods, a brief 
sketch of which will be given in a later section. It will be 
of interest to investigate the limiting values of che 
impedances as the Hall angle approaches 90°, even 
though there may be physical reasons why the angle 
cannot exceed some value less than this. In every one of 
the definite integrals there is one factor of D raised to 
the power (1+/)/2, which vanishes at one of the 
integration limits and one factor raised to the power 
(1—/)/2, which vanishes at the other limit; the inte- 
grand is otherwise analytic over a region including the 
interval of integration. Therefore, for example as /—1, 











1 
1/ ze here 1 1/ ze 
x?—1 x2" dx 
dx—>—— ; 
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x2 Xe 
| D’| 1-1 
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The other integrals behave in a similar way and we have 
the results: 


1 
en, 
Xo 


As /-1, 


whence %,—*2; 


lr p lr p 
cos—*Zps—-,  COS—* Zpqg9 + - 3 
T T 


B—x,——, whence £2; 
x) 
lx p lr p 
cos—-Zaa—-, Ccos—-Zast-; - (32) 
2 T T 
i x1 
, "7 
a’—— x, a’ -— 
Xe Xo 
1 1 
whence x/——, x«”—-——; 
Xe x1 
lx 
cos—:Z,—-. 





T 


Thus, as the Hall angle 90°, all driving-point imped- 
ances and transfer impedances —«, and the open 
circuit voltage ratio from any pair of electrodes to the 
other pair +-+1. The transmission loss given in Eq. (6) 
thus approaches its minimum value as a limit, but with 
infinite terminating impedances. 


5. EQUIVALENCE OF RESISTANCE GYRATORS WITH 
DIFFERENT BOUNDARY SHAPES 


There is a general mapping theorem due to Riemann’ 
which states that any simply connected region of a 
plane bounded by an analytical curve or a finite number 
of portions of analytical curves can be conformally 
mapped on the unit circle. Since the unit circle can be 
conformally mapped on the upper half-plane, with one- 
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Fic. 8. Mapping of octagon on the x axis. 


3 See reference 2, p. 620. The above form is quite general enough 
for our purposes. 
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Fic. 9. Equivalent gyrators of simple shapes (having same 
values of x1, 2). 


to-one correspondence, by the bilinear transformation 


it+¢ 
i+i¢’ 

Riemann’s theorem applies as well to the half-plane as 
to the circle. (The Schwarz-Christoffel transformation 
effects this mapping on the plane explicitly in the case of 
a polygon.) Thus there are no properties, as measured at 
the terminals, of a weird-shaped gyrator that cannot be 
obtained from a circle, square, or any other simple shape 
by proper size and position of the electrodes.f There is a 
special reason for considering an octagon, however, 
since a practical way to construct a symmetrical four- 
terminal gyrator is to plate the entire edge and then 
grind off the corners. From Eq. (8) the transformation 
which maps this on the z plane (see Fig. 8) is 


. d 


z 
1 1 
corer) 
xo" x? 


in which we must have further 








? (33) 





1 —ZHa 
y= (34) 
1+-x, 
in order that 
a §6dx vez dx 
f —_———= f ——_—, (35) 
—z, |denom| /z, |denom| 


t This disposes of the idea, for example, that the efficiency can 
be increased by an ingeniously shaped boundary. 
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Fic. 10. Gyrator with one pair of point electrodes. 


which is the requirement that the vertical side shall be 
equal in length to the horizontal side. (Replace x by 
(1—x)/(1+x) in one of the members to prove the 
equality.) Then a is given by either integral of Eq. (35) 


and 
72 dx 
b= f ———_. (36) 
x |denom| 


Figure 9 shows equivalent symmetrical octagonal, 
square, and circular four-terminal gyrators. Appropriate 
relative dimensions, as indicated in the figure, are 
plotted against x. 

The rectangular gyrator diseussed at length above can 
be reduced to an equivalent square, in which the two 
pairs of electrodes are of unequal length, by setting 


x 
ob= 24K (k) = bd=—K(W), (37) 





from Eqs. (10) and (13). This equation is satisfied by 
xp=V2—1=sin9° 53’. (38) 


With this numerical value of x», the new value of oa is 
now determined by Eq. (9) and bc by Eq. (11), x; and 
x2 being kept the same as before. 

The rectangle can also be transformed into another 
rectangle in which each of a pair of opposite electrodes 
covers the whole width of the crystal. For example, we 
can make oa=ob, which fixes the dimensions of the 
crystal. For then x,=%x;, R= x,’, and 





oa=0b= x, K(k), | 
x1 
bd =-—K (k’), (39) 
2 | 
bc=x,F (k’,¢’), 2 
where now 
1 xe—xP , 
k’= (1—x,')}, sing’ =—( ) ’ 
X2 1- x! 


6. THE TWO-ELECTRODE “GYRATOR” 


If one pair of opposite electrodes in a rectangular 
symmetrical gyrator are made mere points, we have the 
usual arrangement for measuring Hall coefficients. By 
Eq. (39) we may take the finite electrodes to cover the 
full width, as shown in Fig. 10.4 Then in Eq. (14), x.=1, 
sing’=1/(1+4,?)!, and since x2<4,<1/x2, x-=1, and 
Eq. (14) reduces to 


dz 





wf 1\ Voto? 1\7-or2 
Cl Gos] Mi Ca Coe) 
v1 %1 


The resistances are obtained by making the same 
substitutions in Eqs. (22) and (23): 


Zw=0G+H) / (+ cosl—-Q), (41) 


T 
Zu=0(G—H) / (+ cosl-0), (42) 
where 


1 dx Wz dx 1 dx 
Gai —. a f —— Qe -—, 
n |N| i [YN —n |N| 


and N is the denominator of Eq. (40). 

Figure 11 shows plots of (1/p)Zsa+RuH/p versus the 
ratio of length to width, with 7 the parameter. The 
ordinate is simply the ratio of the voltage across the 
point-electrodes to the voltage which would exist there 
if the sample were infinitely long. It is seen that 
substantial departure from the zero-field values occurs 
only at large Hall angles. To see what order of magni- 
tude of field strength is involved we refer to the experi- 


(40) 





mentally determined values of Rx/p for N-type ger- 
manium of Fig. 12a, which were measured on a long 
sample with the current along a 100 axis and the 
magnetic field along the 001 axis. A plot of / vs H ob- 
tained from this curve is given in Fig. 12b. Thus at the 
highest field available for these measurements, 22 000 
gausses, the value of / is 0.37. The question of just how 
high a value of / is practically obtainable has not been 
settled. However, measurements of the magneto resist- 
ance in germanium by Pearson and Suhl® of these 
Laboratories give p/po= 2.2 at a field of 100 000 gausses. 
Assuming Ry to be independent of H, this means 
RuH/p=1.63 and /=0.65. It is known, however, that 
Ry drops off with increasing H beyond 20 000 gausses, 
so this figure is too high. 

The increase in resistance due to the Hall effect is 
more interesting. In Fig. 13 a family of curves of 


‘This problem was solved for weak fields by I. Isenberg, “A 
Note on the Measurement of the Hall Effect in Semiconductors,” 
University of Pennsylvania, Bureau of Ships Contract No. 
b534144, Tech. Rept. No. 10 (March 31, 1948). 

5 Pearson and Suhl, Phys. Rev. 83, No. 4, 768 (1951), 
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(r/p)AR+RuH/p vs the ratio of length to width, where 
AR is the increase in resistance over the zero-magnetic 
field value, shows that AR is nearly independent of L/W 
for L/W>1. Some experimentally obtained points are 
also shown for confirmation. AR may be referred to as 
the “electrode resistance.”” Thus Z,,=Ro+AR, where 
Ro= (L/W) (p/r). The asymptotic values of rAR/RyH 
plotted in Fig. 14 vs / are seen to lie roughly on a straight 
line, so that 


—+- —— tan”! 


TAR : 2 Ru (~) 
p rT p 


p 


But for the square, L/W =1, p/r= Ro. So in this case 


AR + 2/RuHy? 
—="aR-( 
us 
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Fic. 11. V/Vx=1/pZ5a+RuH/p for gyrator of Fig. 10. 


for small values of RyH/p, and 


AR RH Ryu 
—_———_ as —— 0, 
Ro p p 


This is something like the behavior of the magneto- 
resistance (increase in p with H). In Fig. 15 a curve is 
shown of AR/R» calculated for the square and, for 
comparison, a curve of Ap/p taken from the work of 
Pearson and Suhl referred to above. (In plotting AR/Ro 
the zero-field value of R/p was used to calculate RyH/p. 
If account had been taken of the dependence on H of 
Ru/p, the values of AR/Rp at the higher fields would 
have been lower.) 


(b) 





“4 
H x 103 


Fic. 12a. Measured values of Rx/p for N-type germanium. 
Fic. 12b. 1=2/x tan“'(Rx#H/p) for curve of Fig. 12a. 


Thus, the increase in resistance due to the Hall effect 
when the electrodes are taken into account is approxi- 
mately equal to the increase due to the magneto- 
resistance. From an application standpoint this is of 
some importance because it means that the percentage 
increase in resistance for a square is twice as great as for 
a long sample. A still higher percentage results when 
L/W <1, but because of the decrease of the electrode 
resistance, AR, as L/W->0 the resistance does not in- 
crease in proportion to W/I. 

From a theoretical standpoint one may wonder if the 
fact that the Hall resistance (for a square) and the 
magnetoresistance are nearly equal is purely a coinci- 
dence. It seems that in some respects the magneto- 


1.0 
0.9 


0.8 


HR, 


0.4 











0.3 


0.2 


0.! 


° 
° 0.50 1.00 1.25 150 


L/w 


Fic. 13. Hall resistance of two-electrode gyrator vs L/W. Points 
separately designated are experimental values. 
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Fic. 14. Asymptotic values of Hall resistance vs / for 
two-electrode gyrator. 


resistance itself might be regarded as due to Hall effect 
in a fictitious medium composed of cubical domains, 
each cube being of homogeneous material of finite 
resistivity and Hall coefficient and having perfectly 
conducting electrodes on each face, the electrodes being 
connected together in the manner shown in Fig. 16. 
Since the three-dimensional Hall problem has not been 
solved, as far as the writer is aware, this question re- 
mains purely speculative. However, it seems that this 
model would exhibit not only the proper behavior of 
resistance vs H but also the variation of resistance with 
the angles of H and the current. 

In order to exhibit the distortion of the electric field 
due to Hall effect in a simple case, we show in Fig. 17b 
the field plot for a square, with a Hall angle of 36° 
(l=0.4). (The corresponding electric field with no 
magnetic field is, of course, uniform.) The method of 
calculation is as follows. Changing the scale factor by x, 
for convenience, we have: 


z=sn({,k), 


k= (V2—1)?. (43) 





° 
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Fic. 15. Comparison of Hall resistance of square two-electrode 
gyrator with magnetoresistance. 
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Fic. 16. Fictitious medium in which the magnetoresistance might 
be accounted for by Hall effect. 


The corners of the square in the ¢ plane then have the 
coordinates —K(k)+io, K(k)+io, K(k)+iK(k), and 
— K(k)+iK(k), where K(k) is the complete elliptic 
integral of the first kind. The first step is to map the 
interior of the square on the upper half of the z plane. 
We therefore need to calculate sn(¢,k) for complex 
values of ¢. Putting (= +n, we have® 


sn(&+7, k) 
sn(&,k)dn(n,k’)+isn(n,k’ cn (n,k’ cn (é,k)dn(é,k) 


1—sn?(n,k’)dn?(£,k) 
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Fic. 17a. Mapping of a square in the ¢ plane on the z plane. 


6 This can be derived from equation given in Cayley, An 
Elementary Treatise on Elliptic Functions (Deighton, Bell and 
Company, 1895), pps. 63, 64, 69; or Whittaker and Watson, 
Modern Analysis (Cambridge University Press, Cambridge, 1935), 
p. 496 and p. 506. 
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SOLUTION 


where (k’)?= 1—k?. Values of sn, cn, and dn are obtain- 
able from the Smithsonian tables of elliptic functions. It 
is only necessary to map the lower half of the square 
since the field of the upper half can then be found from 
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the skew-symmetry. This mapping on the z plane is 
shown in Fig. 17a. _ 

The next step is to calculate E, the electric intensity 
for the square, by the relation 


[(1—2*) (1— #2?) }! 








dw dwdz 
conj.E=1—=i— — =i 
dt 
{ 1\) 
@+1)(:—) 
ss k 
E=-—ik conj. 








1 
-1)(«+-) 
L Rs | 


Then the potential with respect to the lower electrode 
(n=0, —K<£<K) is found at each point by numerical 
evaluation of the integrals 


V (&m;1m) _ f ° E, (Em,n)dn 


Em 
. f Ex(E,nm)dE+V (Onn), (46) 


where E=E;+iE,. From a plot of V vs n for each 
selected value of £, the coordinates of any equipotential 
can be read directly. Similarly, the values of the stream 
function U(W=U+iV) are found at each selected 
point by numerical evaluation of the integrals 


Pau f Ex(Emn)dn-+U (Em,0) 
, (47) 





Em 
r f Ey (E,nm)dt-+ U (0,nm) 


with arbitrary assignment of the value of U at one point. 
The coordinates of any stream line are then picked off a 
plot of U vs & for each selected value of 7. 


7. THE SYMMETRICAL SQUARE FOUR- 
GYRATOR TERMINAL 


In this structure, which has been the one of greatest 
interest so far, the electrodes are all of equal length. 
Referring to Fig. 3, this requires that oa=cd, which 
is the case if 





1— xy , 
x2 (48) 
1 oa *1 
Then x is determined by 
oa oa F(k,¢) 
=—= (49) 





bd ob K(k)’ 
since x,;= (V2—1) sing, (V2—1)*=&. As a result of the 


relation between x2 and x, the integrals of Eqs. (17), 
(20), and (21), which contain x?— 1 in the numerator, can 


ds dé 1\ yt 1\ y-D? 
Leo) [eo] 
s k 


12 (45) 





be expressed in terms of integrals with x in the numer- 
ator. The parameters for balanced circuit use are then 
expressible in terms of the integrals 


za xdx “1 xdx 
om f pe om f eyes, 
2 |D| -2 |D| 


={- = 1) 
gs= a Diep) 


72 xdx } 


a; — 
2 |D| 


p (50) 











as follows, 

a p= (gi + G2) G3 (G1— $2) 44) 
» lr grt o2* 

rT Cos— 

, (51) 
P p = (g1— 2) G3— (91+ G2) 4 
sab— 
lr ¢gr+ ¢2 
rT cCos— 





Here D(—/) means D with the sign of / reversed, etc. 
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Fic. 17b. Electric field distortion due to Hall effect for a square 
two-electrode crystal; dotted lines are equipotentials, solid lines 
are flow lines. 
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Fic. 18. Dependence of voltage ratio on size of electrodes and 
magnetic field for symmetrical square gyrator. Points specially 
designated are experimentally determined for /=0.37. 


For the complete solution, when the circuit is 
unbalanced, Z, is also needed. It involves three integrals 
in addition to those of Eq. (50), which will be defined by 


* dx ze dx 1 dx 
om f —, on f ae emf ——, (52) 
—z |D| |D| tz | D| 


z2 
a’ and a” are to be calculated by Eq. (30) with 





T\= $5, T2= 2, T3= ¢5— 2¢1, 
Ti=¢6, Ts=¢1, Ts=¢et2¢2. (53) 
Then, 
p Certa’ gta’ (gz:—2¢3) ] . 
Z-= ; (54) 
lr (gs—2¢i—a’ gota” gs) 
T COS— 


It can be shown that Z./Z.,4<1 for a finite field and we 
have already shown that Z./Z,,—1 as /—1. 

In Fig. 18 the voltage ratio divided by / is plotted 
against the size of electrodes. Since in the experimental 
work it was easier to change electrode size by grinding 
off corners than by removing plating alone, the abscissa 
is the ratio a/b of Fig. 9. From a design standpoint an 
interesting result is that the maximum voltage ratio 
occurs at a/b=0.3. To calculate the insertion loss at the 
highest available field, 22000 gausses, we find from 
Fig. 12b that /=0.37. From Fig. 18 we find a voltage 
ratio of 0.28, which by Eq. (6) means an insertion loss of 
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Fic. 19. Dependence of resistance at zero magnetic field on 
electrode size for square and octagon. 
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Fic. 20. Dependence of Hall resistance of symmetrical square 


gyrator on field; points specially designated are experimental 
values. 


17.5 db. This is 10 db higher than the theoretical 
limiting value, and reference to Fig. 18 again shows that 
an appreciable improvement would require fields much 
higher than those practically attainable. 

Figure 19 shows how the resistance at zero field de- 
pends on the electrode size. The resistance that would 
result if the two open-circuited electrodes were removed 
can be found from the equation of the rectangle. In the 
case where a/b=0.3, mentioned above, this turns out 
to be 1.24 times the actual resistance. Figure 20 shows 
the dependence of AR (increase in Za, due to field) on /. 
This result is about the same as for the two-terminal 
crystal as would be expected. 


8. THE “THREE-TERMINAL GYRATOR” 


Here we use the term “gyrator” for convenience only 
since this structure is not balanced and the mutual 
terms in the circuit equations are not equal in magni- 
tude and of opposite sign; in fact, the circuit equations 
may be written, referring to Fig. 21, 


Vi=ZnLit (}—a)iz] 
V2= Zul ($+a)ii+ i] 


Although there are applications for such a device in 
which negative resistances are used to produce unilateral 
transmission, we will be concerned only with the solu- 
tion of its field equation. The boundary having been 


: (55) 





Fic. 21. Current and voltage convention for symmetrical three- 


terminal “gyrator.” 
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assumed circular for simplicity the first mapping is 
accomplished by the bilinear transformation z= (i+ £)/ 
(1+7€), and if each electrode subtends an angle 2» and 
the electrodes are equally spaced we find 


a+3y 
X2= cot ") 
6 


aw—3yv 
x3=cot , (56) 
6 








x,=tanv/?, 


referring to Fig. 22. In the special case where the 
electrode angle equals the angle of space between 





electrodes, v= 30° and 
x= tani5°=0.2680 


%2=cot45°=1 





>. (57) 


1 
x3= cot15°=3.73=— 
XJ 





If terminal No. 2 is open-circuited, the transformation 
to the W plane is then seen to be 


(2—£)dz 





W= , 
J [ (2—a1) (2+) (2— 23) J°+?L (24-21) (2— x2) (+43) ]O-9? 


this correspondence being indicated in Fig. 23. & is 
determined by equating i2 to 0, whence: 


3 xdx 73 dx 
=f —/f —, (59) 
22 |G| i \G| 


where G stands for the denominator of Eq. (58) with z 
replaced by x. Then by use of the relations 


73 xdx 1 dx ) 
ef 7s 

2 |G| Jn |G 

71 xdx -t ds 
Aus f —=— f epee 

—z2 |G! —1/z1 |G} 

72 xdx —1 dy |’ 
Avs f —-—f ae 

-z3 |G| -1 |G | 

72 xdx Vari dx 

n |G 1 |G! 


which follow by replacing x with 1/x and using the 
special relations of Eq. (57), the solution can be written 


(60) 




















§=A),/Azg, 7 
p +AAst+AoAg 
Zu= ’ 
lx A 1A otA 3A4 
T cos— ' (61) 
Ag—Ar 
a=>-—~—%5 . 
A\A3+A 2A4 


A numerical evaluation for /=0.4 gives the following 
results: 





§=2.21 7} 
p 
Zu= 1.40- 
. 
r. (62) 
a=0.180 
V2 
—=a+}=0.680 


1 


(58) 





When the magnetic field is reversed, / is replaced by —/ 
and we have Z,; unchanged, but 





A?— A; } 

a(—l)= —34+——————_= — 0.180 
A\A3+AoA, 
A3 
§=—=1.38 >. (63) 

V(-D 
. =0.32 
Vi(—)) 





When /=0, A3= — A}, A2= — A, and 


pfAi As 
Zu==(—+=), 
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Fic. 22. Mapping of circular three-terminal “gyrator” on z plane. 
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Fic. 24. Connections to skew gyrator. 








But then 


xy 
Av=———K(s), 41=— 
(1 —x,*)! 





K’(k), 
(1—x,*)! 


where the modulus k equals 1/(1+.x,")!. Putting in the 
value of x; we find 


p 
Zy= 1.15 : (64) 


T 


Comparison with Eq. (62) shows the increase in re- 
sistance due to the field. 


, 


TABLE I. Values of x; and x2 for various values of bc/oc 
of skew gyrator. 











bc/oc Xi X: 
0.25 0.107 0.806 
0.30 0.068 0.734 
0.35 0.0383 0.655 
0.40 0.0174 0.573 
0.45 0.00445 0.493 
0.50 0 0.4142 








9. THE SKEW GYRATOR 


As stated in the introduction, a four-terminal resist- 
ance gyrator can be designed to have no transmission in 
one direction and finite transmission in the opposite 
direction for a given magnetic field intensity by making 
the structure unsymmetrical. A particular way of doing 
this, suggested by W. P. Mason, is shown in Fig. 24. In 
order to find the proportions for a given field it is 
necessary to solve the field problem for two or more 
specific designs and obtain the desired result by inter- 
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Fic. 25. Mapping of skew gyrator on z plane. 


WICK 


polation. The first mapping is conveniently made by 
orienting the square as in Fig. 25, for then the location 
of the x’s is obviously symmetrical. Then, applying the 
Schwarz-Christoffel formula as noted in the footnote of 
Section 4 we have: 


1+7 ' dz 
f=— . (65) 
v2 4, [s(1—2)]} 


be 


For the vector 0f, where ¢ is on the line oc, we may put 
f=1—v and get 


oe 1 
= (1+7)| K{ — }—F{ —d } I, 66) 
7 ata (=) = ) 


where 1/2 is the modulus and d=sin~'(1—~)!. 
Values of x, and x. for a few values of bc/oc are 
given in Table I for the arbitrary choice ab/oc=}. 
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Fic. 26. Ratio of output voltage to input voltage of skew gyrator 
vs | for two values of bc/oc. 


The second mapping is the same as Eq. (14) if we apply 
voltage across an opposite pair of electrodes and leave 
the other open-circuited. 

Curves showing the ratio of output voltage to input 
voltage vs | for two values of bc/oc are shown in Fig. 
26, and a curve showing bc/oc vs | for which the output 
voltage is zero in Fig. 27. 

The transmission loss in the opposite direction is 
calculated by reversing the sign of /. The result for 
!= —0.4 is 12 db which is about the same that would be 
obtained if the unilateral effect were accomplished by 
paralleling a balanced symmetrical gyrator with re- 
sistances. Reversing the direction of the magnetic field 
interchanges the functions of the two pairs of terminals. 

The idea of a skew gyrator can be extended to crystals 
of more than four electrodes with interesting and 
possibly useful results. For example, in Fig. 28 a six- 
electrode structure is shown which could be used to 
switch one channel between two others by reversing the 
direction of the magnetic field. That is, with one direc- 
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tion of the field of proper magnitude transmission occurs 
from A to B but not from A to C, while with a reversal 
of field transmission occurs from A to C but not from 
A to B. However, there is transmission in the opposite 
directions and also between B and C. If the structure is 
made completely symmetrical (regular hexagon or 
equivalent) there will be transmission only from A to B, 
from B to C, and from C to A. With reversal of the field 
the transmission is from A to C, from B to A, and from 
C to B. 


10. THE n-TERMINAL GYRATOR 


The method of solution used in this paper can be 
applied to a crystal having electrodes. For let those 
segments in the z plane corresponding to the electrodes 
be numbered 1, 2, ---, # from right to left. Then the 
general circuit equations can be written: 


Vi=Zii1+Z tet siiaalee +Z, n~iPn—2 
Vo=ZotitZaziet +++ +Z2, n-1tn-1 (67) 


V nr =Zn-1, ti +-Z n-1, gte+ re +Zn-1, n—1bn—1) 








0.1 0.4 0.6 
Ll 


0.8 


Fic, 27. Values of bc/oc for skew gyrator which give zero 
output voltage. 


where the potential of the mth electrode is taken as zero. 
If we open circuit all terminals except 1 and u, and solve 
the field problem, we can evaluate Z,,, Zo, «++, Zn-1. 
Then by open circuiting all terminals except 2 and n, we 
can evaluate Z12, Z22, ---, Zn-1,2in a similar way, etc. for 
the others. Let the left-hand end point of the vth 
segment on the x axis (corresponding to the oth 





electrode) be x,, and the right-hand end point of this 
segment be x,2. Then to evaluate Zim, Zam, ***, Zn—1,m 
we have 
(S— m1) (2—Am2)* + * (Z—Gm, m—1) (Z— Om, mei) * * * (Z—Om, n—1)d2 
a f (68) 


| (2— 241) (s—a01)- + « (g—anr) | O”2- | (z—2242) (2—2022)- + + (—atna) | a—pi? 


where %j1<@j,,;<xj2. The numerator is a polynominal 
of the (n—2)th degree in z, and can therefore be written 


ad bm, os", in which Dm, n—2= :. 
=0 


The b,,,, are determined by equating to zero the current 
entering each electrode except the mth and mth. Thus 
we have 


n—2 
> bu, 8 
zv2 S=0 
————dx=0, 
Zy1 Den. 
v=1, 2, ---,m—1, m+1, ---n—1,---, (69) 


where Den. stands for the denominator of the integrand 
for W, with z replaced by x. These are n—2 linear equa- 
tions for the b’s. It is not necessary to calculate the a’s. 

The determination of the circuit parameters now 
follows the same procedure used in the special cases of 
the preceding sections. Obviously the work is simplified 
if the structure has symmetry and if only balanced 
circuits are of interest. 


11. NUMERICAL METHODS FOR EVALUATION 
OF THE INTEGRALS 


All of the circuit parameters have been obtained in 
terms of definite integrals which, except for those in 
Sec. 6 where common factors in the numerator and 





denominator have canceled out, can be reduced to the 
form 


_ f(y)dy 
= f (1—y)O+2(14-y)a-D2’ 





(70) 


where f(y) is finite over the range of integration in- 
cluding the end points. The best method of evaluation 
depends on the behavior of f(y). It may happen in a 
particular case that f(y) can be expanded in a power 
series valid over the range of integration. Then a solu- 
tion is obtained in the form 


bot biyt boy*+ bsy*+ bay*+ bsy®+ - - - 
f (1—y)aror. (i-y)-)? 


- (1+P) (5+P) 
- bot tit ——brtl : h 





dy 








3 


cosT— 


9414241 (89+ 30P-+1') 
+ bs 5 


b+1 bot | (71) 
24 120 


The expansion is straightforward but becomes quite 
involved when terms higher than y’ are retained. 

The most useful method of evaluation was found to be 
the Gauss-Jacobi method’ of “mechanical quadra- 





7 See, for example, Whittaker and Robinson, The Calculus of 
Observations (Blackie and Son, Limited, London, 1944), p. 162. 
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Fic. 28. Six-terminal gyrator for switching one channel between 





two others. 
tures”’: 
; f(x)dx - - 
Q—x) +— > Wf(xi), (72) 
1 (1— x) Ord?2. (14-x)0-97 oi 


Ccosi— 


, 


where the x; are the zeros of the Jacobi polynomial 


d”" 
F, (x)= (A—x) "2 (14+-x)0-o 2? 
dx" 
K { (1—a)lr-O+ 21. (14x) de} 


and 
F,(x)dx 


1 1 
V <= f ° 
F’ (x;) -1 (1—x)Or?. (1+x)-5?. (x—x;) 











WICK 


A brief set of numerical values of abscissas and the 
corresponding weighting factors for n=4 is given in 
Table II. This approximate evaluation is equivalent to 
that obtained by fitting f(x) with a polynomial of the 
7th degree and integrating analytically. The table can 


TABLE II. Values of abscissas and the corresponding weighting 
factor for Gauss-Jacobi method of “‘mechanical quadratures.” 








1=0.2 1=0.4 1=0.6 1=0.9 
xi Wi xi Wi xi Wi xi Wi 





—0.9056 0.1745 —0.8863 0. 


1134 —0.8661 0.066 —0.8336 0.01308 
—0.3434 0.221 —0.3034 0.1775 —0.2631 0.125 —0.2006 0.0326 
0.4217 0.262 0.4606 0.248 0.4992 0.205 0.5563 0.0722 
0.9412 0.344 0.9575 0.460 0.9727 0.603 0.9936 0.883 








be used also for negative values of /, since 


f f(x, —Ddx 
_1 (1—x)&-Y?. (j4ax)Grdr 





f(—x, —))dx 


1 
“f (1—a)rD. (14 x)0-D/e 





When f(x) becomes large at either or both of the 
limits of integration, the most economical method of 
evaluation seems to be graphical, the choice of abscissas 
being made for each case. 

The integrals of Sec. 6 can be evaluated by the Gauss- 
Jacobi method if the common factors which were 
canceled out are put back. An alternative is to split the 
range of integration into parts and use series expansions. 
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An Improved Replica Technique for Electron Microscopy of Paint Films 


ALLEN S. PowELL, Louis R. LEBrAs, EpwArp G. BOBALEK, AND WILLIAM VON FISCHER 
Case Institute of Technology, Cleveland, Ohio 
(Received October 1, 1953) 


Improved polyvinyl alcohol-silica replica techniques are described which allow for more accurate examina- 
tion by electron microscopy of pigment derived microstructure in paint films. These methods complement 
the silver-silica techniques which are preferable only for studying much finer details, such as molecular con- 
figurations and small distortions of the resinous binder. Procedures have been developed for stripping 
unaltered baked enamel films from tin plate. The underside of these free films can be examined with the im- 
proved replica techniques and it is possible to study differences in top and bottom structure of paint films. 
Applications of the refined replica techniques in the study of paint films are presented. 





INTRODUCTION 


HE silver-silica double evaporation technique 
suggested by Barnes, Burton, and Scott,' has 
been applied to the study of paint surfaces in earlier 
experiments in this laboratory.” In the present investi- 
gation, it was hoped that this method of obtaining 
replicas could be used for a wide variety of paint sys- 
tems. Unfortunately, further studies demonstrated that 
the silver evaporation altered the structure of many 
softer types of paint surfaces, and hence the procedure 
lacked versatility for a large variety of paint films. The 
cracking of enamel films by the heat of the silver con- 
densation suggested that even in the case of thoroughly 
cured enamels where no detrimental effects were obvious 
a reflow of the film due to the high temperatures de- 
veloped might be taking place. 

The above objection to silver as a negative replica 
material for paint films necessitated the development of 
a new or improved replica process. If electron micros- 
copy is to have versatile applications in the study of 
organic films, then other replica techniques must be 
found that have lesser thermal effects upon the film. 
Polyvinyl] alcohol (PVA) has been reported as a negative 
replica material in several publications, but its success 
has been only moderate.”* Because of its lower solvency 
and thermal effects on organic films, it was decided to 
explore PVA further for negative replicas together 
with silica for the positive replica to clarify the doubts 
brought about by the silver-silica replica system. 


EXPERIMENTAL PROCEDURE 


The PVA used in this work was obtained from E. I. 
du Pont de Nemours and Company, Inc., and is 
designated as their Elvanol, grade 51-05. Ordinarily, a 
15 percent aqueous solution of this resin was used to cast 
the negative replica film. Experiments have shown that 
it is critically important that the PVA negative be very 
thin. Thicker PVA negatives resulted in lower resolution 
in the final silica replica, and it is also the cause of 


1 Barnes, Burton, and Scott, J. Appl. Phys. 16, 730-739 (1945). 

2 Trautman, von Fischer, and Bobalek, Offic. Dig. Federation 
Paint & Varnish Production Clubs, No. 328, 329 (1952). 

§ Schwartz, Austin, and Weber, J. Appl. Phys. 20, 202 (1949). 


silica replicas disintegrating when an attempt was made 
to dissolve the PVA negative away. The procedure in 
using PVA as a negative replica material was to flood the 
surface being studied and allow the excess PVA to 
drain off. The specimen was dried in a vertical position 
for 8-16 hours. Longer drying periods were detrimental 
in that the replica became too brittle to handle. 

Removal of PVA replicas from adherent paint films 
on tin plate was accomplished with relative ease by 
teasing a corner of the PVA free from the paint surface 
with a sharp razor blade and stripping back the PVA 
film with a pair of tweezers. A small one-eighth inch 
square of Scotch tape fixed to the top of the PVA 
negative before removal served as a convenient label 
for distinguishing the top from the bottom in the 
stripped replica. 

The PVA negative replica was fastened to a metal 
holder with Scotch tape, with the structure side up for 
the silica deposition. The holder and replica were then 
in turn placed in a RCA EMV-1 vacuum evaporation 
unit to deposit the silica replica film. Tungsten filaments 
having 0.02-inch diameter were used as the heat source. 
These filaments were formed into a conical shape by 
heating a nail tip to a cherry red heat and rapidly turn- 
ing tungsten wire around the tip. This resulted in a cone 
shaped filament having an angle of about 30 degrees. 
Oxide and carbon deposits were removed from the coils 
by passing 20 amperes of current through the filament 
for 30 seconds in vacuum. 

Silica in the form of small shards of quartz weighing 
about 0.2 mg each was placed in the basket-type fila- 
ment. The amount of silica evaporated was varied from 
about 0.8 mg (four shards) to 1.4 mg (7 shards) de- 
pending upon the smoothness of the surface being 
studied. For smooth surfaces the quantity of silica was 
maintained small since thin replicas showed the best 
detail. However, for rougher surfaces a thicker silica 
film was preferred since the tendency for the replica 
films to break was greater for this type of surface. 

The PVA negative was positioned three inches above 
the tungsten filament containing silica. The vacuum 
unit was pumped down for at least 8 and preferably 16 
hours. The long pumping cycle was found to be essential 
for a successful silica evaporation. This study has shown 
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Fic. 1. PVA-Silica replica of top surface white gloss enamel. 


beyond question that moisture retained in the vacuum 
chamber at even 10~* mm of Hg pressure had definite 
detrimental effects upon the silica replicas obtained. 
Long periods of pumping eliminated the absorbed water 
and silica replicas were obtained which were transparent 
and could be handled with relative ease. The evapora- 
tion of silica was completed by passing 20 amperes of 
current in three intervals of about 20 seconds each. 
With this procedure it was possible to evaporate the 
silica to completion every time, which resulted in better 
control of the thickness of the silica film. The PVA- 
silica composite films were cut into one-eighth inch 
squares and placed silica side up in Petri dishes con- 
taining distilled water. The PVA seemed to dissolve 
almost immediately leaving the clean positive silica 
replicas. Silica replicas obtained in this manner were 
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Fic. 2. PVA-Silica replica of bottom surface white gloss enamel. 





Fic. 3. PVA-Silica replica of top surface white semigloss enamel. 


washed for at least one hour by floating them in three 
successive water baths. 

Except for the fact that the positive silica replicas 
were difficult to see, they could be transferred easily to 
the specimen grids.* Most of the silica replicas were re- 
covered in the evening because the replicas were more 
visible in dim incandescent light. When working directly 
below a ceiling light, the silica replicas were observed in 
the mirror reflection of the light source on the water 
surface. As the specimen grid was brought up, there was 
a tendency for the silica replica to follow the surface 
currents and slide away from the grid when an attempt 
was made to lift it off the water. However, if the grid was 
brought up very slowly, at some stage in the effort the 





Fic. 4. PVA-Silica replica of bottom surface 
white semigloss enamel. 


* Athene specimen grids obtained from Smethurst High-Light 
Limited in England. 
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Fic. 5. PVA-Silica replica of top surface-blushing in a lacquer. 


silica replica was caught on an edge of the grid and 
then raised out of the water in an undamaged condition. 
The excess water on the grid was carefully removed by 
teasing with filter paper. The positive silica replicas 
obtained by this method were placed on clean glass 
slides for metal shadowing in the vacuum unit. 

An increase in scattering power of the replicas to 
better accentuate the details can be brought about by 
deposition of a thin film of metal atoms on the surface 
of the replicas at an oblique angle. Between 3 and 4 mg 
of chromium was evaporated in the vacuum chamber 
until the glass slide had acquired a brown tinge. A 
shadowing angle of about 15° with respect to the hori- 
zontal was used. 

The investigation by electron microscopy of the 
underside of enamel films required a procedure for 





Fic. 6. PVA-Silica replica of top surface-sagging in an enamel. 


Fic. 7. PVA-Silica replica of top surface-blistering 
in a clear phenolic coating. 


stripping the enamel films. The electrolytic method here 
described was suggested by L. E. Hoag.® In this method 
a section of enamel coated tin plate was made the 
cathode versus a platinum anode in a dilute sodium 
carbonate solution (about 0.25 percent NasCO; by 
weight). By passing a direct current of 1 to 2 amperes 
at a voltage of about 36 volts, enamel films were dis- 
lodged in 30 to 60 seconds. The free films floated to the 
surface and were picked up with a glass rod. The wet 
flexible films were pressed out smooth on a glass plate 
and allowed to dry. Because it was sometimes difficult 
to distinguish between the top and the bottom of the 
stripped films, it was advisable to label the top surface 
with a small square of Scotch tape before electrolysis. 








Fic. 8. PVA-Silica pseudo replica of top surface-pigment 
flocculates at the surface. 


5L. E. Hoag, American Can Company (private communica- 
tion). 
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To obtain PVA negative replicas from stripped paint 
films, it was necessary to attach the enamel film firmly 
to a metal substrate with thin strips of Scotch tape 
before flooding with PVA solution. Separation of dry 
PVA replicas from stripped enamel films was consider- 
ably more difficult than the removal of these replicas 
from adherent paint films. The same procedure of teas- 
ing a corner free and slowly pulling back the PVA 
negative with tweezers was used. The thicker stripped 
enamel films gave very little trouble, but when the 
films were less than 1 mil thick, the attempt to with- 
draw the replicas was frequently foiled. The reverse 
side of paint films less than 0.5 mil was not studied 
because PVA replicas could not be separated due to 
their greater adherence to the thin enamel films. 


APPLICATIONS 


The improved PVA-silica replica technique has been 
applied to a variety of organic coatings including 
alkyd-amino and alkyd-melamine enamels, clear and 
pigmented phenolic coatings, and to automotive lacquers 
containing nitrocellulose. The usefulness of this tech- 
nique in the study of the distribution of pigment in the 
above films, i.e., the extent of flocculation, sedimenta- 
tion, and other nonhomogeneities of distribution and the 
structure of both the air and adhesion interfaces of 
paint films, is illustrated in the following micrographs. 





Fic. 9. PVA-Silica replica of bottom surface-lacquer 
with sedimentation agent. 





Fic. 10. PVA-Silica replica of bottom surface lacquer 
without sedimentation agent. 


Figures 1 and 2 show the air and adhesion interfaces, 
respectively, of a white gloss enamel. If the pigment 
content of the enamel shown in Figs. 1 and 2 is con- 
siderably increased to yield a semigloss enamel, a 
corresponding increase in the surface roughness at both 
interfaces can be observed as shown in Figs. 3 and 4. 
Thus the technique is applicable to very smooth sur- 
faces and to the opposite extreme of surfaces containing 
an abundance of microstructure. 

Micrographs 5 through 7 illustrate the employment of 
the improved replica method in detecting the micro- 
structure associated with three faults in paint films 
which are familiar to all of us, namely, blushing, sagging, 
and blistering. Blushing of an automotive lacquer is 
shown in Fig. 5, whereas Fig. 6 demonstrates sagging in 
an enamel film. Microblistering of a clear phenolic 
coating at the air interface is shown in Fig. 7. 

The application of the PVA-silica replica technique in 
obtaining a pseudo replica of a paint surface is shown in 
Fig. 8 in which pigment flocculates can be seen at the 
paint surface. The final two micrographs (Figs. 9 and 
10) were obtained from the adhesion interface of two 
lacquer films which were identical except for a sedimen- 
tation agent which had been withheld from one of the 
formulas. Because of the varying sedimentation char- 
acteristics in the two liquid films, a significant difference 
in the structure at the adhesion interface of the final two 
lacquer films can be seen by a comparison of the micro- 
graphs of the complete and incomplete formulas. 
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A Transform Method for Linear Time-Varying Systems 


J. A. ASELTINE 
Hughes Aircraft Company, Culver City, California 
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This paper discusses a method for finding an integral transformation applicable to certain time-varying 
systems. Examples of transformations derived by the method, including Laplace, Mellin, and Meijer, are 
given. A convolution theorem for the general method is presented, and its use in general representation of 


time-varying systems is illustrated. 





I. INTRODUCTION 


NTEGRAL tranformations have been used exten- 
sively for the solution of physical problems.' This 
paper presents a general integral transformation method 
applicable to the analysis and synthesis of certain time- 
varying systems. The method provides a means for 
finding new transformations especially applicable to 
one-point boundary value problems. 

When applied to the differential equations des- 
cribing a constant parameter system the method yields 
the Laplace transformation. In theory the method will 
provide a transform for any linear system; in practice, 
however, the complications involved for equations 
higher than second order usually make other methods 
more attractive. Even so, there remain many problems 
(see references 1 and 2) for which the transform method 
is applicable. 

The method was designed to introduce boundary con- 
ditions in the way that the Laplace transform does. 
Therefore, transforms such as Fourier and Hankel will 
not be produced by the method, but rather their 
counterparts, Laplace and Meijer. 

When the transformation found by the method is 
applied to the differential equation describing a system, 
an algebraic equation in the transform of the dependent 
variable results. Tables of transform pairs can be con- 
structed to facilitate the solution. An example of such a 
table will be found in the appendix. 


II. THE TRANSFORMATION 


The specification of the transformation appropriate 
for a given problem depends on the differential equation 
describing the system. A general one-loop time-varying 
network is shown in Fig. 1. We write the Kirchhoff loop 
equation in terms of the charge q(0), 


d 1 
—()q' ®]+rOq' O+—q =r (1) 
dt c(t) 


and require that c(/)¥0. We will deal with (1) in the 
form 


a(t)q”’+b(t)q’ += e(!), (2) 


11. N. Sneddon, Fourier Transforms (McGraw-Hill Book 
Company, Inc., New York, 1951). 

2C. J. Tranter, Integral Transforms in Mathematical Physics 
(John Wiley and Sons, Inc., New York, 1951). 


where a(?) and 6(/) are functions of time, the indepen- 
dent variable, @? is a constant, and e(/) is a function of 
time. 


We seek an integral transformation of the form 
Lad]200)* f awnsodt, (3) 
0 


where h(¢,t), the kernel, is a function of time and of the 
transform variable, ¢. Q(¢) is called the transform of 
q(t), and in what follows we shall use capital letters to 
designate the transforms of corresponding lower-case 
letters. We now require that upon the application of the 
transformation (3) to the system Eq. (2) there results 
f(HEOO+HO (5) = ES) 

+([terms involving initial conditions], (4) 
where /(¢) is an arbitrary function of the transform 
variable. That is, the transformation of the differential 
equation is an algebraic equation in the transform of the 
dependent variable—in this case Q(f). 

The kernel, h(¢,¢), is found by applying (3) to (2) and 
integrating by parts. It is convenient to include in the 
kernel a function of time, g(/), which will make the 
differential operator of (2) self-adjoint. That is, 

g(t)La(t)q”+b()q' J=Lpq'y, (S) 


where p(t) is a function of time. The kernel is now 
written 


h(é,t)= g()k(S,2). (6) 
Ill. THE KERNEL 


We now proceed to find the kernel, /(¢,¢). In accord- 
ance with (4) we require 


L[a(t)q”+5(1)q']= f(HNE® 


+[terms involving initial conditions]. (7) 


£(t) r (t) 


- L 
v(t) c(t) 


a(t) 


1+ 








Fic. 1. One-loop time-varying network. 
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From (3) we have 
L[a(t)q”+5(t)q’]= f La(t)g”+b(t)q’ lg(t)k(g,t)dt. (8) 
0 


The function g(/), chosen to make the differential 
operator self-adjoint, is given by* 


b(t)—a’ (t) 
s=exp| f— a it} (9) 


With g(/) chosen according to (9), we have 
g()La()q"+()q' J=[pq'), (10) 


where 


PO=g(Halt), p’())=g(db(d). (11) 


Now (8) becomes 


ILa(t)q"+b(t)q’]= f (pq'YR(SA)dt. (12) 


Integrating by parts we have 


x 


f d'pki(g,fdt. (13) 


0 


f (pq’)'k(¢,t)dt= pq’ (A) 





0 

Again integrating by parts, we have 

f (pq')'k(S,t)dt=[ pq’k (5,1) — pake($,t) lo 
0 


+f gL phu(S,t)+ p’he(f,t) dt. (14) 


Imposing condition (7), there results 


phi(S +p’ hi(F) = fOgeOkG,t). (15) 
Then by (11) and (15) the function &(¢,/) must satisfy 


aku J+bOR)—fORE)=0. (16) 


We choose the solution of (16) which makes the term in 
brackets of (14) vanish at the upper limit. We now have 


L[a(t)q”+(t)q' J= fH) 
+lim|_pq’k (¢,t)— pgke (St); (17) 


where k(¢,/) satisfies (16). 

It can be seen from (16) that the kernel of the 
appropriate Z transform depends on a knowledge of the 
solution of the homogeneous form of the system equa- 
tion (2). Because of this, the transform method is most 
useful when the system of interest is to be subjected to a 
number of different excitations. It is then that the labor 
of building up tables for the transformation can be 
justified. 


7H. Margenau and G. M. Murphy, The Mathematics of Physics 
—. ‘eee (D. Van Nostrand Company, Inc., New York, 
1943). 
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IV. SPECIAL CASES 
To illustrate the application of the method we con- 


sider three differential equations describing systems. 


Case (a) 
q’'+dq=0(t); (18) 
here we have 
a(t)=1, (19) 
b(t) =0, 
so that, from (9), 
g(t)=1. (20) 
The function &(¢,?) satisfies 
ku(S)—f(OR(E1 =0. (21) 
Since we are free to choose f(¢), we let 
{OH=f. (22) 
Then (21) has solutions 
Ro pD=e%, eft. (23) 
We choose the first. The transform is given by (3) 
ea]= f aera (24) 
0 
This is the familiar Laplace formula. 
Case (b) 
Pq"'+d’q=(t). (25) 
Now 
a(t)=?, 
26 
b(t)=0. (26) 
Then, from (9), 
g(=t" (27) 
and k(¢,t) satisfies 
Pki(F,) — f(O)RE,O =0. (28) 
Choosing 
fOH=FC+D, (29) 
we have for solutions of (28) 
ke oj=8, cs, (30) 
Taking the first, we have from (3) 
Miawl= f q(t)é—"'dt, (31) 
0 


which is recognized as the Mellin form of the Laplace 
transformation. 


Case (c) 


b 
('+—a+@q=00); (32) 


here 


a(t)=1, 
b(t) =bo/t. 


(33) 
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TRANSFORMER METHOD FOR 
From (9), 
. po 
)=en| f it |e. (34) 
t 


The function k(¢,/) satisfies 


bulGsD+ hE) — FORE) =0 (35) 
Letting 
IO=", (36) 
we have for solutions of (35) 
RG=t-°1,(S), t°K,(¢2), (37) 


where J, and K, are the modified Bessel functions and 
the order » is given by 
bo—1 
-,. (38) 
2 





v= 


We choose the K, solution since it behaves asymptotic- 
ally as exp(—{J), yielding for the transform formula 


(3) 


x[9()]= f- g(er*K, (¢1dt, 
. (39) 





bo—1 
2 ° 


v= 


The formula (39) is a form of one studied by Meijer.‘ 
A table of these transforms is given in the appendix. 


V. CONVOLUTION 
The convolution theorem for the Z transformation is 
as follows. 
Theorem 


If X(¢) and Y(¢) are the L transforms of x(t) and 
y(t), respectively, then 


LXV @)]= f e()y(LACX@RG,2) dr, (40) 


where g(¢) and k(¢,t) are the functions appearing in (3), 
and L;“ signifies the inverse transform with respect to 
f. 


The theorem can be proved formally as follows. If we 
treat the ZL; operation as an integration with respect 
to ¢, (40) becomes upon change of order of integration 


[ s@o@trtx weenie 
-L-|x@) f virdg(oa(srar} (41) 


=LO>(X(Y()]. 


*C. S. Meijer, Proc. Ned. Akad. Wetensch. 43, 599-608, 707- 
711 (1940). 
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e, (1) e,(t) 
SYSTEM 











Fic. 2. System block diagram. 


For case (a) of the preceding section, we have 


I-[x@V@]= f y(&TX (Detar. (42) 


But 
LX (Het ]=x(t—7) t>r7, 


43 
=0 t<r. (43) 


So that (41) becomes 
SUXOVOI] f yxt—ndr, 44) 
For case (6), from (42) ' 


I-[x(9v@]= f y(t) 2M LX (pt Yar. (45) 
But ° 


t 

MX @rt}=2(-), (46) 
si 

so that 


jo t\dr 
M-LxOrOl f y()e(-)— (47) 


0 ¥ 


VI. SYSTEM REPRESENTATION 


We consider the system shown symbolically in Fig. 2. 
The system is characterized by a system function, 
W(¢), defined by 


W 1 (¢) 4 Liresponse ]/ [excitation ], 





(48) 
_ Ex(o) 
E,(t) 
where 
E,(¢) 4 LLex(¢)], ete. (49) 


The L transforms of output and input are related: by 
(48). We have 


E2($)= Ei (()W2(), (50) 


or 


eo(t)= LE, (WS) J. (S1) 
Using (40), we write 


eal= f ex(r)g(r) Li“ LW (o)R(E,7) Jdr. (52) 
0 


Equation (52) is a generalized superposition theorem. 


VII. CONCLUSIONS 


The transform method described in this paper pro- 
vides a unification of integral transformations applicable 
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to certain one point boundary value problems. It is 
especially applicable to second-order systems, although _ part by the U. S. Office of Naval Research through a 


in some cases it can be extended to higher-order prob-. network research project at the University of California, 


lems. 


J. A. ASELTINE 


Los Angeles.® 
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K, Transform Pairs 


The work described in this paper was supported in 
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f(t), #t>0 F,(S) 
bo I'(v+1)2” 
s"O+—FO eP,(9)-———f 0) 
bo—1 
v= 
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?’*T (v+1) pete 
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* J. A. Aseltine, “Transforms for linear time-varying systems, 
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Solar Thermoelectric Generators 


Maria TELKES 
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The physical characteristics, thermoelectric power, resistivity, specific heat conductivity, and the tempera- 
ture difference between hot and cold junctions determine the efficiency of thermocouple materials. These data 
have been determined for Chromel P-constantan, bismuth alloys, and the intermetallic compound ZnSb, 
containing small amounts of added metals. 

The optimum characteristics of flat-plate type solar energy collectors have been evaluated in combination 
with thermocouples, designed for maximum energy conversion. Using flat-plate collectors with 2 glass panes, 
an efficiency of 0.63 percent was obtained with the ZnSb-type alloys in combination with a negative Bi-alloy. 
The commercially available ductile alloys Chromel P-constantan, produced ten times lower efficiency. 
Calculations indicate that the efficiency may be increased to 1.05 percent by using 4 panes of low-reflection 
characteristics. 


With solar energy concentrating means (lenses), the efficiency was increased to 3.35 percent, using the 
above mentioned best alloy combination. 

The maximum allowable cost of thermoelectric generators has been evaluated, by comparison with present 
methods of electric power generation. 

Solar thermoelectric generators.may find useful application in the tropics, as they do not contain moving 
parts and require very little attention. Further development is needed to determine their economical value. 





JUNE, 


1954 





SOLAR THERMOELECTRIC GENERATORS 


HE direct conversion of solar energy into electrical 
energy with thermoelements is an interesting and 
challenging problem. The sun shines brightly most of 
the day in tropical or semitropical regions, where fuel 
resources are often absent or not yet developed, and 
electric power generating facilities are nonexistent. Solar 
thermoelectric generators, therefore, may appear to find 
useful application in tropical regions. The conditions are 
entirely different in the temperate zone, where electric 
power generating facilities and fuel supplies may be 
ample and where the sky is cloudy perhaps half of the 
time. 

Thermoelectric devices have definite advantages. 
They have no moving parts, and barring accidents or 
thermal deterioration, they cannot wear out. The de- 
termining factors of the possible use of thermoelectric 
generators is their efficiency and initial cost. High 
efficiency is required to convert the maximum possible 
amount of solar energy into useful power, and low initial 
cost is essential, because solar thermoelectric generators 
will be acceptable only if their initial cost, per kw-hour 
capacity, is not greater than the comparable cost of fuel 
operated electric power generators. 


HISTORICAL REVIEW 
Solar Thermopiles 


Only few references to solar thermopiles can be found 
in the literature. Several patents have been issued, but 
they do not contain experimental results. The first 
patents by Weston! refer to the combination of a 
thermopile, with a mirror or lens to focus solar radiation 
to the hot junctions, and a storage battery to accumu- 


1 E. Weston, U. S. Patent No. 389,124 (1888). 
2 E. Weston, U. S. Patent No. 389,125 (1888). 


late the electric power. Various methods of heat transfer 
have been suggested, including the use of solids,* 
liquids,‘ or air,> heated by a focusing device, with the 
aim of providing heat storage for night operation. 
Various reflector mounting and moving devices have 
been patented.*-* A Sun Electric Generator Company 
was formed around 1910 and claims were published 
concerning the operation of a solar thermoelectric 
generator, without giving adequate performance data." 

The first experimental results were published by 
Coblentz,!:3 using copper-constantan thermocouples. 
The hot junctions were soldered to copper foil receivers, 
painted black to absorb solar radiation. The thermo- 
couples were connected in series and sealed into an 
insulating base, from which the cold junctions protruded 
and were cooled by ambient air or by water. The device 
was mounted in a box covered with three air-spaced 
glass panes, to diminish heat losses from the hot 
junctions. Coblentz’s device consisted of 105 thermo- 
couples, with a solar energy intercepting area of 105 cm’. 
On a clear day around noon, the solar radiation incident 
on this device was probably about 8 watts. The maxi- 
mum electric power output was 0.0175 amp at 0.035 
volt=0.00061 watt; this was obtained when the ex- 
ternal resistance was made equal to the internal re- 
sistance. The efficiency, that is the ratio of the useful 
power output to the total incident solar energy, was 
about 0.008 percent. On open circuit Coblentz’s thermo- 


3H. F. Cottle, U. S. Patent No. 608,755 (1898). 

4 J. S. Williams, British Patent Nos. 700 (1882) and 5109 (1883). 
5 A. R. Bennett, British Patent No. 18,672 (1911). 

6M. L. Severy, U. S. Patent Nos. 527,377 and 527,379 (1894). 
7H. C. Reagan, U. S. Patent No. 588,177 (1897). 

®R. H. Dunn, British Patent No. 14,033 (1899). 

® Anon., Electric Rev. 54, 579 (1909). 

1 Anon., Le Mois Sci. Ind. 526 (1910). 

1 Anon., Promtheus No. 1144, 832 (1911). 

2 W. W. Coblentz, U. S. Patent No. 1,077,219 (1913). 

13 W. W. Coblentz, Sci. Am. 127, 324 (1922). 
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pile produced 0.66 millivolt per couple, corresponding to 
a temperature difference of 17°C between hot and cold 
junctions. 

+ Further experimental work has been described by 
Kirkpatrick,“ Pasteur,!® and Mohr,'*!? without giving 
sufficient data of the performance and efficiency. 


Radiation Thermopiles 


Radiant energy measuring thermopiles have been 
used for decades. High-voltage sensitivity and rapid 
response is more important than the power output. The 
optimum conditions of radiation thermopile design have 
been calculated repeatedly and have been used during 
the design of highly sensitive devices, notably by 
Firestone,'* Harris," Cartwright,” Strong,”'” Jones,” 
Kovalenko,* Emmons,” Hornig and O’Keefe,”® Jones,” 78 
Eichhorn and Hettner,” Williams,” Fellgett,®' and 
others. 

In contrast to the “‘miniature’’ radiation thermopiles, 
which can detect radiation intensities less than one 
microwatt/cm?*, solar thermopiles operate with about 
0.1 watt/cm? on clear days (about 100 watt/sq ft). Es- 
sentially, the same design factors can be applied, how- 
ever, even if the dimensions of the solar thermopiles are 
gigantic. 


Photoelectric and Photovoltaic Cells 


Photoelectric “barrier layer’ cells were developed 
primarily as measuring and actuating devices, with 
relatively moderate illumination. Solar energy on clear 
days represents an illumination of more than 10 000- 
foot-candles. Most photoelectric cells deteriorate rapidly 
when exposed to direct solar energy. 

The power output of such cells Wo will depend on the 
terminal emf E, and the current J flowing in an ex- 
ternal resistance R,. It is by no means permissible to 
multiply the open-circuit emf EZ» with the short circuit 
current. The internal resistance of such cells is variable 
and depends upon the illumination and the temperature. 
According to Zworykin,” the maximum power output 


“4 P, Kirkpatrick, Sci. Am. 122, 677 (1920). 

16 F; Pasteur, Compt. rend. 187, 30 (1926). 

16Q. H. Mohr, Refrig. Eng. 34, 367 (1937). 

17 Anon., Sci. News Letter, 34, 344 (1938). 

18 F. A. Firestone, Rev. Sci. Instr. 1, 630 (1930). 

19 L. Harris, Phys. Rev. 45, 635 (1934). 

*” C. H. Cartweight, Rev. Sci. Instr. 1, 592 (1930). 

*1 John Strong, Rev. Sci. Instr. 3, 65 (1932). 

2 John Strong, Procedures in Experimental Physics (Prentice- 
Hall, Inc., New York, 1939). 

3 R. V. Jones, J. Sci. Instr. 11, 247 (1934). 

* V. Kovalenko, Tech. Phys. U.S.S.R. 5, 789 (1938). 

*6H. Emmons, J. Frank. Instr. 229, 29 (1940). 
( ad ~ F. Hornig and B. J. O’Keefe, Rev. Sci. Instr. 18, 474 

1947). 

27R. C. Jones, J. Opt. Soc. Am. 37, 879 (1947). 

*°R. C. Jones, J. Opt. Soc. Am. 39, 344 (1949). 

% G. Eichhorn and G. Hettner, Ann. Physik (6) 3, 120 (1948). 

*V. Z. Williams, Rev. Sci. Instr. 19, 135 (1948). 

% P. B. Fellgett, Proc. Phys. Soc. (London) 62B, 351 (1949). 

®V. K. Zworykin and E. G. Ramberg, Photoelectricity and its 
A pplication (John Wiley and Sons, Inc., New York, 1949), p. 209. 
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for constant illumination and temperature, can be 
obtained when the external resistance is about 2 of the 
internal resistance. More accurate data can be obtained 
by measuring the output which is Wo=£_-J. 

The spectral response of most photoelectric cells is 
preponderantly in the visible, with relatively little or no 
sensitivity in the short infrared region. On clear days, 
only about half of the total radiation of the sun is in the 
visible range, while the other half is in the short 
infrared, most of it in the spectral region shorter than 
2.0 microns. For this reason the commercially available 
photocells cannot be expected to respond to the entire 
solar spectrum. , 

The efficiency Eff of any radiation sensitive device is 
defined as the ratio of useful power output Wp to the 
total incident energy W; reaching the outer surface of 
the device. Eff=W)/W;,. 

According to data given by the manufacturer, the 
Weston HGS Photronic cell, when illuminated with 
sunlight (10000 foot-candles) has a maximum power 
output of 1600 microwatt, with an area of 11.6 cm*. This 
output corresponds to about 140 microwatt/cm’. Solar 
radiation on average clear days is about 0.08 to 0.1 watt 
/cm’, therefore the efficiency of this cell, as a converter 
of solar energy is about 0.17 percent. Similar measure- 
ments were published by Billig and Plessner* who found 
that the efficiency of the best commercially available cells 
was 0.183 percent for noon sunlight. Higher efficiency can 
be obtained with diffuse solar energy (cloudy sky), 
when the incident energy is correspondingly lower and 
the spectral distribution is shifted to the visible. In this 
case, Billig and Plessner found an efficiency of 0.95 
percent; for monochromatic green light the efficiency 
was 1.41 percent. 

More efficient photoelectric cells have been mentioned 
occasionally. It is possible that further improvements 
will increase their efficiency as converters of solar energy. 

Photoelectric cells of the barrier layer, or “dry disk” 
type, appear to be the simplest and lightest devices. 
They consist of a “sandwich” made of a thin metal 
plate, covered with a thin photosensitive layer, a 
semitransparent front layer (which may be reinforced 
by a grid), and a transparent cover. The cost of con- 
struction, however, is too high at the present time. 

Photovoltaic or photogalvanic cells of the ‘‘wet-type”’ 
consist of a transparent container, with two electrodes 
immersed into an electrolyte. Changes in the oxidation- 
reduction equilibria are the probable causes of this 
effect, which was reviewed by Copeland, Black, and 
Garrett.** The electrodes of such cells polarize rapidly 
when current is drawn and the measurements are con- 
cerned with the emf in open circuit, its change in 
illumination, and upon varying the electrolyte concen- 


%3 E. Billig and K. W. Plessner, Phil. Mag. 40, 568 (1949). 
*T. Langmuir, Chem. and Eng. News 24, 764 (1946). 
36 Copeland, Black, and Garrett, Chem. Rev. 31, 177 (1942). 
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tration.**** The efficiency of such a cell is very low, 
probably considerably less than 0.1 percent. 

Photoelectric and photovoltaic cells at the present 
time are not efficient or economical converters of solar 
energy, although further progress in this field may result 
from correlated investigations of semiconductors and 
photochemical effects. 


DESIGN CALCULATIONS 


Symbols 

T), hot junction temperature (°abs) ; 

¥; cold junction temperature (°abs) ; 

T. temperature of air; 

Eo open circuit emf of thermopile (volt) ; 

E, emf when external load is applied (volt) ; 

e = E,/(T;,—T-.) thermoelectric power (volt/°C) ; 

n number of thermocouples; 

I current flowing in thermopile and external load 
(amp); 

R internal resistance of thermopile (ohm) ; 

R, external load resistance (ohm); 

pp’ specific resistance of thermocouple materials, 
average for the operating temperatures 
(ohm cm); 


k’k”’ — specific heat conductivity of the thermocouple 
materials, average for the operating tempera- 
tures (watt cm™ deg™); 


s‘s’ cross-sectional areas of thermocouple materials 
(cm?) ; 
I length of thermocouple materials (cm) ; 


d'd” form factors d’=s’/L (cm); 
Wo useful power output (watt); 


W; energy absorbed by hot junction of thermocouple 
(watt); 
W incident solar energy, reaching surface (watt) ; 


Effo  Over-all efficiency Wo/W; 
Eff thermocouple efficiency Wo/W;; 
Eff. efficiency of solar energy collection W,/W ; 


T transmission coefficient of transparent surfaces ; 

Q. Heat conduction from hot to cold junctions 
(watt); 

WFL Wiedemann-Franz-Lorenz relation; 

U" over-all heat loss coefficient (consistent units). 


Thermocouple Design and Efficiency 


In a previous article® the author has summarized 
calculations and experimental data concerning the effi- 
ciency of thermoelectric generators. The results of these 
calculations are given here briefly. The thermoelectric 
efficiency (Eff) can be predicted from the measured 
values of the thermoelectric power e, the specific re- 
sistance p’p’’, and the specific heat conductivities k’k”’ of 


36 E. Rabinowitch, J. Chem. Phys. 8, 551 (1940). 

37 E. Rabinowitch, J. Chem. Phys. 8, 560 (1940). 

38 E. Rabinowitch, Revs. Modern Phys. 14, 112 (1942). 
% Maria Telkes, J. Appl. Phys. 18, 1116 (1947). 


the thermoelectric materials, and the temperature differ- 
ence T7;,—T,, between the hot and cold junctions. 

The calculations are applied to the case when the 
external resistance R, was made equal to the internal 
resistance R. 


Open circuit emf Eo=ne(T),— To). (1) 
Closed circuit emf E,=0.5£o. (2) 
Eo 
The current produced J=—. (3) 
2R 
E? 


The useful watt output Wo= E,-T = (4) 
4 


, ” 


pp 
The internal resistance R= n(—+—), (5) 


The dimensions of the thermocouple materials are de- 
termined by the requirement: 


qd’ k'p"”’ 4 

v (). ” 
The heat conducted away from the hot junction to the 
cold junction is an irreversible loss and this heat must be 
removed or dissipated from the cold junctions, to main- 
tain them at 7, temperature. Heat removed by con- 
duction: 


O.=n(T,—T,.) (k'd’+k"'d"). (7) 


The total electrical energy produced within the thermo- 
couples and the external load is 2W. Part of the thermal 
energy W; absorbed at the hot junctions is used for the 
production of 2W» electrical energy, in accordance with 
the second law of thermodynamics. 











2Wol 
Heat used for electrical energy production= " (8) 
h—~4e 
2Wolh 
The heat input will be W;=————+0.. (9) 
hte 
Wo 1 
The useful efficiency Eff = —=———_—_____ 
W; 2T, 4RQ. 
T,-T. Ee 


The first part of the denominator of this equation is the 
Carnot efficiency, while the second part can be expressed 
by using Eqs. (1), (5), and (7), and rearranging 


4RQ. Af (k’p’)t+ (k’’p’’)*}? 
E¢ e(Ti-T.) 





(10) 


This equation contains only the material constants k’, 
k”’, p’, p”’, e, and the operating temperature difference. 
Various thermocouple combinations may be evaluated 
on the basis of Eq. (10) at constant temperature differ- 
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ence, and therefore this equation is a “Factor of merit” 
of thermocouple combinations. 

The useful efficiency equation can be derived in the 
following form: 








1 
Eff= ; (11) 
2T), — ‘p’)§+ (k'p’”) 3}? 
T.—T. e(T,—T.) 


The efficiency is independent of the number of thermo- 
couples and does not include the form factors, if these 
are selected on the basis of Eq. (6). 

For many metals and alloys the relation of pk and 
T is defined by the Wiedemann-Franz-Lorenz rela- 
tion (WFL) 

kp=2.45 10-7. 


Using the average operating temperature of the thermo- 
couples for T= }3(7;,+T7-.), and inserting into Eq. (11), 
we have: 


Eff= 


1 
2T> 19.7 10-°(T,— T.) 
+ ; 
T,.-—T. e(T,—T.) 
(for WFL relation). (12) 








In this case the efficiency can be predicted for a given 
temperature range as a function of the thermoelectric 
power ¢ alone representing the optimum conditions. 

Unfortunately, most of the thermoelectric materials 
deviate from the normal WFL relation, especially if the 
thermoelectric power is in excess of 100 microvolt/°C. A 
high value of thermoelectric power is desirable because 
the efficiency is nearly proportional to e’, but it is equally 
essential that such materials should have the rather 
unusual combination of a normal WFL relation with a 
high thermoelectric power. 

The determination e and p is not difficult, but the 
measurement of the specific heat conductivity & is time 
consuming. If k is not known, and ¢ is in excess of 100 
microvolt/°C, the existence of a nearly normal WFL 
relation may be judged by assuming a low & value, as in 
solid insulators. It is not likely that an electric conductor 
could havea k<0.01. At room temperature (7’=300°K), 
the normal WFL relation will be pk=7.35 10~®, there- 
fore, if k=0.01, p=7.35 10~*. A similar estimate can be 
made for higher temperatures. In the 100 to 500°C 
temperature range, a normal WFL relation can be ex- 
pected only if the specific resistance is less than 0.002 
ohm cm. For very high e values, in excess of 500 micro- 
volt/°C, a 10- to 20-fold deviation from the WFL rela- 
tion may be permitted, but even in this case the specific 
resistance cannot be greater than 0.05 ohm cm, as an 
average in the operating temperature range. This con- 
sideration shows that if is unlikely that some semi- 
conductors of high e value could be efficient thermocouple 
materials, if their specific resistance is in excess of 0.05 
ohm cm at the operating temperatures. 


The efficiency calculations are based on the actual 
thermal energy absorbed at the hot junctions (W,). 
Using any heat source, either solar energy or a fuel- 
combustion process, unavoidable losses will occur, be- 
cause only part of the thermal energy of the heat source 
can be delivered to the hot junctions. The balance of the 
energy will be lost by conduction, convection or radia- 
tion from the walls of the combustion chamber, or 
through the solar energy ‘‘trapping”’ device. 


Collection and Absorption of Solar Energy 


Solar radiation W, reaching the outer surface of a 
converting device, will be either transmitted, reflected or 
absorbed; only a part will be available for heating the 
hot junctions. Unavoidable losses occur due to trans- 
mission, conduction and convection from the hot junc- 
tions. The process of converting the total incident solar 
energy W (received on the external surface of the 
device) into useful electric power W will be: over-all 
efficiency: Effo= W/W =Eff,-Eff, thermoelectric effi- 
ciency: Eff=W /W;, and efficiency of solar energy 
collection: Effz=W ;/W. This consideration permits the 
separation of the efficiency of the thermoelectric process 
from the efficiency of the solar energy collecting process. 


Available Solar Energy 


The amount of solar energy available at various 
Weather Bureau Stations is being recorded by the 
Weather Bureau.**—” Most of these stations measure 
the total solar and sky radiation, incident on a horizontal 
surface, using a thermoelectric Pyrheliometer. Addi- 
tional measurements are being made at selected stations 
of the direct solar radiation received at normal incidence, 
with the silver disk instrument, which excludes the 
diffuse radiation received from the sky. Even on the 
clearest day a considerable part of the solar radiation is 
diffuse sky radiation, which cannot be concentrated 
with a focusing device. The diffuse part is seldom less 
that 5 percent of the total solar radiation, even on 
summer days it can be as high as 10 to 20 percent, and 
this has to be taken into account when the use of 
focusing devices (lenses, reflectors) is contemplated.“ 
The amount of solar radiation, received each day at 
some 50 Weather Bureau Stations, is summarized every 
month.“ These data are given in calories per cm? (some- 
times called Langleys). Practical units: Btu ft~? or watt- 
hour ft~? may be calculated as follows: 


cal cm~*X 3.69= Btu ft-?, 


cal cm™~ hr X 1.08= watt ft-. 


aT, F. Hand, Monthly Weather Rev. 69, 95 (1941). 

1. F. Hand, Weather Bureau Tech. Paper No. 11 (1949). 

“1. F. Hand, Heating and Ventilating 47, 92 (January, 1950). 

“S. Fritz, Heating and Ventilating 46, 69 (January, 1949). 

87. F. Hand and F. A. Wollaston, Weather Bureau Tech. Paper 
No. 18, May, 1952. 

“ Weather Bureau, Climatological data, monthly. 
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The actual values of direct solar radiation, received 
during the best part of the day on clear days is around 
80 to 90 cal cm™ hr~'= 86 to 97 watt ft-?=295 to 331 
Btu ft-? hr“. 

The (total solar and sky radiation received on a hori- 
zontal surface in June during the best part of the day is 
more than 80 cal cm~™ hr~ for southern locations on 
clear days. 

The daily total radiation received on a horizontal sur- 
face is often more than 800 cal cm~ in Arizona, New 
Mexico, and similar locations, during June-July. 

The maximum amount of solar energy could be 
intercepted by a surface which is continuously moved to 
‘follow the sun” during the day, receiving direct radia- 
tion at normal incidence. Such orientation requires a 
clockwork, or other type of mechanism, but it is es- 
sential, if the solar radiation is to be concentrated with 
a focusing device. 


Flat-Plate Collector 


The term “flat-plate collector” has been used to 
denote a nonfocusing solar energy absorbing device, 
used frequently for heating water, or for warming air. 
The flat plate collector may be used in the horizontal 
position, or it may be tilted at a variable angle from the 
horizontal toward the equator. A fixed tilt can be used, 
with the angle of tilt favoring the summer or winter 
months. The tilt may be readjusted periodically during 
the months. Even if the flat plate collector ‘faces the 
sun” at noon, receiving the maximum possible solar 
energy, the conditions will be less favorable during the 
early morning or late afternoon. The effect of tilt during 
various months and during the hours of the day has been 
calculated repeatedly and summarized by Hottel and 
Woertz.** The optimum performance of flat plate col- 
lectors can be attained only if the collector is moved 
during the day, although the need for perfect orientation 
is not as exacting as with focusing devices. 

The flat plate collector was used for the solar thermo- 
electric generators described below. Such a collector 
consists of a blackened metal plate to absorb solar 
radiation, and this was used as a “receiver” of the 
thermocouples. If the receiver is exposed to the ambient 
air, the heat loss is considerable, and therefore trans- 
parent plates were used to diminish heat losses. Glass 
panes transmit freely most of the solar radiation and act 
as “traps” because they are opaque to the long wave re- 
radiation from the receivers. 

Unavoidable losses occur on glass plates because of re- 
flection. The reflection loss depends upon the angle of 
incidence and the refractive index, according to Fresnel’s 
equation. Some of the infrared part of solar radiation is 
absorbed by glass plates and considerable differences 
have been encountered with different types of glass. The 


45H. C. Hottel and B. B. Woertz, Trans. Am. Soc. Mech. Engrs. 
64, 91 (1942). 


TaBLE I. Solar energy transmittance r at normal incidence. 








“Water white”’ “Low reflection” 





Number of panes glass coated glass 
1 91 percent 96 percent 
2 83 92 
3 75 88 
4 68 84 








spectral transmittance of various glasses has been 
measured by Parmelee and Aubele, who also determined 
the solar heat gain.**:“?7 The solar energy transmittance 
of various glass panes is given in Table I. The low reflec- 
tion coating of glass, originally produced by Strong,‘* 
Blodgett, and Cartwright, has been the subject of 
considerable work. Monolayers and multilayers have 
been produced,*!*? and manufacturing may be eco- 
nomically feasible.” 

The heat loss through a number of air spaced glass 
panes depends upon several factors such as the tempera- 
ture level, the width of the air space, wind velocity, and 
orientation. Other factors which are difficult to evaluate 
are: dust deposit on the external surface and dust and 
moisture accumulation between the glass panes. Over-all 
heat loss coefficients, U have been evolved, based on 
theoretical calculations*® and measurements have been 
made.** Typical conditions assumed in such calculations 
are wind velocity 10 miles per hour, tilt from horizontal 
30°, distance between glass plates 0.5 to one inch, and 
collector surface emissivity 0.95 for all wavelengths. 

The results show that less heat is lost, when more air- 
spaced glass panes are used for the collector. More glass 
panes, however, decrease the transmitted amount of 
sunshine. According to previous experience, the opti- 
mum conditions can be obtained with two glass panes, 
or with four low reflection coated panes, which transmit 
about 83 percent at normal incidence (glass of good 
“water white” quality). 

The amount of incident radiation in the tropics at 
normal incidence may be W = 300 Btu ft~ hr for the 
better part of the day, and therefore this value was used 
as the basis of calculations of the collector efficiency. 
The transmitted amount (83 percent) is W-r=250 
Btu ft? hr-'. The amount of solar energy retained by 
the receivers W; depends on the temperature difference 
between the receiver 7; and the ambient air 7,, and the 
U factors 


W,=W-r—U(T,—T,). 


46G. V. Parmelee and W. W. Aubele, J. Am. Soc. Heating 
Ventilating Engrs. 20, 116 (June, 1948). 

‘7G. V. Parmelee and W. W. Aubele, J. Am. Soc. Heating 
Ventilating Engrs. 22, 1 (January, 1951). 

48 J. Strong, J. Opt. Soc. Am. 26, 73 (1936). 

“ K. B. Blodgett, Phys. Rev. 55, 391 (1939). 

® C. H. Cartwright, Bull. Am. Phys. Soc. 13, 251 (1938). 

51 P. King and L. B. Lockhart, J. Opt. Soc. Am. 36, 513 (1946). 

8 A. W. Crook, J. Opt. Soc. Am. 38, 954 (1948). 

83H. B. Moulton and E. D. Tillyer, U. S. Patent No. 2,466,119 
(1949). 
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SOLAR ENERGY COLLECTION EFFICIENCY 
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Fic. 1. Solar energy collection efficiency related to the temperature 
difference between collector plate and ambient air. 


The efficiency of solar energy collection is: 
W; W-r—U(Ti—-Ta) 
BG 0 ee arm, 

W - W 


Figure 1 shows the calculated efficiency of solar 
energy collectors, for average tropical conditions as 
specified above. Fifty percent of the incident solar 
energy may be collected at a temperature difference of 
63°C when using two glass panes, but the use of four low 
reflection panes increases the temperature difference 


to 100°C. 
EXPERIMENTAL ARRANGEMENT AND RESULTS 
Thermocouple Materials 
The thermoelectric power e, resistivity p, and specific 


heat conductivity k of various thermoelectric materials, 
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Fic. 2. Open circuit emf of thermocouples as a function of 
the temperature difference. (a) Chromel P—constantan, (b) 
91 Bi+9Sb+5Sn—91 Bi+9 Sb, (c) ZnSb(Sn, Ag, Bi)—con- 
stantan, (d) ZnSb(Sn, Ag, Bi)—91 Bi+9 Sb. 


TELKES 


were determined by maintaining the cold junctions at a 
fixed temperature (about 20°C) and increasing the 
temperature of the hot junction. The average values of 
these properties are given in Table II, including the 
efficiency of various combinations. The measuring 
methods have been summarized elsewhere.™ 

The Chromel P-constantan couple was used, because 
this is the best commercially available ductile alloy 
thermocouple. 

The bismuth-antimony couple, often mentioned in the 
literature, is less efficient than another couple composed 
of a negative alloy: 91 Bi+9 Sb (weight percent) and a 
positive alloy 91 Bi+9 Sb+5 ‘Sn (parts by weight, or 
86.7 Bi+8.6 Sb+4.7 Sn, weight percent). These alloys 
melt around 260 to 270°C. 


EFFICIENCY 
PER CENT 


THERMOCOUPLE 











T 100 200 300 400 
c 
TEMPERATURE °C 


Fic. 3. Efficiency of thermocouples. (a) Same as Fig. 2, (b) same 
as Fig. 2, (c) same as Fig. 2, (d) same as Fig. 2. 


More efficient positive alloy is an intermetallic com- 
pound ZnSb containing 35 Zn+-65 Sb (weight percent), 
alloyed with additional agents. Considerable experi- 
mental work has been carried out by the writer with 
these alloys,**:**5* which can be summarized briefly as 
follows: 

The compound ZnSb is very brittle and is not suit- 
able for the production of thermocouples, because its 
resistivity is rather high, although its thermoelectric 
power is high. Additions of small amounts of tin (less 
than 2 percent Sn) and silver (less than 0.1 percent Ag) 
decreased the resistivity considerably, while the thermo- 
electric power was decreased only slightly. These alloys 
were much less brittle and their specific heat con- 

5 Maria Telkes (to be published). 


55 Maria Telkes, U. S. Patent 2,366,881 (1945). 
56 Maria Telkes (to be published). 
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ductivity was changed only slightly, therefore their 
WEL relation was favorable. Additions of bismuth (less 
than 6 percent Bi) further improved the electrical 
properties of these alloys and decreased the brittle- 
ness. These alloys are indicated with the symbol 
ZnSb(Sn, Ag, Bi). 

The melting and casting of ZnSb alloys require special 
precautions. The melting point of ZnSb is 566°C (Sb 
melts at 630°C, Zn at 419.4°C). During melting, the 
temperature should not exceed 600°C, to prevent 
vaporization of Zn, which boils at 907°C. During 
melting, oxidation of the components must be avoided, 
because this leads to a change in the composition of the 
alloy and the formation of oxide inclusions which in- 
crease the resistivity. The best results are obtained with 
vacuum melting and casting. 

The desirable electrical properties of these alloys are 
obtained only by annealing. Annealing was essential be- 
cause the thermoelectric power and the resistivity of the 
“as cast’’ samples was variable, because of the formation 
of an unstable phase.*” The annealing was carried out in 
vacuum at a temperature of 480°C for 24 hours. Because 
of shrinkage during casting, and the relative brittleness 
of these alloys, small castings of the required dimensions 
were made in multiple steel molds. This method was 
preferable to the casting of long bars, to be cut into 
smaller pieces. Long bars invariably developed cracks 
which were not evident until the alloys were heated. The 
formation of sound castings is rather difficult, but can be 
mastered with experience. The annealed samples showed 
uniform thermoelectric properties and any differences in 
the thermoelectric power of the same casting was due to 
insufficient annealing. 

Lead sulfide is another negative thermoelectric ma- 
terial which can be used for thermocouples operating at 
higher temperatures. The preparation of PbS, con- 
taining additional agents to produce desirable electric 
properties, is described elsewhere.** 

Combinations of the above thermoelectric materials 
have been used to form the following thermocouples: 


(+) Positive alloy (—) Negative alloy 


(a) Chromel P Constantan 
(b) 91 Bi¢9Sb+5Sn 91 Bi+9Sb 
(c) ZnSb(Sn, Ag, Bi) Constantan 
(d) ZnSb(Sn, Ag, Bi) 91 Bi+9 Sb. 


The open circuit emf Eo and the efficiency Eff of 
thermocouples made of these alloys were measured and 
the results are shown in Figs. 2 and 3. The cold junctions 
of these thermocouples were maintained at T.= 20°C by 
cooling, while the temperature of the hot junction 7), 
was increased. 

The resistivity and specific heat conductivity of these 
alloys were measured under identical conditions and 
these data are summarized in Table II, as averages for 


57M. Hansen, Der Aufbau der Zweistofflegierungen (Julius 
Springer, Berlin, 1936), p. 1057. 
58 Maria Telkes (to be published). 
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TABLE II. Resistivity p (ohm cm), specific heat conductivity 
k (watt cm™ deg) and p-k of alloys. 








Temperature range Ts —Te°C 





Alloy 100-20 200-20 420-20 
Chrome! P p 71.5 10°* 73.810°* 76.9 10-¢ 
k 0.169 0.179 0.206 
p-k 12.1 10° 13.2 10° 16.6 10-° 
constantan p 49 10° 49 10°& 49 10-6 
k 0.240 0.262 0.312 
p-k 11.8 10°* 12810 15.3 10-¢ 
91 Bi+9 Sb p 200 10-§ 220 10-¢ 
k 0.041 0.044 
pk 8.2 10-6 9.7 10- 
91 Bi+9Sb+5Sn op 235 10° 240 10° 
k 0.047 0.054 
p-k 11.0 10-* 12.9 10° 
ZnSb(Sn, Ag, Bi) pp 0.0019 0.0022 0.0024 
0.0027 0.0031 0.0036 
k 0.0205 0.0180 0.0165 
0.0165 0.0152 0.0142 
pk 34-39 10°* 40-47 10-* 40-51 10-* 
‘normal’? WFL p-k 8.2 10-6 9410-* 12.1 10-° 








the indicated temperature range T;,— T,. Comparison of 
the data shown in Figs. 2 and 3 and Tables IT and III, 
shows that the combination (d), with the positive 
ZnSb(Sn, Ag, Bi) and negative 91 Bi+9 Sb alloys pro- 
duced the highest efficiency, but that the use of this 
couple is limited to temperatures below 260°C, due to 
the melting of the negative alloy. This couple is approxi- 
mately ten times more efficient than the (a) couple 
(Chromel P-constantan), and about one-third more 
efficient than the (c) couple, combining the same posi- 


TasLe III. Thermoelectric power e in microvolt/°C, open 
circuit emf Eo in millivolt and efficiency, Eff of thermocouple 
combinations at various temperature differences. 











Temperature range 
am Te°C 
100-20 200-20 420-20 
Positive Negative Thermoelectric power ¢ 
(-) microvolt/°C 
(a) Chromel P constantan 63.2 67.1 72.7 
(b) 91 Bi+9Sb+5Sn 91 Bi+9 Sb 132 130 tee 


(c) ZnSb(Sn, Ag, Bi) 
(d) ZnSb(Sn, Ag, Bi) 


constantan 210 225 240 
250 270 290 

91 Bi+9 Sb 240 255 see 
280 305 


Open circuit emf 
Eo millivolt 
29.1 


(a) 5.06 12.1 
(b) 10.6 23.4 ee 
(c) 16.8 40.5 96 
20.0 48.6 116 
(d) 19.2 48.9 tee 
22.4 55.0 
Thermocouple efficiency 
Eff percent 
(a) calc 0.16 0.37 0.83 
obs 0.15 0.35 0.76 
(b) calc 0.80 1.56 <-+- 
obs 0.72 1.18 
(c) calc (max) 1.25 2.75 5.7 
obs 1.20 2.65 5.6 
(d) calc (max) 1.55 3.65 + 
obs 1.5 3.4 
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tive alloy with constantan. For higher temperatures, the 
(a) or (c) couples can be used. The (b) couple was not 
satisfactory and therefore it was not used for the con- 
struction of solar thermocouples. 


Solar Thermocouple Design and Construction 


The separate consideration of the efficiency of the flat- 
plate collectors of solar energy (Eff, Fig. 1), and the 
thermoelectric efficiency (Eff, Fig. 3, Table IV), permits 
the calculation of the probable over-all efficiency, 
Effo= Eff-Eff,, shown in Fig. 4 for flat-plate type 
collectors, with 2 glass panes and 4 low reflection coated 
panes. The data shown relate to the conditions for 
couple (d); the over-all efficiency maxima for the 
couples (a) and (c) occur at the same temperatures, 
although the efficiency figures are correspondingly lower. 

The peak efficiency of couple (d) can be obtained with 
two glass pane collectors at a temperature difference of 
60 to 80°C between hot and cold junctions and its 
calculated value is 0.65 percent. The use of 4 low reflec- 
tion coated panes increases the efficiency to 1.05 percent 
and the peak occurs at a temperature difference of 100 
to 130°C. 

The evolution of the construction of solar thermo- 
couples is shown in Fig. 5, starting with the well-known 
welded wires, (a) used for temperature measurement, or 
welded bars, (b). Extended receivers shown in (c) and 
(d) have been used in miniature radiation thermopiles. 
The cooling of the cold junctions can be accomplished 
with cooling fins or cooling tubes, which at the same 
time form connectors for linking the thermocouples. 
Series connection was used (parallel connection is not 
economical), because it is more advantageous to make 
fewer and larger thermocouples. 

The calculation of the required dimensions of the 
thermocouples has been carried out the following way. 
Using Fig. 4 (for 2 glass panes) the peak efficiency condi- 
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Fic. 4. Efficiency of thermoelectric generators, with solar energy 
on clear days. 


TABLE IV. 25 junction solar thermoelectric generator. 
Flat-plate type, 2 glass panes. 











Positive alloy: ZnSb(Sn, Ag, Bi) L 2.5 cm 
s’ 1.26 cm? 
Negative alloy: 91 Bi+9 Sb 2.5 cm 
s” 0.32 cm? 
Resistance 25 couples at 20°C 0.126 ohm 
when operating 0.137 ohm 
Area of 25 receivers 340 cm? 
Incident solar energy W 28 watt 
Open circuit emf Eo 0.30 volt 
one couple 12.0 millivolt 
Load emf Et 0.15 volt 
External resistance R.=R 0.137 ohm 
Current output ae 1.1 amp 
Electric energy output Wo 0.165 watt 
Over-all efficiency Wo/W 0.59 percent 
Temperature of cold junctions 35°C 
Temperature of hot junctions 81°C 
Temperature difference 46°C 
Cooling fins for 25 couples 500 cm? 
Weight: positive alloys 540 gram 
negative alloys 180 gram 
copper receivers 110 gram 
cooling fins 160 gram 
total 990 gram 








tion is selected, being 0.65 percent for the positive alloy 
ZnSb(Sn, Ag, Bi) of cross section s’, length L, form 
factor d’ and p’k’ in combination with the negative alloy 
91 Bi+9 Sb with corresponding s’’, L, d’’, p’’, k”’. The 
corresponding temperature difference is 70°C. Using the 
tropical clear day’s average solar energy: 300 Btu ft~ 
hour~!=87 watt/ft?=800 watt/m?, the calculated elec- 
tric power output (with 0.65 percent efficiency) should 
be Wo=0.57 watt/ft? or 5.2 watt/m*. 

The production of one watt useful power output W,, 
according to this calculation, requires therefore a total 
receiver area of 1920 cm*. The useful watt output 
according to Eq. (4) can be obtained either at a definite 
load voltage E, or current J. The combination of Eqs. 
(1) and (2) gives the number of couples needed: 


2E, 
af.~T) 


n= 
The area of each receiver can be calculated next. The 
internal resistance R, is determined by using Eqs. (4) 
and (5), and the dimensions of the positive and negative 
alloys castings are given by Eq. (6). The total heat 
input to the hot junctions can be obtained from 
Eqs. (7) and (9). 

The alloys were cast in multiple steel molds in the 
form of round or rectangular bars. The cross-sectional 
area of the ZnSb alloy is about 5 times greater than that 
of the Bi+Sb alloy, according to Eq. (6). The end 
surfaces were sanded to a smooth finish. 

The receivers were made of 0.05 cm thick copper 
sheet, cut to the required size. The“alloy bars were 
soldered to the receiver, as shown in Fig. 5 (c) and (d). 
An electric heating device was built for this purpose, 
with a spacing and holding template for the alloy bars. 
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The soldering of the ZnSb(Sn, Ag, Bi) alloy was ac- 
complished by coating the cross-sectional areas with a 
“tinning compound,” because the usual fluxes cannot be 
used with this material. Pure tin was used as a solder 
and it is essential that the soldered junction should be as 
perfect as possible to avoid contact resistance. Too 
much solder must be avoided, because it may “shunt” 
the alloy if it extends beyond the contact surface. The 
negative alloy containing 91 Bi+9 Sb required a special 
soldering method. Solders containing Sn, Pb, Cd, or Zn 
must be avoided, because these form a low melting alloy 
with bismuth. When such junctions are heated, the 
solder softens and the junction is detached. This diffi- 
culty was eliminated by precoating the copper receiver 
with Bi on the place where the negative alloy was to be 
joined. The receiver was then heated to above the 
melting point of Bi (271°C), and the negative alloy was 
pressed against the precoated spot to which it adhered 
firmly. The positive alloy was soldered to the receiver 
next, at a lower temperature (melting point of Sn 232°C). 
Couples made this way can be heated safely to 150°C 
without any impairment of the junctions. 

Mechanically stronger fastening methods have also 
been used. Sufficiently large casting (>0.2-cm? cross 
section) of the negative alloy can be drilled and threaded 
without breakage, and short copper bolts were used to 
fasten the alloy to the receiver. A similar fastening 
method was used for the larger positive alloy bars. It has 
been mentioned before that these alloys are rather 
brittle and for this reason they should not be subjected 
to mechanical strain. 

After the thermocouple materials were attached to 
the receivers, they were assembled in a wood frame, 


VARIOUS THERMOCOUPLES 









HEATED COOLED 
o. WIRES 
b. BARS 
RECEIVER 
¢. CASTINGS WITH COOLING FIN 
RECEIVER ae 
AND COOLING > 
FINS ‘ 


RECEIVER 
6. ABOVE, 
WATER COOLED ~ 


Fic. 5. Structure of various thermocouples. 








Fic. 6. Solar radiation thermopile with 25 junctions (front and 
back view). 


covered by a holding and spacing template, made of 
rigid insulating material. Bakelite sheet, about 0.2 cm 
thick, was suitable for frames of about one sq ft area. 
More rigid materials were needed for larger frames. The 
holding and spacing template was provided with suitable 
holes for the thermocouples. Thermal insulation was 
necessary to prevent heat losses from the back side of 
the template and from the thermocouple materials. 
Rockwool of ‘‘Fiberglas” bat-type insulation was used 
for this purpose, with a low specific heat conductivity of 
0.0005 watt cm deg, conducting about 50 times less 
heat than the ZnSb alloy. This material was soft enough 
and holes for the thermocouples have been cut into it 
with a cork cutter; yet it was sufficiently compact to 
hold the thermocouples in place. The thermocouples 
were arranged like a checkerboard as shown in Fig. 6. 
On the back side, the couples were connected with 
cooling fins, made of sheet copper. The cooling fins were 
sufficiently large to dissipate heat, conducted by the 
thermocouples from the hot junction to the cold junc- 
tions, without undue increase in the temperature of the 
cold junctions. The required thickness, area, and 
spacing of cooling fins can be calculated by standard 
methods.*® 

Water-cooled tubes were used as shown in Fig. 5 (d). 
Using a sufficiently rapid stream of water, the cold 
junction temperature can be kept fairly low, that is, 
below ambient temperature, giving “perfect”’ cooling. If 
warm water is needed as “byproduct” of the solar 


59 W. H. McAdams, Heat Transmission (McGraw-Hill Book 
Company, Inc., New York, 1942), second editior., p. 231. 
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thermoelectric generator, it may be possible to recover 
considerable part of the solar energy input at a moderate 
temperature. 

It was essential that the individual receivers should be 
electrically insulated from each other, to avoid shunting 
or short circuiting between adjacent couples. Small 
insulating pegs, attached to the template, were used for 
this purpose. The receivers were painted black to absorb 
solar radiation. Carbon black, ball milled with a small 
amount of binder was suitable for this purpose, pro- 
ducing jet-black finish. 

The glass panes (“‘water-white” single strength) were 
framed, leaving 2-cm air spaces between the receivers 
and the glass surfaces. The thermoelectric generators 
were mounted on legs to permit the circulation of air 
through the cooling fins. The top photograph of Fig. 6 
shows the front surface, exposed to the sun. Adjustable 
legs were used to tilt the device at the most favorable 
angle to receive solar radiation at normal incidence. The 
lower photograph of Fig. 6 shows the rear view, with the 
protruding cooling fins. Two sheet copper terminals were 
attached to the wood frame, and the current and voltage 
leads were attached to these, One of the thermocouples 
is shown in Fig. 7, with two attached cooling fins, but 
without insulation. 


Flat-Plate Solar Thermoelectric Generators 


The incident solar radiation was measured with a 
standard Weather Bureau-type Pyrheliometer. The 
open circuit and load voltage was measured with a 
millivoltmeter or potentiometer. The external load re- 
sistance included the resistance of a switch, the current 
lead-wires, the ammeter and a load resistor. The current 
output was measured with an ammeter of known 
internal resistance. 

The external resistance could be varied and the 
corresponding current / and load voltage E, were 
measured. The maximum watt output Wo=£E,-J was 
obtained, when the external resistance R, was made 
equal to the internal resistance R, although slight 
variations in R,/R did not influence the watt output 
appreciably. 

The experimental results are summarized in Tables 
IV-VI, giving the significant data obtained with flat- 
plate type devices covered with 2 glass panes. Additional 





Fic. 7. One thermocouple, with receiver, alloy bars, and two 
cooling fins which serve as connections. 


data were obtained with other solar thermoelectric 
generators. The efficiency results are plotted in Fig. 4, 
showing very good agreement with the calculated 
values. The highest efficiency obtained with these flat- 
plate type devices was 0.63 percent, while the calculated 
maximum was 0.65 percent. 

The dimensions of the thermocouples did not influ- 
ence the efficiency. Changing the form factor d’=s’/L 
for the positive alloy from 0.5 to 0.42, and that of the 
negative alloy from 0.13 to 0.10 (Tables IV and V), 
increased the open circuit and load emf, but the current 
decreased because the internal resistance of the couples 
increased, in accordance with the dimensional changes. 

Water cooling was used, replacing the air-cooled fins 
with cooling tubes. These tubes served as series con- 
nectors and they were connected with short lengths of 
plastic tubing for the circulation of water. Water cooling 
decreased the cold junction temperature, resulting in a 


TABLE V. 25 Junction solar thermoelectric generator. 
Flat-plate type, 2 glass panes. 








Positive alloy : ZnSb(Sn, Ag, Bi)  § 3.8 cm 
4 1.60 cm? 
Negative alloy: 94 Bi+6 Sb L 3.8 cm 
with fasteners to attach hot "a 0.38 cm? 
junctions to receiver 
Resistance of 25 couples R; at 20°C 0.195 ohm 
when operating 0.215 ohm 
Area of 25 receivers 360 cm? 
Incident solar energy W 29.5 watt 
Open circuit emf Eo 0.388 volt 
Load emf Ex 0.194 volt 
External resistance R.=R 0.215 ohm 
Current output I 0.9 amp 
Electric energy output Wo 0.175 watt 
Over-all efficiency Wo/W Eff 0.59 percent 
emf of one couple 15.5 millivolt 
Temperature difference T,—T-. 54°C 


Cooling fin area of 25 couples 500 cm? 








corresponding decrease of the hot junction temperature, 
but the emf, current, and watt output were practically 
unchanged. 

Table VI contains the results obtained with a 25- 
junction device, using Chromel P-constantan couples. 
The emf produced by such couples was considerably 
lower for identical temperature differences (3.44 milli- 
volts per couple as compared to 15.5 millivolts in 
Table V). The efficiency obtained with Chromel P- 
constantan was only 0.068 percent, in good agreement 
with the calculated value for this temperature range. 
This was about ten times lower than the efficiency 
obtainable with ZnSb(Sn, Ag, Bi), and 91 Bi+9 Sb 
thermocouples. 

Although the efficiency of the thermoelectric gener- 
ators, described in Tables IV and V, cannot be increased 
by changing the dimensional form factors, the voltage- 
current relationship can be appreciably changed. The 
use of larger receivers, larger form factors and cooling 
fins resulted in increased current output in accordance 
with the design equations. 
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The weights of the alloys, receivers and cooling fins is 
shown in Table IV. One-watt power output in this 
design required a total of 6-kg thermocouple materials, 
receivers and fins. It was possible, however, to decrease 
appreciably the weight of the materials. The form 
factors d=s/L remained unchanged when the relative 
dimensions of the cross section s and length L were 
altered simultaneously. The limiting factor was the 
mechanical strength of the alloys. The positive alloy 
bars break relatively easily, if their cross section is 
smaller than 0.8 cm? (cylindrical bars of 1.0 cm diame- 
ter), and for the same reason, the cross section of the 
negative alloy bars cannot be smaller than 0.20 cm? 
(cylindrical bars of 0.5 cm diameter). The same watt 
output was obtained by using fewer thermocouples, 
producing higher currents at lower load voltages, leading 
to considerable weight reduction. It is probably that a 
power output of one watt can be obtained by using not more 
than one kg material, including alloys, receivers and fins. 

Further improvement in efficiency can be obtained by 
using the flat-plate collector arrangement with four low 
reflection coated panes, as this is calculated in Fig. 4. 
The calculated peak efficiency with such an arrangement 
occurs at a temperature difference of 100°C giving 1.6 
times more power for equal areas as compared with two 
glass pane devices. Further experimental results may be 
carried out with such designs. 


Solar Energy Concentration 


The flat-plate type solar generators are limited to 
moderate temperature ranges, therefore they cannot 
utilize the increasing efficiency of thermocouples at 
higher temperatures. Solar energy concentrating means, 
using reflectors or lenses, can be used to obtain higher 
temperatures. Their use involves the following factors: 


(a) Only the direct part of the incident solar energy can 
be concentrated with focusing devices ; the diffuse or sky- 
radiation cannot be brought to a focus. Even on clear 
days only 85 to 90 percent of the total solar energy is 
direct radiation, resulting in a 10 to 15 percent loss during 
focusing. 

(b) The reflectivity of the best back-silvered glass 
reflectors is about 90 percent, while polished aluminum 
reflectors, suitably coated to make them weather re- 
sistant, reflect only 85 percent direct solar radiation, 
possibly less. None of the other reflector materials shows 
greater reflectivity. 

(c) Glass lenses at best are able to concentrate about 
85 percent of the direct solar radiation. The balance is 
lost by reflection and absorption. 

(d) Accurate focusing is essential and this can be ob- 
tained only by continuous adjustment of the orientation 
of the reflector or lens, requiring a focusing mechanism. 

(e) Heat loss due to re-radiation, convection, and con- 
duction, occurs when solar radiation, concentrated to 
the focus image, is absorbed by the focus target. To 
minimize convection losses it is necessary to use a heat 


TABLE VI. 25 junction solar thermoelectric generator. 
Flat-plate type, 2 glass panes. 








Positive alloy : Chromel P L 2.7 cm 
gf 0.103 cm? 
Negative alloy: constantan L 2.7 cm 
s” 0.103 cm? 
Resistance of 25 couples at 20°C R,; 0.083 ohm 
during operation 0.088 ohm 
Area of 25 receivers 360 cm? 
Incident solar energy W 31 watt 
Open circuit emf Eo 0.086 volt 
Load emf Ext 0.043 volt 
External resistance R.=R 0.088 ohm 
Current output I 0.49 am 
Electric energy output Wo 0.021 watt 
Over-all efficiency Wo/W Eff 0.068 percent 
emf of one couple 3.44 millivolt 
Temperature difference T,—T. 54.5°C 
Cooling fin area of 25 couples 500 cm? 








resisting transparent surface (Pyrex), covering the 
target, which causes a reflection-transmission loss of 10 
percent, per surface. 

Summarizing the losses listed in (a), (b), and (c), at 
best only 75 to 80 percent of the total incident radiation 
could be concentrated to a focus-target, and actually 
only 67-72 percent, because it was essential to use a 
transparent cover, to diminish excessive losses from the 
target. 

It is possible to use two target constructions, the first 
being a flat-plate receiver, with the thermocouples 
attached to it, while the second arrangement uses a 
blackbody type trap, with a narrow opening at the 
focus, to diminish re-radiation losses from the target. In 
the second design, the hot junctions of the thermo- 
couples are in contact with the walls of the blackbody 
trap. 

The flat-plate receiver target was used in combination 
with a condenser lens of 8.6 cm diameter, (58-cm? 
surface area). The thermocouples were arranged in a 
holder, placed at the focus. The ratio of the area of the 
focus image to the total amount of solar energy inter- 
cepted by the lens, represents the concentration ratio, 
which was varied by using thermocouple receivers of 
various surface areas. 

Single thermocouples were used in these tests, con- 
sisting of ZnSb(Sn, Ag, Bi), and 91 Bi+9 Sb alloys. The 
optimum form factors were selected according to the 
design equations, and suitably large cooling fins were 
used to dissipate heat from the cold junctions. Due to 
the melting point of the Bi-alloy the hot junction 
temperature was limited to a maximum of 260°C. The 
experimental data, obtained with several thermocouples 
are summarized in Table VII. The highest concentration 
obtainable was limited by the target area, which could 
not be made smaller than the cross-sectional areas of the 
thermocouples. Couple 3 of Table VII was made of 
small castings of 0.84-cm diameter (positive alloy), and 
0.40-cm diameter (negative alloy). The weight of the 
two alloys was only 8 gram, therefore, one watt could be 
produced by using about 50 gram alloys. The thermo- 
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TaBLe VII. Single junction thermocouples with solar 
energy concentration. 











Target Wo . 
area Concentration Eo watt Ta—Te Eff 
No. cm? ratio milliv output i percent 
1 1.93 30-fold 35 0.079 155 1.71 
2 1.45 40-fold 42 0.111 184 2.38 
3 1.16 50-fold 56 0.156 247 3.35 








couples in these tests were mounted with heat insulating 
cement in a glass ring, from which the hot junctions 
protruded slightly. The receiver was made of silver foil, 
because copper oxidizes too rapidly. The receiver was 
painted black with graphite. 

The cooling fins were made of copper, soldered to the 
cold junction ends and fastened to the thermocouple 
holder to avoid breakage. 

The highest efficiency (couple No. 3 of Table VII) was 
3.35 percent with 50-fold solar energy concentration, 
Multiple thermocouples of this type may be arranged in 
the focal target of a cylindrical parabolic reflector or a 
Fresnel-lens, although the cooling of the cold junctions 
requires relatively large fin areas. Water cooling may be 
advantageous and about half of the incident solar energy 
may be recovered in a water heater at a temperature of 
60 to 70°C. The combination of a solar thermoelectric 
generator and water heater may be advantageous in the 
tropics. 

It is realized that considerable development work has 
to be accomplished to construct satisfactory solar energy 
concentrating devices, capable of producing 50-fold 
energy concentration. It is necessary to solve the prob- 
lem of accurate orientation, which may be difficult 
during high winds, especially with larger reflectors. 


DISCUSSION AND CONCLUSION 


Practical applications of producing electrical energy 
from solar energy require high efficiency, that is the 
amount of useful electrical energy output, obtained 
from comparable areas, should be as high as possible. 
Such devices must be durable and stable, even under 
adverse weather conditions, including high winds and 
storms: 

The construction cost of such devices must be reason- 
ably Jow and comparable to the initial cost of fuel- 
operated electric generators. 

The efficiency of the first experimental solar thermo- 
electric generator, built by Coblentz, was only 0.008 
percent, using copper-constantan couples, in a flat-plate 
solar energy collector. 

The experiments described in this paper with 2 glass 
pane, flat-plate collectors, increased the efficiency to 
0.068 percent with Chromel P-constantan couples, and 
to 0.63 percent using couples made of the intermetallic 
compound: ZnSb (with small amounts of additional 
metals including Sn, Ag, Bi), in combination with a 
negative alloy of 91 Bi+9 Sb. The efficiency of the 2 
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glass pane devices is limited by the relatively moderate 
temperature difference (max 70°C) obtainable. 

Flat-plate devices, using 4 panes of low reflection 
characteristics, may reach higher temperature ranges 
(100-130°C) and it is expected that an over-all efficiency 
of 1.05 percent may be obtained. 

Solar energy concentration with glass lenses increased 
the efficiency to 3.35 percent, using thermocouples made 
of the ZnSb(Sn, Ag, Bi) alloys and the negative 
91 Bi+9 Sb alloys. It is probable that silvered glass or 
coated aluminum reflectors can be used with comparable 
efficiency, although development of accurately moved 
reflectors is needed before this application can be 
considered. 

The solar energy conversion efficiency of the Se-type 
barrier layer photocell is about 0.18 percent. It may be 
possible that higher efficiencies can be reached with 
further development in semiconductors and _ photo- 
electric materials. The efficiency of photovoltaic cells, 
containing electrolytes, is probably considerably lower 
than 0.1 percent, although further improvements may 
be realized. In contrast to thermocouples, photocells are 
not limited by the theoretical considerations of heat 
engines; therefore improvements in the efficiency of 
photocells may appear more promising. Semiconductor 
development, however, may produce improved thermo- 
electric materials of higher efficiency, characterized by 
thermoelectric power in excess of 500 microvolt/°C, low 
specific heat conductivity k, low resistivity p, and a 
relatively moderate deviation of p-k from its normal 
value, limited by the Wiedemann-Franz-Lorenz relation. 

The efficiency of thermocouples and the photocell are 
compared with the efficiency of fuel burning electric 
generators in Table VIII. The energy system efficiency, 
evaluated by Ayres® was used for the latter group, 
taking into consideration the energy required for the 
production and transportation of fuels and the un- 
avoidable loss in efficiency due to distribution. 

According to Table VIII the best flat-plate type 
thermoelectric generators, using 2 glass panes, were 3.4 
times more efficient than photocells as converters of 
solar energy into electrical energy. With four low reflec- 
tion panes, this ratio may be increased to 5.7. If the 
problems of solar energy concentration could be satis- 
factorily solved, the 3.35 percent efficiency of thermo- 
electric generators of this type may be nearly com- 
parable to the efficiency of reciprocating steam engines, 
(4.0 percent), or small gasoline operated generators, 
(4.6 percent). 

The practical use of solar thermoelectric generators is 
probably limited to the tropics, where solar energy may 
be available during 300 days per year and where the 
daily average solar energy may be as high as 3000 
Btu/sq ft=0.88 kw-hour/sq ft, received on a favorably 
tilted surface. The yearly amount of solar energy 


® E. Ayres and C. A. Scarlott, Energy Sources (McGraw-Hill 
Book Company, Inc., New York, 1952), p. 137. 
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reaching one sq ft favorably oriented surface, therefore, 
may be as high as 900 000 Btu/sq ft or 260 kw-hour. 

It would be premature to estimate the construction 
cost of solar thermoelectric generators. It is possible, 
however, to estimate the amount of electric power that 
may be produced. Using the efficiency obtained with 
flat-plate devices, the yearly power output is 1.66 kw- 
hour per sq ft; this may be increased to 2.8 kw-hour per 
sq ft, using “low reflection” panes and to 8.8 kw-hour 
per sq ft, using concentrating means. 

The maximum permissible construction cost of solar 
thermoelectric generators may be evaluated by com- 
parison with the present installation costs of fuel 
operated electric generators. For large installations this 
cost is around $150 to $200 per kw capacity, while the 
cost of small generators, used on farms, or for auxiliary 
service, is considerably higher, probably around $500 
per kw capacity. Most of the small farm-type generators 
require a storage battery, which would also be necessary 
for the operation of solar thermoelectric generators, to 
extend their service from the daytime to the evening 
hours and to provide for operation during cloudiness. 

Some allowance has to be made for the value of the 
electrical power and the savings in fuel that could be 
realized through the use of solar thermoelectric gener- 
ators. In addition, the transportation of fuel may be 
difficult in the tropics, while solar energy would be 
available everywhere. The cost of electric power is 


TABLE VIII. Efficiency of solar thermoelectric generators, com- 
pared to the efficiency of photocells and fuel operated electric 
generators. 











Over-all 
efficiency 
Solar energy conversion devices: percent 
Photoelectric cell, Se-barrier layer* 0.183 
Flat-plate solar thermoelectric generators: 
Copper—constantan> 0.008 
Chromel—constantan 0.068 
ZnSb(Sn, Ag, Bi)—91 Bi+9 Sb 0.63 
“Low reflection” panes, best alloys (calculated) 1.05 
Solar energy concentration 
best thermoelectric materials 3.35 


Energy system efficiency of fuel operated electric 
generators® 
Reciprocating steam engine—coal 4.0 
Modern utilities—coal 20.5 
As above, including distribution 16.3 
Gasoline operated, one kw generator® 4 5.8 








® See reference 33. 
> See reference 12. 
© See reference 60. 
4C, A. Logan, Kansas State Coll. Bull. No. 30 (1932). 





generally very much higher in the tropics, than in large 
industrial cities. The actual cost of electric power 
production, by small gasoline operated electric gener- 
ators, is around 22 cents per kw-hour (see reference 6). 
Using this figure as a yardstick, the yearly value 
of electric power production of flat-plate type solar 
thermoelectric generators would be $0.37 per sq ft, that 
of “‘low reflection” type devices, $0.62 per sq ft, and that 
of energy concentrating devices, $1.94. It is probable 
that several years fuel savings may be capitalized and 
added to the maximum allowable construction costs of 
thermoelectric generators. Flat-plate type devices should 
be very durable, thermal deterioration could not occur 
and barring accidents such generators may last for many 
years. Energy concentrating reflectors may be less 
durable. It may be permissible to use a five-year value of 
the fuel savings, which is $1.85 per sq ft for flat-plate 
solar thermoelectric generators, $3.10 per sq ft for “low 
reflection’’ devices, and $9.70 per sq ft for concentrating 
devices. 

One kw electric generating capacity would require the 
construction of 1800 sq ft flat-plate type solar thermo- 
electric generator, 1090 sq ft of the low reflection device, 
and 340 sq ft of the concentrating type. Such devices 
may operate during 10 hours daily in the tropics. Small, 
farm-type electric generators are seldom operated 
during 10 hours per day, that is their “load factor” is 
less than 42 percent. Therefore, on the cost basis of $500 
per kw capacity (the cost of small, fuel operated 
generators), the corresponding initial cost of the 3 types 
of solar thermoelectric generators would be $0.28, $0.46, 
and $1.47 per sq ft which is probably too low. If, how- 
ever, the five year value of fuel saving be added, the 
possible allowable costs increase to $2.13 per sq ft for 
flat-plate type solar thermoelectric generator, $3.56 for 
the low reflection type, and $11.17 for the concentrating 
type. It may be possible that the construction costs 
could be limited to such values for the low reflection 
type device and for the concentrating device. 

The conclusion may be reached that solar thermo- 
electric generators may be used for the generation of 
electric power in the tropics, and that future improve- 
ments in their efficiency and needed development of 
production techniques will ultimately determine their 
practicability. 

The author is indebted for advice and criticism of this 
work, to Dr. J. T. Norton of the Department of 
Metallurgy, Massachusetts Institute of Technology, 
where this work has been carried out, with the help of 
the Godfrey L. Cabot Solar Energy Conversion Fund. 
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Hardness measurements were made along radii of circular cross sections of an annealed thick-walled low- 
carbon steel cylinder internally loaded with an explosive charge. The degree of work-hardening in the cyl- 
inder wall was found to decrease nonuniformly with an increase in distance from the surface in contact with 
the explosive. Each hardness versus distance curve exhibited a series of plateaus along which the hardness 
remained constant. The plateaus appear to be related to Neumann bands which are present in the steel. 
The maximum number of twin directions in a single grain increases with the magnitude of the stress. The 
presence of the hardness plateaus and the increase in the number of twin directions with hardness and stress 
level point to the existence of critical stresses for twinning. 


INTRODUCTION 


HEN a metal such as low-carbon steel is im- 
pulsively loaded with an explosive charge, a 
high-intensity transient compressional stress wave is 
generated in the body. The initial stress is extremely 
high, being of the order of 300 000 atmos.' The duration 
of the stress is quite short, however, lasting only a few 
microseconds. At least part of the energy of the stress 
wave appears in the form of cold working of the metal. 
The wave attenuates as it passes through the body and 
the degree of cold working decreases with distance from 
the explosive charge. 

Earlier work by one of the authors? indicated the 
presence of a plateau in work-hardening curves con- 
structed from hardness measurements made on cross 
sections of mild steel plates which had been subjected 
to contact explosive charges. Later work conducted on 
low-carbon steel cylinders internally loaded with ex- 
plosive charges* showed the presence of a series of 
plateaus in hardness curves taken over cross sections 
of fragments of the cylinders. The presence of the hard- 
ness plateaus in the cylinder walls was not reported at 
the time. The present paper describes the series of 






EXPLOSIVE 


STEEL 
CYLINDER ‘a 











Fic. 1. Firing arrangement for a thick-walled cylinder 
internally loaded with explosive. 


* Partially supported by the U. S. Office of Naval Research. 

1 Pack, Evans, and James, Proc. Phys. Soc. (London) 60, 1 
(1948). 

2J. S. Rinehart, J. Appl. Phys. 22, 1086 (1951). 

3 J. Pearson and J. S. Rinehart, J. Appl. Phys. 23, 434 (1952). 


plateaus and attempts to relate them to the formation 
of shock twins. 


BEHAVIOR OF AN EXPLOSIVELY LOADED CYLINDER 


When a detonating explosive in a_ thick-walled 
cylinder is fired at one end, as shown in Fig. 1, the 
detonation wave moves down the cylinder and the 
explosive turns into gaseous products which exert 
extremely high pressures on the inside of the cylinder. 
If the cylinder wall is thin, the cylinder will expand 
radially under the high pressure and tend to fracture 
into long thin fragments. As the wall thickness is in- 
creased, the extent of fracturing decreases and the 
number of fragments is reduced. For a cylinder with 
a sufficiently thick wall, some plastic expansion and 
internal fracturing occur but fragmentation does not. 

The explosion initiates a sharp-fronted high-intensity 
stress wave within the wall of the cylinder. The loading 
produced by detonating the explosive from one end is 
asymmetrical and the induced stress wave moves both 
outward and downward through the cylinder. A 
circular cross section of the cylinder would show the 
vector component of the stress wave in that plane as a 
circularly expanding wave with the intensities of the 
radial and tangential stresses at the front of the wave 
rapidly decreasing as the wave progresses radially 
outward in the plane of the cross section. 


HARDNESS MEASUREMENTS 


Hardness measurements were made on a cylinder of 
annealed low-carbon steel (9 in. 0.d.X1 in. i.d.X6 in. 
long) which was internally loaded with an explosive 
charge in the manner previously described. Several 
sections of the cylinder were examined, two in con- 
siderable detail. The cylinder did not fragment because 
of the large wall thickness and the outer portions of 
the cylinder wall were relatively unaffected by the 
loading. A cross section of the cylinder, therefore, gave 
a comprehensive picture of the material from its initial 
condition near the outer surface to the extreme work- 
hardened state near the inner surface. 


‘J. S. Rinehart and J. Pearson, J. Appl. Phys. 23, 685 (1952). 
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Hardness measurements taken along a radius of a 
circular cross section of the cylinder show two essential 
features: first, the abrupt drop in hardness observed 
previously? near the surface in contact with the ex- 
plosive, and second, a series of plateaus of constant 
hardness in the wall of the cylinder. While the magni- 
tudes of curves plotted along different radii of the same 
section varied somewhat, the general features of each 
of the several curves were the same. 

A typical hardness curve is shown in Fig. 2. It was 
plotted from measurements taken across a section of 
the cylinder wall. Zero distance corresponds to the 
inner surface of the cylinder. The section was located 
13 in. from the detonator end. Five plateaus are evident 
in the curve. The last plateau is at about the initial 
hardness of the material. The last plateau is to be 
expected since the cylinder did not fragment and, 
because of the thickness of the wall, little work-harden- 
ing occurred near the outer surface. The initial hardness 
of the cylinder was about 79 Rockwell B. Numerous 
other curves were plotted for the cylinder along dif- 
ferent radii at the same and at greater distances from 
the detonator end. Internal fracturing introduced 
discrepancies in the measurements at distances of about 
24 in. from the detonator end and beyond. In most of 
the curves five plateaus were evident, although their 
magnitudes and locations varied slightly. In a few cases, 
the third and fourth plateaus were not clearly defined. 


MICROSTRUCTURE CHANGES 


The specific microstructure associated with the hard- 
ness curve of Fig. 2 was typical of the cylinder in general. 
In the region A-B close to the inner surface, severe 
grain flow was superimposed on shock twinning and 
accounted for the high hardness condition of the ma- 
terial near the explosive. Visible grain flow ceased at 
about 2 in. from the inner surface, that is, at a point 
somewhat to the right of B. Neumann bands or shock 
twins were present in the remainder of the cylinder 
wall wherever work-hardening had occurred. The 
abundance of twins decreased with distance from the 
inner surface. 

The maximum number of twin directions found in 
the etch plane of a single ferrite grain was four. The 
microstructure close to the explosively loaded surface 
was so distorted that twin directions could not be 
counted in that region. It is interesting to note that 
in early work conducted by Foley and Howell’ on the 
presence of Neumann bands in explosively loaded mild 
steel disks, a maximum of four twin directions was also 
found in a single grain. The term “twin direction” in 
every case refers to the orientation of the twin inter- 
cept in the etch plane of the grain with respect to an 
arbitrary set of axes in the etch plane. 





5 F. B. Foley and S. P. Howell, Trans. Am. Inst. Mining Met. 
Engrs. 68, 891 (1923). 
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Fic. 2. Hardness curve plotted from data taken across a section 
of a thick-walled low-carbon steel cylinder internally loaded 
with explosive (9 in. 0.d.X1 in. i.d. 6 in. cylinder). 


The maximum number of twin directions found in a 
single grain decreased with distance, becoming one less 
in the region of each successive plateau. A maximum 
of four twin directions was found in the region of the 
first plateau, that is, region B—C of Fig. 2. The maxi- 
mum number of directions found in the regions of the 
second, third, and fourth plateaus, that is, regions 
D-E, F-G, and H-I of Fig. 2, were three, two, and one, 
respectively. Less favorably oriented grains in the region 
of each plateau contained fewer numbers of twin direc- 
tions than the maximum number found in the most 
favorably oriented grains. The photomicrographs of 
Fig. 3 show microstructure typical of favorably oriented 
grains in the regions of the first four plateaus. The vari- 
ation in the number of twin directions present in 
favorably oriented grains is shown in the photomicro- 
graphs. Shock twinning did not occur beyond point J 
and the hardness beyond this point was essentially 
that of the unloaded material. 


DISCUSSION 


Little is known about the stresses required for shock 
twinning, but there is some experimental evidence for 
the existence of a critical shear stress for twinning.*.7 
In an individual grain of a polycrystalline material, 
the occurrence of twinning can be expected to depend 
both upon the orientation of the grain with respect to 
the applied stress field and upon the magnitude of the 
applied stress. The combination, grain orientation and 
applied stress magnitudes, will determine the values of 
the resolved shearing stresses acting on the twinning 
planes in the twinning directions. For a known stress 
field, any shear stress can be related to the principal 
stresses. Any shear stress in the wall of an internally 
loaded cylinder can be related to the radial stress. 


®°C. S. Barrett, Structure of Metals (McGraw-Hill Book Com- 
pany, Inc., New York, 1943). 
; 7D. Rosenthal and C. C. Woolsey, Jr., Welding J. 31, 475-S 
1952). 








780 S. 





(a) 

















(b) 











PEARSON AND J. S. 


RINEHART 





(c) 











(d) 














Fic. 3. Photomicrographs showing typical microstructure of favorably oriented ferrite grains in regions associated with the 
hardness curve of Fig. 2. (a) Region B-C. (b) Region D-E. (c) Region F-G. (d) Region H-I. 


Hence, possible twinning stresses can be discussed 
qualitatively in terms of the radial stress, ¢,. 
Consider the general case of the reaction of a single 
ferrite grain to impulsively applied stresses of several 
magnitudes 1, a2, o3, and o4, where o;<02<03<04. 
Assume that for an applied stress value of o1, twinning 
can be expected to occur on the most favorably oriented 
set of twinning planes. Under this applied stress a single 
set of parallel twins, or one twin direction, would appear 
on the etch plane of the grain. It is apparent that an 
applied stress 72 can be chosen so that twinning can be 
expected to occur on both the most favorably oriented 
set of twinning planes and on the second most favorably 
oriented set. Two sets of twins, or two twin directions, 
would now appear on the etch plane of the grain. 
Similarly, for applied stress values of o3 and o4, twinning 
could be made to occur on the third and then the fourth 
most favorably oriented sets of twinning planes. The 
etch plane of the grain would show three and four twin 
directions for stress values of 73 and a4, respectively. 
A decrease in magnitude of applied stress with dis- 
tance from the loading surface, such as might result 
from divergence of a transient stress wave, would be 
accompanied by a decrease in the maximum number 
of twin directions. A maximum of three twin directions 


would occur, for instance, in that region where the ap- 
plied stress magnitude dropped from ¢, to a3. Similarly, 
in those regions where the applied stress magnitude 
dropped from ¢; to a2 and from a2 to 1, the maximum 
number of twin directions would be two and one, 
respectively. Twins would not be formed in that region 
where the magnitude of the applied stress was less 
than o;. If the number of twin directions in the most 
favorably oriented grains were plotted against dis- 
tance, the resulting curve would consist of a series of 
four steps. The critical values of 01, o2, 73, and o4 would 
depend on the conditions of loading and would probably 
vary with temperature and strain rate. The effect of 
the applied stress on less favorably oriented grains 
would be to produce a lesser degree of twinning. 

The above considerations can, in fact, be applied to 
the present case of an internally loaded thick-walled 
cylinder. The height of the front of the transient stress 
disturbance induced in a body by an exploding charge 
decreases in magnitude as the disturbance propagates 
outward through the body. Each point along a radius 
of the cylinder wall is, therefore, acted upon by an 
applied radial stress of different initial magnitude. 
The initial magnitude of the radial stress, o,, in the 
wall of a thick-walled steel cylinder internally loaded 
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with an explosive charge decreases with distance in 
the manner shown by the curve of Fig. 4.8 

For an idealized material in which all of the grains 
are similarly and favorably oriented, a hardness curve 
resulting solely from twinning can be constructed. 
Arbitrary values of 01, o2, o3, and o, (indicated as 
Trt, Fr2, Fr3, and o,4 for the case of a cylinder) and the 
associated number of twin directions found in different 
regions of the cylinder wall can both be superimposed 
on the stress curve of Fig. 4. The result is that step 
hardness curve of Fig. 5. 

In a real material, the grains are, of course, randomly 
oriented. The random orientation and possible mechan- 
isms of deformation other than twinning would tend 
to smooth out the distinct step pattern and might 
result in a hardness curve of the form shown in Fig. 6. 
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Fic. 4. Curve showing the manner in which the initial magnitude 
of the radial stress o, decreases wlth distance in the wall of a 
thick-walled steel cylinder internally loaded with an explosive 
charge. 


8 The authors, unpublished work. 
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Fic. 5. Hardness curve resulting solely from twinning in an 
impulsively loaded cylinder of an idealized material. 
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Fic. 6. The hardness curve of Fig. 5 adjusted to allow for 
random grain orientation and possible mechanisms of deformation 
other than twinning. 


The similarity between the curves of Fig. 2 and 6 is 
apparent. 

The authors wish to express their appreciation to 
J. M. Winward for the preparation of the photomicro- 
graphs. 
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The impedance E,,?/28n?P of the backward wave on helical structures is considered from the point of view 
of the design of backward-wave oscillators. Curves of impedance versus ka (circumference to free-space 
wavelength ratio) for single and bifilar helices are presented. Both the case of thin tape and that of round 
wire are treated. The impedance curves are calculated on the basis of an approximation to the actual dis- 
tribution of rf current over the surface of the conductors; the use of this approximation is justified by com- 
parison with an exact solution at specific values of ka. A proof is presented which demonstrates that the 
backward-wave impedances of two tape helices are identical if the gap width of one is equal to the tape width 
of the other. Expressions are derived for effects of dielectric supports upon the velocity and impedance of the 


backward wave. 





INTRODUCTION 


HE invention of the backward-wave oscillator 
(BWO)' has led to the reinvestigation of circuit 
structures, from a point of view somewhat different 
from that adopted in the case of the traveling-wave tube 
(TWT). The operation of the BWO is based on the 
interaction between an electron stream and a slow 
electromagnetic wave having’its phase and group veloc- 
ities in opposite directions. Such “backward waves”’ 
are supported by any periodic circuit structure (as well 
as by some which are not periodic in the usual sense of 
the word, e.g., the sheath helix) ; in fact, the boundary 
conditions appropriate to such a circuit cannot in 
general be satisfied in their absence. The type of circuit 
to be used in a particular backward-wave tube 
depends on a number of factors. As in the case of the 
TWT and, indeed, that of most high-frequency tubes, 
an important consideration is the magnitude of the 
impedance which can be obtained, the impedance being 
a measure of the amplitude of the interacting wave for a 
given total power propagated along the structure. An 






: 
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Fic. 1. Phase velocities of the fundamental, +1, —1, +2, —2 
space harmonic components of a wave on a developed helix with 
a positive group velocity, as a function of ka. For small values of 
ka, the phase velocities of corresponding positive and negative 
harmonics are symmetrical. 


!1R. Kompfner, Bell Labs Record 31, 281 (1953). 


examination of the properties of the helix as a backward- 
wave circuit shows that it compares very favorably with 
its rivals, at any rate under conditions when the power 
dissipation requirements are not excessive. 

A BWO using a single-wire helix has been described 
previously and the experimentally determined back- 
ward-wave impedance has been presented.? A BWO em- 
ploying a bifilar (two-wire) helix has been designed at 
Stanford by D. A. Dunn and Ash, and has been tested. 

In this paper, the backward-wave impedances of both 
single and bifilar helices will be evaluated. Much of the 
discussion will be based on the consideration of a simple 
model, that of the developed helix used by Pierce.* The 
use of this model is justified in that it yields a result of 
sufficient accuracy for most practical applications, over 
a wide range of operating parameters. In the course of 
the discussion we will have occasion to make repeated 
reference to the work of Sensiper* and to that of Tien.® 


THE NATURE OF THE WAVES 


The nature of the waves which can be excited on a 
tape helix has been considered in detail by Sensiper.‘ 
In the following we will assume that the resultant field 
of a helix can be expressed by a suitable summation of 
space-harmonic components: 


E,(r,6,2) = Eo D Ems(1,9,2) (1) 
where 
Im (Ym?) :; 
Em2= M y—@—- ei? - Bm? r<a. 
Tm(Y¥m@) 
(2) 
Km (Ym?) , 
Ens=M -eimd. e—Bm2 r>da. 


Kn(¥m@) 


2D. A. Watkins and A. E. Siegman, J. Appl. Phys. 24, 917 
(1953). 

3 J. R. Pierce, Traveling-Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1950). 

4S. Sensiper, Electromagnetic Wave Propagation on Helical 
Conductors, ScD. dissertation, published in abbreviated form as 
Research Laboratory of Electronics Report No. 194, Massachu- 
setts Institute of Technology, Cambridge, Massachusetts (1951). 

5 P. K. Tien, Proc. Inst. Radio Engrs. 41, 1616 (1953). 
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THE HELIX AS A BACKWARD-WAVE 


and 
Ym= (Bm?— k’)! (3) 


Bm=Bot2am/ p. (4) 


All quantities have time dependence of the form e’**. 
The phase velocities of some of the lower components, 
all having group velocities in the same direction, are 
shown in Fig. 1. Any one of the components satisfies the 
boundary conditions of the sheath helix, discussed by 
Pierce® ef al. However, in the case of a physical helix, the 
relative amplitudes of the waves are uniquely determined 
by the distribution of the ac current along the surface 
of the wires. This, in turn, depends on the shape of the 
wires, their spacing, the number of the separate wires 
in the helix, and the phase sequence of their excitation. 
A rigorous calculation would call for a simultaneous 





Bifilar Tape Helix 


Helix 
_Electron Beam 


Glass Envelope 
*\ Dielectric Constant « 





Fic. 2. Geometry of tape helices indicating some 
of the symbols used. 


solution of the current and the field distributions leading 
to a complex problem of the type encountered in 
antenna theory. Fortunately, this procedure is made 
unnecessary by the fact that the wave velocities en- 
countered in electronic tubes are much less than the 
velocity of light. Thus the fields are, to a good approxi- 
mation, solutions to Laplace’s equation and the current 
distribution can be calculated with satisfactory accuracy 
on this assumption. Tien® has calculated the effect of 
assuming three different current distributions on the 
impedance of the fundamental component. We have 
determined the true current distribution at particular 
frequencies, and although it is a function of frequency, 
our results indicate which of the assumptions is likely to 
give the most accurate results and show the degree of 
reliability of our calculated curvesof the backward-wave 
impedance. 
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EVALUATION OF THE SPACE HARMONIC 
AMPLITUDES 
The amplitudes M,, of Eq. (1) can be evaluated by 
virtue of the fact that the E,,, functions are orthogonal. 


1 
pEo 


We will be concerned only with the magnitude | M,,|. 
The meaning of some of the parameters which we will 
use in conjunction with the tape helix are explained in 
Fig. 2. 

From consideration of symmetry, it can be seen 
without further calculation that in the case of multi- 
filar helices, some of the coefficients M,, will be zero. 
Thus, in the case of the symmetrically-fed bifilar helix, 
M,,, will be zero if m is even; if the two wires are fed in 
phase, /,,, will be zero for the odd values of m. Thus, the 
power carried by some of the unwanted components can 
be eliminated, and a higher impedance for the desired 
components is realized. The calculations will be based 
on the developed helix model.* The helix is imagined 
“slit along a spiral line normal to the direction of con- 
duction, and flattened out.’”’ The phase constants are 
then chosen to match the fields at the two corresponding 
points on either side of the cut. This procedure is valid 
provided that y,,@ is sufficiently large so that most of 
the field energy is confined in an annular ring, of thick- 
ness small by comparison with a. We will be able to 
make some more precise estimates of the error incurred 
by the use of this approximation in a later section. 
Figure 3 shows the geometry with which we are con- 
cerned. 

The developed helix supports a set of waves described 
by 





Pp 
Ma= f E,(a,2,)e%~*dz. (5) 
0 


Emz= | Ema | e~Ym=. g-i yma. g~iky 


Enz= — j| Emey| e717 + e~4¥m21. e~ ky 
E,=0=H, 
E,= Ez cosy. 


(6) 
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For the slow waves under consideration, cos¥=1, 
and the distinction between z and 2;, will be disregarded 
in the following. The condition that the fields on either 
side of the cut of the developed helix are to match, 
yields for y» the relation 


Yn=m/a siny+k coty. (7) 


Since both E, and H, are zero, these are TEM modes, 
and consequently the fields in a plane of constant y are 
Laplacian. They may therefore be derived from a 
suitable conformal! transformation: 


U+jV=f(ct+jx). (8) 


Although it is only in a limited number of cases that it is 
possible to find a simple form for f(s+ jx), one im- 
portant deduction can be made without knowledge of 
its explicit form. We will show that the coefficient 
|M,,| for a tape width of 6 and a gap width @’ is identical 
with that for a tape width 6’ and a gap width 6. 

In Eq. (8) U may represent the potential, and V the 
stream function, or the roles of U and V may be inter- 
changed. We will denote these two choices by u and 2, 
respectively. For the case of a tape of infinitesimal 
thickness, this interchange has the consequence that 
regions delineated as metal surfaces by U becomes the 
gaps between the metal surfaces for V. The potential 
difference between adjacent tapes will depend on this 
choice, but the total energy stored in the field, IW’, is not 
affected. This property is easily demonstrated: 


w= f el Ela. (9) 
V 


If U is chosen to represent the potential, this may be 


written, 
aU duU\? 
W,= = f|(— ) +(—) bv. (10) 
2 yi \ dz Ox 


The Cauchy-Riemann relations give 


au av 

as ax 

au aD 
az 


so that Eq. (10) may be written 


W -=f[(F) +(—) |ew-w. (12) 


Thus, for a given functional form, f(z+ jx), the 
energy stored is unaffected, and since the group velocity 
is the same in each case, we may conclude that the total 
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(a) Actual Configuration 
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(b) Equivalent Configuration 
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Fic. 4. (a) The potential distribution on a single tape helix at 
ka=0.5. (b) Electrode configuration producing identical potential 
distribution over a width (6+-4’) as the developed tape helix shown 
in (a). 


power propagated along the structure is identical in the 
two cases. 


In the same way, we have from Eq. (5) with yn=8n, 


| 1 P aU | | 
| Man| u= —f eS a el ¥mids ° (13) 
pEo 0 Of |xn0 


Since according to Eq. (6) | Enz|=|Enz| we can also 
evaluate |M,,|. by expanding 0U/dx| 0 in terms of 


Enz. Then 
| 1 POU | . | 
| Mul v= —f | eimmdsl. = (14) 
| pEs 0 Ox | 





zr=0 \ 


Since from Eq. (11) dU/dx=—0V/dz we see that 
except for phase factors this is precisely the expression 
for (M,,),. Thus 


| Mm| u=|Mm| ov. (15) 


The total power propagated along the circuit, as well as 
the amplitudes of the space harmonics, are therefore 
identical in the two cases. Defining the impedance 
parameter for the mth component as £,,”/28,°P, we 
may state that the variation of this quantity with 6 must 
be symmetrical with respect to 5=6’. As a particular 
example, the impedance of a circuit with a narrow gap is 
identical with that of a correspondingly narrow tape. 
Expressions for the impedance parameter of the fun- 
damental component have been obtained by Tien® using 
three different assumptions for the current distribution 
across the tape. In the next section we will calculate the 
impedance parameter of the —1 component using one 
of these assumptions; in justification, we will obtain the 
impedance, for particular values of ka, using the true 
current distribution. We will treat the case of ka=0 for 
the bifilar helix, and ka=0.5 for the single helix, and 
results will be presented for both the tape and the 
round-wire helix. The potential distributions in these 
cases are indicated in Fig. 4a. From considerations of 
symmetry it is apparent that the field in each section 
of length (6+46’) is identical with that obtaining in a 
transmission line with the configuration shown in Fig. 4b. 
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THE HELIX AS A BACKWARD-WAVE CIRCUIT STRUCTURE 


(a) Tape Helix 


Reference to an unpublished report by Begovich and 
Margolin,*® and to Oberhettinger and Magnus,’ indicates 
that the required field may be derived from the following 
transformation: 


sin2az/6’ 








sn (U+ jV),k ]=——— (16) 
sina 
x 6 
o-- ’ (17) 
26+08 


where sv is an elliptic function of the first kind, with 
modulus k, k=sina. We will be concerned only with the 
field at the helix, so that we may consider z to be purely 
real. Separating the real and imaginary parts of Eq. 
(16), we find 


snUdnV' sin2az/6’ 
Far RE REE Ta eT EE (18) 
cn? V'+Rsn?Usn*h sina 





cnU-dnU-snV'cnV’ 
a eG, (19) 
cn? V'+ksn?Usn?V’ 


The primes indicate that the modulus is k’= (1—*)!. 
Choosing U to represent the potential, we find from 
Eqs. (18) and (19), for —6’/2<2<6'/2, 


sin2az/6’ 
snU =———__, 
sina (20) 
V=0. 


Introducing a normalizing constant to make 





(U)s492— (U)_# = 1, (21) 
we have 
1 sin2az/5’ 
U= w(——), (22) 
2K (k) sina 


where K(k) is the complete elliptic integral (and should 
not be confused with the impedance parameter). Thus, 
aU a 


az 8'K(k) 





(sin’a— sin?2az/6’)—}, (23) 


Hence we have, from Egs. (5) and (23) 


1 f 2 2a cos2amz/6’ , 
2K (k) Yo 6! (sin’a—sin?2az/8’)# 


®N. A. Begovich and A. R. Margolin, “Theoretical and 
experimental study of a strip transmission line,” Technical Memo- 
randum No. 234, Hughes Aircraft Company, Research and 
Development Laboratories. 

7F. Oberhettinger and W. Magnus, Anwendungen der Ellip- 
tischen Funktionen in Physik und Technik (Springer-Verlag, 
Berlin, 1949). 








i = 


(24) 


Evaluating this integral for m= —1, 








{_ = 


7 25 
2K (k) ) 


for 6’/6<1, 
M_\=1-—02/4. (26) 


This result may be compared with that obtained on the 
assumption that the field in-the gap is constant :4 


sina 
M_, —, (27) 
a 
and for 6’/5<1 
M_,=~1-—0°/6. (28) 


Thus even for 6’=6, the error in M_,, if calculated for 
Eq. (27) is only of the order of 5 percent, at ka=0.5. 


(b) Round Wire Helix 


In the same way, we can obtain an expression for the 
magnitude | M_,]|, for the case of the round wire helix, 
Fig. 2. In this case, the potential distribution is derived 
from that of two line charges (of opposite signs) by a 
logarithmic transformation. 


1+sina\ — 





U= (2 log 


1—sina 
coshrx/ (6+8’) —cosrz/(6+4’) 
pg (6+6’)+cosmz/ (6+ 5’) 





(29) 


This expression is rigorous only for 6/6’1. For finite 
values of 6/6’, the shape of the wire generated by the 
transformation is slightly elliptical. Nevertheless, for 
5/6’ <4, the deviation is inconsiderable. Proceeding as in 
the case of the tape helix we find, 


15’ [ 1+sina\ 7"! 
(M_1)2-0= o( : : (30) 
+a \i—sina 


This expression again applies equally to the case of the 
bifilar helix for ka=0, as to the single wire helix with 
ka=0.5. 





THE IMPEDANCE PARAMETER 


The impedance of the mth component is defined by a 
natural extension of Pierce’s* impedance parameter: 


E,* 
Kn= . 
2B m?P 





(31) 


The phase velocity of the mth mode on the developed 
helix is determined by Eq. (4), so that 8,, depends only 
on the pitch, p. The calculation of M,, was discussed in 
the last section, so that the calculation of P (the total 
power propagated along the structure) remains as the 
outstanding problem. 
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Two slightly different approaches are possible. The 
total field strengths may be calculated, and the power 
flow determined by integrating Poynting’s vector over 
an area of width 27a, and extending to + in the r 
direction : 


P=} f EXH*dA. (32) 
A 


In practice the integral may be difficult to evaluate, and 
the field distribution must be known at all points. 

Alternatively, if the M,, coefficients are known, we 
can make use of the orthogonality of the space har- 
monics, and simply sum the power carried by each in- 
dividually : 


wz 


P=)" Pa (33) 


2 


The chief advantage of this method lies in the fact that 
in practice the convergence of Eq. (33) is rapid, and 
therefore suitable for numerical computation. 

We will now proceed tocalculate the mth space-harmonic 
impedance, on the basis of a constant current distribu- 
tion across the tape. The results will later be compared 
with those obtained from the true current distribution 
at the particular points at which these have been deter- 
mined. The argument proceeds on similar lines as that 
used by Pierce in deriving Ko for the developed sheath 
helix. From the expression of Eq. (6), the power carried 
by the mth mode can be calculated using Eq. (32): 


2nra-siny| Em.|? 











Pn (34) 
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Fic. 5. Percentage error in the partial space-harmonic impedance 
En? /28m*Pm resulting from the use of the developed tape helix 
under conditions of zero dispersion, as a function of the component 
number m, for two values of ka. The curves relate to the case of 
p/a=0.4, corresponding to a helix with a synchronous velocity 
for the fundamental component of 1000 volts or coty=15.7. 
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With y,, from Eq. (7), we may define a partial imped- 
ance for the mth mode, 


Ea: 377 "Ym 
=- —, (35) 
2Bm?Pm 2Bn2-siny-2ra 





For ¥<1, Bn>>k, Bm=Ym. Expressing ym in terms of k 


by Eq. (7), 
Enz 30 


2Bn2Pm |m+kal 





(36) 


Here we will digress in order to compare this result 
with that obtained from a more rigorous analysis. The 
comparison will give an idea of the error incurred by the 
use of the. developed helix model. We start with the 
equations of the fields for the mth mode as given by Eq. 
(2). From Eq. (9) we may obtain an expression for the 
energy stored per unit length by this mode, and find 


2 


T€| Ems| 


9 
Bm 





m 


Bma 
x7 m*(Bma) f (Lmn!?+- Tn? m?/ aT 9?) dx 
0 


+Km-*(Bma) f (Kn? + Ke m?/x°K as (37) 
Bma 


The integrals can be evaluated, and the results simpli- 
fied to give, 

















Téeqvg| | | : 
P,,=0,W = — 
Bm 
IT m1 (8 ma) Kitt (8 ma) 
. ~o( + (38) 
les (B ma) Rew (B ma) 
Using Eq. (4) to express 8,, in terms of ka, 
|Enci? 1 9, =) 
.=—: ——o —- a 
28m? 60 2% Bop 
Im+i(Bm@) Km41(Bma) 
x + » (39) 
Tm(Bm@) Km(Bma) 


vo is the phase velocity of the fundamental mode. 

In the absence of dispersion, 2,/v=1 and 2rka/Bop 
= 1. Also, if 8n@ is sufficiently large, the Bessel functions 
may be approximated by their asymptotic expansions. 
This leads to the following form for the mth partial 
impedance : 








En? 30 
( (40) 


Pp?  2m*—3m?+- *) 
2ButP » 5 | m+ ka| 


158a2, (m+ka)* 


In the absence of dispersion and for |8,,| >>| | the latter 
term represents the total discrepancy resulting from the 
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use of the developed helix model. The percentage error 
for a typical case is shown as a function of the compo- 
nent number in Fig. 5. It appears that even for the 
4th component the error is only of the order of 2 percent. 
In general the M,, decrease rapidly with m, and we may 
therefore conclude that the errors will not be significant. 
The only situation in which the use of the developed 
helix model might result in serious error is if it is at- 
tempted to use the method of Eq. (33) for the calcula- 
tion of P, for the case when 6/6’<1 or 6’/5<1. For- 
tunately, P in these cases may be calculated by the 
alternative method. 

The assumption of zero dispersion may be expected 
to lead to significant errors for B9a< 2. Little additional 
complication would result from the inclusion of dis- 
persive factors; however the results would then be a 
function of p/a; in practical BWO’s the helix is usually 
employed in the nondispersive region. 

Continuing with our discussion of the developed helix, 
we may write 




















Ex? |m+ka| 
P=>° P.=> —. (41) 
m m 2B? 30 
Thus — 
; | En]? 
K,= — 
2B, } | | | 2/2B 2X | m+ ka /30 
(42) 
30| M,,|? 
Bt XD |Ma?| /Bn?X |m- ka 
In the absence of dispersion, 
Bm= (m-+ka)2x/p. (43) 
Also on the assumption of a constant field in the gap, 
sinB,,6’/2 
| M,,| =————. 
B md’ /2 
Thus, Eq. (40) becomes 
sin? (n+ ka)1’/p sin?(m-+ ka)1’/ p 
= 30 (44) 
(n+ ka) m (m+ ka)* 


The curves shown in Fig. 6 have been computed from 
this expression for 6’<6, and the duality relation, Eq. 
(12) and (15), used to apply the curves to 6<6’. They 
show clearly the much greater impedance of the bifilar 
helix at low frequencies. The curves may be considered 
to be reliable down to ka=O for the bifilar helix, and 
for ka>2/coty for the single helix. 

To determine the power flow in the cases for which 
M_, has been calculated from the true current distribu- 
tion, we again make use of the fact that all the com- 
ponents are TEM. Thus with reference to Fig. 4a, the 
power flow across a width (6+46’) will be identical with 
that flowing along a transmission line of the configura- 





Fic. 6. The impedance parameter E_,?/28_P at r=a as a 
function of ka for single and bifilar tape helices. These curves 
were computed from Eq. (44), based on the assumption of con- 
stant amplitude and phase of rf current across the tape for 
5/(5+-8’) <0.5 and constant amplitude and phase of E, in the gap 
for 5/(6+6’) >0.5. The error incurred by neglecting the dispersion 
of the fundamental component is insignificant for the single helix, 
if ka>2/coty. The bifilar helix is nondispersive for the mode of 
excitation considered here. 


tion shown in Fig. 4b. For unit potential difference 
between adjacent tapes. 


P= (8Z,)~ for the single wire helix at ka=0.5, 


45 
P= (4Z,)— for the bifilar helix at ka=0, (45) 
where Z, is the circuit impedance of the transmission 
line. This impedance has been calculated by Begovich 
and Margolin,’ who give as the result 


K (sina) 
Z.=309r , (46) 
K (cosa) 





where K is the complete elliptic integral. Thus from Eq. 
(25) we may now write the complete expression for 
the backward wave impedance of the bifilar helix at 
ka=0: 

1534 


K |= ° 
K (sina) K (cosa) 





(47) 


This expression is plotted in Fig. 7 as a function of 
6’/(6+6’). It is seen that in accordance with Eqs. (12) 
and (15), the impedance parameter is symmetrical with 
respect to the point 6=6’. (K_, for the single helix at 
ka=0.5 is just twice this value.) 

The two points obtained at this frequency by the 
approximate method, (presented in Fig. 6), are in- 
dicated. It is concluded that at these points the error due 
to the use of the approximate current distribution does 
not exceed 2 percent. 
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‘Fic. 7. The impedance parameter E_,*/28_?P at ka=O for a 
bifilar tape helix at r=a and for a round wire helix at r=a—6/2. 
These curves are based on the actual rf current distributions. 
The symmetry of the tape helix curve with respect to =4’ is in 
accordance with the duality relations. The crosses mark the values 
taken from the approximate calculation of Fig. 6, and are seen to 
be in good agreement. The impedance of the single-wire helix at 
ka=0.5 is twice the value of the bifilar helix at ka=0. 

In the same way we may use an expression for Z, for 
the case of round wires.’ It has already been pointed 
out that the transformation for the round wire case is in 
error to the extent that the shape of the wire in the 
(U+jV) plane is slightly elliptical. This uncertainty is 
small for 6/5’1 and is expressed by the inequality, 


60 log tanh} (4/2—a) <<Z.<.60 log tan}(4r/2—a). (48) 


From Eq. (30) we then find for the case of the bifilar, 
round wire helix at ka=0 


(K_1) 0= 120 log tanh} (4/2—a)/ 
log?(1+sina)/(1—sina). (49) 


K_., for this case is also shown in Fig. 7, for x=6/2 (i.e. 
at the line tangential to the actual wires), in the range 
of 6/(6+6’) for which the expression of Eq. (30) is a 
good approximation to the field. 


EFFECT OF DIELECTRIC 


The dielectric supports for the helix have the effect 
of changing both the M,, coefficients and the phase 
constant of the fundamental. Tien® has made a detailed 
study of a tape helix surrounded by an infinitely thick 
cylinder of dielectric. He defines the dielectric loading 
factor (DLF) as the fractional change in phase velocity 
due to the dielectric. In a practical case of a tape helix 
in the finite dielectric tube, the (DLF) is measured ex- 
perimentally; this measurement defines an equivalent 
dielectric constant which would give the sheath helix 
imbedded in the infinite dielectric the measured (DLF). 
This value of dielectric constant is then used to calculate 
the impedance. Experiments have shown reasonable 


* W. B. Wholey and W. N. Eldred, Proc. Inst. Radio Engrs. 38, 
244 (1950). 
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agreement with this theory. It is believed that the 
corresponding calculation for the — 1 component should 
yield an accuracy of the same order. However, the 
method, based as it is on the infinite dielectric, must 
remain an approximation for the case of a finite thick- 
ness of dielectric. Moreover, by considering the opposite 
extreme, that of a very thin dielectric sheath, it can be 
seen that the basic assumption—that a given change in 
phase velocity can be directly interpreted as a corres- 
ponding change of impedance— is not, in general, valid. 
We will begin with some brief comments on the latter 
case which is of practical significance in some situations. 
The dielectric surrounding a helix for tubes operating at 
less than 10-cm wavelengths is usually “thick” in the 
sense that y,,/>1 where ¢ is the thickness of the glass; 
that is, the fields are reduced to 1/e of their value at the 
helix in transversing the glass. Yet, helix tubes have now 
been operated at wavelengths as large as 400 cm, and 
for such tubes, y/ may be as small as 0.1 so that the 
fields are reduced by only this fraction. It is in this 
situation that the approximation of the thin dielectric 


. sheath may be closer to reality. Consider the sheath as 


shown in Fig. 2, not necessarily adjacent to the helix. 
Assume that kB, so that Baym, both inside and 
outside the dielectric. If ¢ is sufficiently small, the sheath 
will act effectively as a dipole layer. Such a layer pro- 
duces a discontinuity in potential, but no discontinuity 
in any field quantities, so that the determinantal equa- 
tion for the system will be unaffected by the presence of 
the dielectric and the 8,, will remain unchanged. 

There is, however, a change in impedance—an effect 
of a higher order than the change in fo. The increase in 
the stored energy/unit length will be 5IV. 


1 
Wf (ee) Ev EMA, (50) 
A 


where E, may be calculated disregarding the presence 
of the sheath, and the integral is carried out over the 
cross-sectional area of the sheath. Since the group 
velocity is unchanged, the change in the impedance K » 
on introduction of the sheath is simply, 6K» 


5K,= —K,,6W/W. (51) 


To justify the assertion that 6Km/Km>>68m/Bm we may 
consider the effect of reducing ¢ by a factor m and multi- 
plying (e—€o) by the same factor. Since 7,» remains un- 
changed to a first order, ymf is reduced by m so that 
68,, must also be reduced by a factor of the order of n. 
On the other hand, Eq. (50) shows that 6K,, is not 
affected. In the simplest terms, an increase in the 
energy stored and the power flow, is not necessarily a 
function of the difference in field strength on either side 
of the dielectric. 

Under conditions when the dielectric sheath approxi- 
mation is valid, (ymf<1) the impedance change is 
easily calculated from Eq. (51), and can be applied to 
dielectric supports of arbitrary shape. 
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For the case of yn/>1, we may calculate the change 
of impedance using Tien’s results for the fundamental 
mode. The (DLF) for the fundamental is defined by 


(v ) ielectric B 
(LF) ———— (52) 


(2%) air Bop 


In the same way it is possible to define a (DLF),, for the 
mth mode, 


UmD BmaA 
(DLF),.=—_=—-. (53) 


YmA Bmp 


The two factors are simply related by Eq. (4): Now 





Boa = 2aka/p, (54) 
Bop = 2rka/p(DLF)o, (55) 
hence 
2r 
Bmp=—(ka/(DLF)o+m), (56) 
p 
and 
ka+m 
ka/(DLF)o+m 


Thus the effect of dielectric on the backward wave 
phase velocity for ka small, is much less than the corres- 
ponding effect on the fundamental phase velocity. 

Tien® has calculated the reduction factor (F2) of the 
fundamental impedance of a tape helix surrounded by 
dielectric. In the frequency range of interest, this varies 
only slowly with 6/6’. For 6/6’=0.8. 


F.=(DLF)¢. (58) 


Greater accuracy can be obtained by direct calculation 
from Tien’s expressions (Eqs. (43) and (44)), but for our 
present purpose the above is sufficiently accurate. 


Bo\? (Mn \? 
raun(*) (M2) ta 
Bm A My A 
Bo . Mn . 
Kmp= (—) (—) Kop. 
Bm? vp \ Mo/ pd 
Dividing these expressions, we find 
Kmp (——*) ea) F 
Kma (DLF)o Mmna*Mop - 
The factor containing the amplitude coefficients in- 


volves only a second-order effect and will be neglected. 
Thus from Eq. (58) 


(59) 











Kmp 
= (DLF),’= DLF)( 


mA 


m+ ka s 
) . (60) 
m(DLF) + ka 


In — 





wLre(——"_ 1—ka 2 - 
ere | (61) 


It is seen that the effect of the dielectric is to increase 
the backward-wave impedance. It is apparent that this 
increase is achieved at the cost of an increased disper- 
sion. Consider a helix with dielectric and a smaller 
radius a’, chosen so as to make its dispersion equal to 
that of the helix of radius a without dielectric. The 
smaller helix with dielectric loading will be found to 
have a lower impedance than the unloaded helix of 
radius a. Thus, if we compare a loaded and an unloaded 
helix of the same dispersion, we find that the loaded 
helix has the lower impedance, so that no advantage is 
realized by the inclusion of dielectric. 


VARIATION OF IMPEDANCE WITH DISTANCE 
FROM HELIX 

The previous sections have been concerned with the 
calculation of the space-harmonic impedances, measured 
at the radius of the helix. The decrease of this imped- 
ance at smaller radii is obtained by the application of 
Eq. (2). Thus, for the case of a thin beam the reduction 
factor for the mth component will be R,,, where 


Tm(yro) \* 
Rn= ( ) R (62) 
Im (ya) 
R,, has been plotted for several values of ro/a in Fig. 8 
for m= —1. 

In the case of a thick beam we will need to know the 
mean value of the impedance averaged over the cross- 
section of the beam, and the appropriate value of R_, for 
a solid or thick hollow beam is easily found from Eq. (1). 
In practice, since all space-harmonic fields are zero on 


the axis, the case of a hollow beam is of the greatest 
interest, and, with an accuracy which is adequate for 




















Fic. 8. The impedance reduction factor R_; for a thin hollow 
beam of radius ro, as a function of y_1a, for several values of ro/a. 
When applied to a thick hollow beam, ro is taken as the mean 
radius. 
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Fic. 9. Correction factor 
Rime, to take account of the 
thickness of the beam. The 
total reduction factor is 
computed from this and 
Fig. 8. 




















most design purposes, the effect of the thickness can be 
presented in terms of a single correction factor, R,,-, to 
the R,, for a thin beam. R,,- is found to be, 


Rmnc=sinhyA/yA, (63) 


where A is the beam thickness. R,,, is shown as a func- 
tion of yA in Fig. 9. The total reduction factor is the 
product R,,Rn-. Even for ya as small as 3 and yA as 
large as 1.5 with yro=2.25, the error of the approxi- 
mation of Eq. (63) is only 7 percent. 
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CONCLUSIONS 


The effect of various parameters on the impedance of 
space-harmonic components on a helix have been 
considered, with special emphasis on the m= —1 com- 
ponent which is of interest for the backward-wave 
oscillator. Much of the discussion is based on the 
developed tape-helix model. It is shown that the results 
obtained on this basis are sufficiently accurate for 
practical application. The higher impedance of a 
bifilar helix as compared with that of a single helix, has 
been demonstrated and curves are presented for both 
tape and round-wire helices. The effect of dielectric on 
the space-harmonic impedances is discussed. 
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Loss measurements were made on ten dielectric coated wires used as surface wave transmission lines at a 
frequency of 9365 mc/sec. The purpose of these measurements was (1) to develop a satisfactory method for 
making the loss measurements, and (2) to compare the measured loss with the calculated or predicted value 
obtained from theoretical analysis made by Goubau. A resonance method, in which the Q of a resonator 
formed by short circuiting both ends of a length of line is determined, was found to be most desirable. The loss 
in the resonator end plates was taken into account in determining the wire loss. 

A description of the apparatus required and the experimental procedures used is given. A brief discussion 
of alternative methods for making the loss measurements, some of which have been tried, is also given. 

The losses of the wires measured ranged from about 3.0 db/100 feet for thin dielectric coatings to about 
11.5 db/100 feet for thick dielectric coatings. The agreement between measured and calculated losses of wires 
for which the constants of the dielectric coating are known is considered good. 


INTRODUCTION 


HE solution for a surface wave on a dielectric 
coated or threaded wire was first given by Dr. G. 
Goubau.' The calculated or predicted attenuation of 
such a surface wave transmission line is found to be 
small but depends upon the conductor size, thickness of 
dielectric coating, constants of the dielectric coating, 
* This research was supported by the Signal Corps, U. S. Army 
Contract No. DA 36-039 sc-5585. A first report was issued Sep- 
tember 10, 1951. 
t Now with Motorola Company, Chicago, Illinois. 
? Georg Goubau, Signal Corps Engineering Laboratories; Sur- 
face Waves and Their Application to Transmission Lines, Technical 


Memorandum M-1260 (February, 1950); see also J. Appl. Phys. 
21, 1119 (1950). 


and the frequency of operation. In some measurements 
reported by Goubau the calculated and measured loss 
for an enameled wire were found to agree very well.’ 
These measurements were made by launching and re- 
ceiving the surface wave on the wire with suitable horns. 
The launching efficiency and hence also the receiving 
efficiency of the horns can be calculated approximately 
and their losses accounted for in the wire loss measure- 
ments. 

The purpose of the present investigation was to make 
a more extensive study of the methods for making loss 
measurements, to determine the most suitable labora- 


2 Georg Goubau, Proc. Inst. Radio Engrs. 39, 619 (1951). 
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tory method of measurement, and to measure the 
losses of a number of different dielectric coated wires 
and compare them with calculated values. A brief dis- 
cussion of some of the possible methods that can be 
used for loss measurements of a surface wave trans- 
mission line, some of which have been tried, will be 
given. 
METHODS OF MEASUREMENT 


In principle at least most methods for measuring 
losses can be applied over a wide frequency range. In 
the present discussion however, the methods of most 
interest will be those which are suitable in the micro- 
wave region. Equipment that is mentioned or described 
and actual figures of losses quoted in this paper are for 
a frequency near 9365 mc/sec. 























Fic. 1. Probe for standing wave ratio measurements. 


Methods used for measurements on wave guides 
apply also to the surface wave line, but in most cases 
the experimental equipment and technique required are 
somewhat different. The surface wave line is an open 
wave guide and requires special, though simple, launch- 
ing and receiving devices. Convenient components such 
as couplers and attenuators which operate in the same 
mode as the surface wave line have not yet been de- 
veloped. Thus in general, measurements to determine 
the loss of a line must be made in the coaxial or wave 
guide feeds to and from the surface wave line. 

The losses of a surface wave line are comparable to 
those encountered in wave guides, and hence are usually 
small. If direct power measurements are made at the 
input and output end of the line to determine the loss, a 


rather long line is required if accuracy is to be obtained. 
The actual length of the line required will in most 
cases be determined by still other considerations which 
will be discussed below. The accuracy and sensitivity 
of the power measuring device and the ability to estab- 
lish and maintain reference levels are of course impor- 
tant factors in the direct measurement of loss. For 
laboratory measurements the space required for a long 
line is usually prohibitive. Furthermore, a long line must 
be supported at points along its length and, although it 
has been found that Fiberglas or Nylon threads used 
for supports introduced no appreciable discontinuities 
when making loss measurements, they are nevertheless 
inconvenient. 

There are also other factors that must be considered 
when measuring the loss of surface wave lines if launch- 
ing and receiving horns are used. One of these is the 
problem of matching the complete system, made up of 
the two horns and the line, to the input and output feed 
lines. In this connection a means for measuring the 
standing wave ratio on the line is very desirable. A 
suitable probe for such measurements is shown in Fig. 1. 
In general, since the horns act as impedance transformers 
as well as mode converters, considerable manipulation 
of matching stubs is sometimes required to obtain a 
match throughout the system. At microwave frequen- 
cies a coaxial to wave guide junction is usually conven- 
ient at the input and output of the horns to make the 
major adjustments for matching the system. A typical 
pair of horns and their associated junctions are shown 
in Fig. 2. 

A second and important factor that must be con- 
sidered when using horns with the line is the supple- 
mentary or radiation field that is known to exist near 
the launching and receiving horns. Measurements were 
made to check the decay of the field in a radial direction 
from the wire with the theoretical decay.’ In the case 
of a No. 12 Belden No. 8008 enameled wire used with 
the horns shown in Fig. 2, the measured decay did not 
agree with the predicted decay until the field probe 
was 25 feet or more from the launching horn. A con- 











Fic. 2. Launching and receiving horns for a surface wave 
transmission line. 


3 “Study of Surface Wave Transmission Lines,” second quarterly 
progress report, University of Wisconsin (December 10, 1951). 
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Fic. 3. Probe for radial field measurements. 


venient probe for such measurements is shown in Fig. 3. 
Thus, to avoid interaction between the launching and 
receiving horns for the case of the Belden wire, a 
minimum line length of about 50 feet must be used. If 
other dielectrics are used on the wire the minimum 
distance required between horns to avoid interaction can 
be obtained by probing the radial field distribution. A 
more extensive treatment of the supplementary field 
about the launching device is given by Roberts.‘ 

Thus far only the direct power measurement method 
has been mentioned as means of measuring the line loss 
on a long line. There are of course a number of other 
methods which can be used to determine this loss. The 
surface wave line and its associated terminal equipment 
can be treated as a lossy four terminal network and the 
method using a moveable short circuit to determine the 
network efficiency can be used.*:* This method was used 
with success to measure the line loss. Other schemes 
such as using accurately calibrated attenuators, either 
of the wave guide or IF type, also can be used.’? A 
convenient method whereby the loss in the horns and 
junctions can be eliminated in the measurement is to 
measure the total loss for a number of different lengths 
of line. The slope of the straight line obtained by plotting 
the total loss against line length will be the loss of the 
wire alone. 

The loss measurements reported in this paper were 
obtained by a resonance method.* The Q of a loop 
coupled resonator formed by short circuiting both ends 
of the surface wave line by metal plates was measured. 
The loop loading and resonator end plate loss were 
accounted for and hence the line loss was found. 
This method proved to be the most desirable because 
the line length could be kept short, the setup time for a 
given measurement was reasonable, and the reprodu- 
cibility of results was found to be good. Though the 
equipment required for the resonance method is more 
elaborate than that required for other methods, its 
chief advantage is that measurements on wires of differ- 
ent sizes and dielectric coatings can be made more con- 
veniently and in less time than by other means. The 
resonance method for loss measurement on a surface 


‘T. E. Roberts, Jr., J. Appl. Phys. 24, 57 (1953). 

5H. M. Barlow and A. L. Cullen, Microwave Measurements 
(Constable and Company, London, 1950), p. 216. 

®*R. W. Beatty, Proc. Inst. Radio Engrs. 38, 895 (1950). 

7C. G. Montgomery, Technique of Microwave Measurements, 
M. I. T. Radiation Laboratory Series (McGraw-Hill Book Com- 
pany, Inc., New York, 1947), Vol. 11, p. 809. 

8 C. H. Chandler, J. Appl. Phys. 20, 1188 (1949). 


wave line at a frequency near 200 mc/sec has also been 
used by Goubau, Sharp, and Attwood.’ 


DESCRIPTION OF APPARATUS FOR 
RESONANCE METHOD 


The Q of the surface wave line resonator is obtained 
from a point by point plot of the response versus fre- 
quency. To obtain an accurate plot however at a fre- 
quency near 9365 mc/sec, a variable frequency stabilized 
oscillator and good frequency measuring facilities must 
be available. The four major components making up 
the measuring scheme, i.e., the surface wave line reso- 
nator, the variable frequency stabilized oscillator, the 
frequency measuring equipment, and the detector, will 
be described briefly. 


Resonator 


The surface wave line resonator is formed by placing 
large circular flat faced plates at each end of the wire 
used as a surface wave line. The end plates are cast 
brass ? in. thick, finished on one side, and silver plated. 
The 40-cm diameter plates are supported on suitable 
mounts by means of four studs attached to the back 
outer periphery of the plates. Spring loading between 
the mounts and the end plates permits adjusting the 
plates to be perpendicular to the wire line. The reso- 
nator is shown in Fig. 4. This resonator is suitable for 
wires with thick dielectric coatings. When the dielectric 
coating is thin the radiation loss associated with the 
launching of surface waves is appreciable and larger 
end plates must be used. End plates 180 cm in diameter, 
constructed of Masonite and covered with copper foil, 
were used for measurements on such wires. 

The power is fed to and removed from the resonator 
by means of small coupling loops, one at each end plate. 
The input and output loops are also arranged for mini- 
mum mutual coupling between them. Since the loop 
position is fixed, the loop size controls the insertion loss 
of the resonator. An insertion loss of at least 30 db 
is desirable so that the correction factor for loop 
loading will be small and small errors in_ its 
determination will not be serious. The loops are 
approximately 0.3 cm in diameter and are spaced about 
1 cm from the center of the plates. Wires with very 
thick dielectric coatings and hence highly concentrated 
fields around the wire require slightly larger coupling 
loops since the insertion loss would otherwise exceed 
the gain of the measuring system. 

The line in the resonator is fastened to the end plates 
by collets which can be drawn flush with the end plates 
and at the same time make a good electrical contact 
with the wire. The wire itself is supported separately 
and stretched between turnbuckles; thus there is little 
or no strain on the end plates. 


®Goubau, Sharp, and Attwood, “Investigation of a Surface- 
Wave Line for Long Distance Transmission,” Trans. Inst. Radio 
Engrs. Prof. Group on Antennas and Propagation, No. 3 (August 
1952). 
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Coaxial coupling to the resonator could have been 
used instead of loop coupling. However, because of the 
variety of wire sizes to be measured and because of 
convenience in changing quickly from one length to 
another the loop coupling scheme appeared to present 
fewer mechanical difficulties. 


Variable Frequency Oscillator 


A 2K25 reflex klystron used as the power source was 
stabilized by a two loop servo control which fed cor- 
recting voltages to the reflector. One of the control 
loops is essentially the Pound” stabilizer and the other 
loop is a motor control developed by Rideout." The 
original stabilizing circuits and apparatus are rather 
completely described by Gabriel’ and will not be 
repeated here. The major changes and improvements 
made on the apparatus when adapting it for the present 
measurements are the use of a TEo1: wave meter as the 
frequency control cavity, thus converting the original 
device to a variable frequency stabilized oscillator and 
the incorporation of an improved frequency measuring 
method. 


Frequency Measuring Method 


A 5 mc/sec crystal mounted in a temperature con- 
trolled oven serves as the reference oscillator. The out- 
put of the crystal is multiplied by conventional vacuum 
tube circuits to a frequency of 360 mc/sec. The output 
of the 360-mc/sec multiplier stage is then fed to a multi- 
plier-mixer crystal (IN23B) in the wave guide 
system where the 26th harmonic of the 360 
mc/sec signal, or 9360 mc/sec, is mixed with the 
stabilized klystron frequency to be measured. The 
difference frequency developed at the multiplier-mixer 
crystal is fed to a calibrated communications receiver 
(Collins 51-J), on which it can be read with good accur- 
acy. The klystron is usually operated 5 or 10 mc/sec 





Fic. 4. The surface wave line resonator. 


RR. V. Pound, Proc. Inst. Radio Engrs. 35, 1405 (1947). 
1 V. C. Rideout, Proc. Inst. Radio Engrs. 35, 767 (1947). 
2 W. F. Gabriel, Proc. Inst. Radio Engrs. 40, 940 (1952). 


above the reference frequency of 9360 mc/sec, and hence 
the klystron frequency is 9360 mc/sec plus the re- 
ceiver dial reading. 

In order to be certain that the whole system is stable, 
a 10 mc/sec receiver tuned to the Bureau of Standards 
Station (WWV) is used to check and adjust the funda- 
mental 5-mc/sec crystal oscillator. A signal from the 
first doubler stage is fed into this receiver along with 
the signal from WWV. A meter in the cathode lead 
of the detector will indicate when the two input fre- 
quencies are the same by remaining stationary at some 
chosen reading. A small variable capacitor across the 
5-mc/sec crystal oscillator permits the slight adjust- 
ment necessary to bring the crystal in step with WWV. 

When the whole system is properly adjusted, and with 
no particular effort to shield either the stabilized 
klystron or the reference wave-meter cavity, the beat 
note on the Collins receiver remains within about 200 
cycles/sec for extended periods of time and very near to 
zero beat for minutes at a time. Since the highest Q 
of a surface wave line resonator so far measured was 
about 8000, or a band width somewhat over 1 mc/sec 
between the 3 db points, the limits on the stability of 
the klystron frequency and the ability to measure 
frequency differences has never been approached in the 
present measurements. 


Detector 


The relative output power of the surface wave line 
resonator was measured with a superheterodyne re- 
ceiver. The midfrequency of the IF amplifier was 65 
mc/sec, the band width between the 3 db points was 
8 mc/sec and the gain was about 70 db. The output of 
the IF amplifier was measured by a high-frequency 
thermocouple calibrated at dc. The variable IF atten- 
uators were calibrated in terms of the thermocouple at 
a frequency of 65 mc/sec. 

The high gain of this set permitted the use of rather 
high insertion losses for the surface wave line resonator. 
In general the insertion loss was maintained at 30 db or 
higher. 

WIRE LOSS MEASUREMENT 


The important procedures in making a measurement 
will be outlined. The wire on which measurements are 
to be made is stretched between turnbuckles and one 
of the resonator end plates is securely fastened in place 
on the wire. When an enameled wire is being measured 
the resonator is tuned by moving the second end plate 
back and forth with the collet only moderately tight 
until maximum response is obtained on the detector. 
The enamel is then removed from the wire at the proper 
point and the second plate secured. The final resonant 
frequency can always be kept within a few megacylces of 
the chosen frequency of 9365 mc/sec. When wires with 
a thick dielectric are measured the insulation is trimmed 
off in small amounts until the resonator is tuned. In 
setting up the resonator it is very important that good 
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electrical contact is obtained between the wire and the 
end plates. 

Some 12 to 15 readings of resonator response versus 
frequency are sufficient to obtain a good resonance 
curve. Immediately after the response data is taken the 
resonator is removed from the circuit and a system 
response versus frequency is taken over the same range 
of frequencies used for the resonator measurement. 
This latter data supplies the necessary correction for 
power output variation of the klystron due to its mode 
shape, the band-pass characteristic of the detector, and 
other frequency sensitive components in the system 
other than the resonator. The resonator insertion loss is 
also obtained from this data. 

The system correction can be applied directly to the 
resonator data and the true response curve of the reso- 
nator can then be plotted. The loaded Q of the resonator 
is obtained from this plot by finding the resonant 
frequency and the half-power frequencies. A typical 
plot of the resonator response versus frequency is shown 
in Fig. 5. To be certain that a true resonance curve 
has been obtained the data can also be plotted according 
to the following equation: . 


oH (P1) 
fo P. 
where fo is the resonant frequency, Af is the frequency 
deviation on either side of resonance, Po is the power 
output of the resonator at resonance, and P.,, is the power 
output of the resonator at Af. If the measured data 
yields a straight line as shown in Fig. 6, a true resonance 
curve has been obtained. 
The unloaded Q of a two line coupled resonator is 
related to the loaded Q in the following manner :"* 


Qu= (1+2N)Q1, (1) 


where Q, is the unloaded Q, Q1 is the loaded Q, and V 
is the coupling parameter. 
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Fic. 5. Resonance curve for a No. 12 Belden enameled wire. 
3 Montgomery, Dicke, and Purcell, Principles of Microwave 


Circuits, M.I.T. Radiation Laboratory Series (McGraw-Hill 
Book Company, Inc., New York, 1948), Vol. 8, p. 237. 
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The coupling parameter is the same for both input 
and output loops since they are identical. The relation 
between NV and the insertion loss of the resonator can be 
shown to be 

P 


2N =—_—, 
(1—P) 


(2) 


where P=[Pz(wo)/Po]*, Px(wo) is the power into the 
load impedance at resonance, and Pp is the available 
power from the generator. The ratio Pz(wo)/Po is the 
insertion loss and is readily obtained from the measure- 
ments discussed previously. 

The unloaded Q of the resonator is a measure of the 
losses within the resonator. These losses may be separated 
into the wire loss and the end plate loss. The end plate 
loss in turn is a combination of a conduction loss and a 
loss due to power of the surface wave passing by the 
finite size plates. When the wire loss only is desired 
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Fic. 6. Response curve of Fig. 5 in straight line form to show that 
a true resonance curve has been obtained. 


the losses due to the end plates may be treated as a 
combined loss. 
The expression for the unloaded Q of the resonator 
may be written" 
1 2a 4r 


Aenean, 

Q. B BL 
where a is attenuation of line in nepers per unit length, 
8 is the phase constant of the line, 7 is the damping 
factor due to the end plates in nepers, and L is the 
length of the resonator. 


When Eq. (3) is multiplied through by Z, the follow- 
ing is obtained: 


(3) 


—e— hh. (4) 


If Q. is determined for several Jengths of the resonator 
and L/Q, is plotted against Z, a straight line will result. 
The slope of the line is 2a/8 and the intercept is 47/8. 


14 See reference 5, p. 92. 
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LOSS 


A typical plot of this kind is shown in Fig. 7. Thus from 
the slope of such a plot the Q, of the wire alone can be 
determined and is given by 





a B 
"Dee! 
and hence, 
a / h (5) 
a=—= nepers/unit length. 5 
20 AgQuw 


This equation will permit a calculation of the loss per 
unit length if A,, the wavelength on the line, is known. 

The value of \, is easily determined experimentally by 
sliding a small thin piece of dielectric along the line in 
the resonator and noting the number of maxima or 
minima within the resonator. A measurement of the 
total length of the resonator will then permit a rather 
accurate determination of Ag. The method of using a 
sliding piece of dielectric on the line to make measure- 
ments has been more fully exploited by Attwood and 
Goubau.!® 

In making the loss measurements on wires by the 
method described above at least four resonator lengths 
were used for each wire. The minimum length used was 
about } meter and the maximum 10 meters. The method 
of plotting Z/Q,, versus L not only permits a separation 
of the wire loss from the end plate loss but also reveals 
inconsistencies in the measurements when they occur. 


RESULTS 


Loss measurements were made on ten different 
dielectric covered wires. The results of these measure- 
ments are summarized in Tables I, II, and III. In 
Table I are given the results of measurements made on 
a Belden No. 8008 enameled wire and on four General 
Electric Formex wires. The Formex wires are arranged 
in order of increasing thickness of coating. No calculated 
values of loss are given since the constants of the coating 
are not known at the frequency of measurement. The 
dielectric constant is probably between 2 and 3, and the 
loss tangent is probably between 5X 10~ and 10X10~. 
The loss tangent is of the order of 10 or more times that 
of a good high-frequency dielectric such as polyethylene 
or Teflon. 

The results listed in Table I show that the losses of 
these wires are relatively low in spite of the high loss of 
the dielectric. The reason is that the dielectric coating is 
quite thin. The thin coating results in a rather large 
field extension around the wires. The effect on the loss 
of increasing the thickness of coating is clearly shown 
for the four No. 12 Formex wires. The increase in the 
reduction of the phase velocity, indicated by the meas- 
ured wavelength on the line, with increasing thickness 
of coating is also evident. 


18S. W. Attwood and G. Goubau, “Method for Open Waveguide 
Standing-Wave Measurements,” Paper No. 51, Inst. Radio Engrs. 
National Convention (March 1952). 
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Fic. 7. Plot of L/Q. versus L for a No. 12 Belden enameled wire. 
Q. is the unloaded Q of the resonator, and L its length. 


The pertinent dimensions and constants of the poly- 
ethylene and Teflon covered wires tested are given in 
Table II. In Table III are listed the measured and cal- 
culated losses for these wires. All the wires listed are 
available commercially'® except the one marked 
“special”. The “special’’ wire was obtained from the 
Signal Corps. 

The calculated values of the losses were obtained by 
the latest method developed by Dr. Goubau!’ of the 
Coles Signal Laboratory. The details for making these 
calculations which are partly graphical and partly 
analytical, will not be given here. To calculate the loss, 
the wire dimensions and constants of the coating must 
be known. It is then possible to obtain a predicted 
reduction in phase velocity on the line and an impedance 
Z of the line defined as the ratio of the power down the 
line to the equivalent current squared in the line. These 
two constants are given in Tables II and III. The total 
calculated loss for a wire is the sum of the conductor 
loss and the dielectric loss, each of which is obtained 
separately by calculation. The measured loss yields 
only the total loss of the wire. 

The last four wires listed in Table II and III all 
have a relatively large measured loss which is due in part 
at least to the rather thick covering of dielectric on these 
wires. The measured and calculated losses for these 
wires are in good agreement except those for the large 
Teflon covered wire (core of RG-119/u cable) which is a 
special case. The measured loss of the polyethylene 
covered wire (core of RG-58/u cable) is somewhat less 
than predicted by calculations. 

The largest Teflon covered wire measured (core of 
RG-119/u cable) had an outer diameter greater than a 
quarter-wavelength. Thus the zero approximations of 
the Hankel functions used in the calculations are no 
longer valid and some discrepancy between the meas- 
ured and calculated loss for this wire is to be expected. 
It appears however that a surface wave exists on this 


16 American Phenolic Corporation, Chicago, Illinois. 
17 G. Goubau, Electronics 27, 180 (1954). 
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TABLE I. 









































Outside 
P diameter Thickness 
Conductor size (including of dielec- Aw Measured 
[Wire Diameter dielectric) tric Ow meas. loss 
Wire Dielectric No. di(cm) do(cm) (cm) meas (cm) db/100 ft 
Belden Enamel 12 0.2018 0.2079 0.0031 7250 3.19 3.59 
enameled 
No. (8008) 
Single Formex 12 0.2034 0.2079 0.0023 8830 3.19 2.96 
Formex 
Heavy Formex 12 0.2034 0.2122 0.0044 6750 3.185 3.87 
Formex 
Triple Formex 12 0.2034 0.2160 0.0063 4980 3.18 5.24 
Formex ' 
Quadruple Formex 12 0.2028 0.2179 0.0075 4750 3.18 5.50 
Formex 
d is 3.2 cm Constants for enamel and 
Formex coatings not known 
These measurements were made with 180-cm diameter end plate. 
TABLE II. 
Outside 
‘ , diameter Thickness 
Conductor size (including of dielec- 
, Wire Diameter dielectric) tric do’ Xi 
Wire Dielectric No. di(cm) do(cm) (cm) di di Z 
Special Polyethylene 10 0.259 0.332 0.036 1.28 12.35 145 
Core of Polyethylene 20 0.0803 0.300 0.109 3.66 39.8 138 
RG-58/u , 
cable 
Core of Teflon 19 0.091 0.298 0.103 2.66 35.2 149 
RG-142/u 
cable 
Core of Teflon 15 0.141 0.473 0.166 2.72 22.7 113 
RG-143/u 
cable 
Core of Teflon 10 0.259 0.833 0.287 2.42 12.35 72 
RG-119/u 
cable 
d is 3.2 cm. 
tané for polyethylene = 0.0003. «; for polyethylene= 2.26. 
tané for Teflon=0.0003. e; for Teflon =2.1. 
Amphenol catalog; American Phenolic Corporation, Chicago, Illinois. 
TABLE ITI. 
Aw Aw Percent reduction Copper Dielectric Total Total 
Ow meas. calc. in phase velocity loss calc. loss calc. calc. loss meas. loss % 
Wire meas. (cm) (cm) Meas. Cale. db/100 ft db/100 ft db/100 ft db/100 ft diff. 
Special* 8790 3.12 3.12 2.4 2.4 2.88 0.436 3.17 3.03 4.6 
Core of 2550 2.82 2.82 11.8 11.8 9.77 2.55 12.32 11.55 6.7 
RG-58/u 
cable 
Core of 2750 2.92 2.88 8.75 10.1 7.98 1.74 9.72 10.35 6.1 
RG-142/u 
cable 
Core of 3030 2.85 2.79 10.9 12.8 6.8 2.49 9.29 9.61 3.4 
RG-143/u 
cable 
Core of 3470 2.79 2.61 12.8 18.5 5.82 6.05 11.87 8.59 26.5 
RG-119/u 
cable 
d is 3.2 cm. 


tané for polyethylene=0.0003. 
tané for Teflon =0.0003. 


* This measurement was made with 180-cm diameter end plates. 











¢; for polyethylene = 2.26. 
«: for Teflon=2.1. 
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line and furthermore for this particular wire the meas- 
ured loss is comparable to that obtained for the smaller 
Teflon covered wires. 

The measured and calculated wavelength and hence 
also the reduction in phase velocity for both polyethyl- 
ene covered wires (listed in Table III), agree very well. 
This is not true for the three Teflon covered wires. In 
each case the measured wavelength was greater than the 
calculated value. Thus the measured reduction in phase 
velocity was less than that predicted by calculation. 
This was found to be due to a small air layer between 
the conductor and the dielectric since the Teflon does 
not fit tightly over the conductor. Such an air layer 
has the effect of reducing the effective thickness of the 
dielectric and hence results in a smaller than calculated 
reduction in phase velocity. The calculation of losses 
for the Teflon covered wires given in Table III was 
made using the measured reduction in phase velocity. 

A reasonably accurate value of the reduction in phase 
velocity on a wire which has a small air layer between 
the conductor and the dielectric can be obtained by 
calculation. This is done by calculating an equivalent 
dielectric constant for the combined air and dielectric 
layer assuming the capacitance of the two layers to be 
in series. The reduction in phase velocity is then deter- 
mined, using this equivalent dielectric constant. Re- 
ductions in phase velocities calculated by this method 
were in good agreement with the measured values listed 
in Table III. Good agreement was also obtained for 
some additional tests made by replacing the inner 
conductor of the Teflon jacket with other size wires, 
thus varying the dimensions of the air layer. 


CONCLUSIONS 


As is evident from the above discussion, many 
factors enter into the measured and calculated loss of a 
surface wave line. The accuracy of the measured loss is 
difficult to evaluate. Based on experience with the 
method and apparatus, and with the reproducibility of 


data, an estimated accuracy of 5 percent seems rea- 
sonable. To calculate the loss, the loss tangent of the 
dielectric must be known with good accuracy, as must 
also the reduction in phase velocity, since the dielectric 
loss calculation is very dependent on these values. 
Considering the various factors that influence both the 
measured and calculated values of the loss for a given 
wire, the agreement between the measured and calcu- 
lated values is considered to be good. 

At present no commercially available wire is so 
proportioned as to give the minimum loss for a rea- 
sonable extension of the field around the wire. The 
“special” polyethylene wire obtained from the Signal 
Corps shows what can be achieved at a particular 
frequency by properly choosing the conductor size and 
thickness of dielectric covering. Actually this wire was 
designed for a somewhat lower frequency than used in 
these measurements. 

The method best adapted to the loss measurements 
made in this study proved to be the resonance method. 
The resonator method required a minimum of labora- 
tory space, was well suited to a variety of conductor 
sizes, eliminated the need for line supports, and gave 
accurate and consistent results. The main disadvantage 
of this method is the rather elaborate auxiliary equip- 
ment required, along with the attendant maintenance 
problem. The use of launching and receiving horns and a 
sufficiently long line is certainly advisable if only a few 
loss measurements are to be made. An additional reason 
for developing the resonator method was its intended 
use for other studies on the surface wave line. 
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Semiconducting Films of Antimony* 


Jutius Covent 
Department of Physics, Syracuse University, Syracuse, New York 
(Received October 26, 1953) 


Thin films of antimony were condensed onto substrates at various temperatures. Films deposited at 
liquid oxygen temperatures showed large negative temperature coefficients of resistance. In general, re- 
versible resistance changes occurred if the films were cooled below a temperature previously reached; 
irreversible changes took place if the films were heated above that at which they were prepared. Activation 
energies were calculated from logR vs 1/T curves and gave values of ~0.07 ev for low temperatures and 
~0.13 ev for high temperatures. There appeared to be little or no influence of evaporation rate or thickness 
on the activation energies. A theory based on lattice defects is proposed in order to explain the electrical 


behavior of the films. 


1, INTRODUCTION 


Sie electrical properties of thin films are found to 
depend on many factors, among them film thick- 
ness, rate of evaporation, and nature and temperature 
of the substrate.' 

Many thin metallic layers exhibit semiconductivity 
and de Boer and Kraak postulated that this behavior 
is due to the wide spacing of the atoms which causes the 
appearance of forbidden energy bands.? A few early 
investigators suggested that films with negative tem- 
perature coefficients of resistance are amorphous; 
however, several recent investigators attribute this 
to the existence of surface states.‘ 

Hamburger, Reinders, and Kramer® found that films 
having negative temperature coefficients could in 
many cases be prepared by deposition on cold sub- 
strates. Some of these films recovered their metallic 
properties when heated. This was explained as due to 
the irreversible disappearance of lattice defects.® 

Suhrmann and Berndt’ evaporated antimony at 
liquid air temperatures and found that the films had 
negative temperature coefficients of resistance which 
became positive upon heating. 

The purpose of this investigation of thin antimony 
films was to study: 


* This material is taken from a thesis submitted to the Depart- 
ment of Physics, Syracuse University, in partial fulfillment of the 
requirements for the degree of Master of Science. 

“| Now at Bulova Research and Development Laboratories, Inc., 
Bulova Park, Flushing 70, New York. 

1H. Levinstein, J. Appl. Phys. 20, 306 (1949); L. Holland, 
Vacuum 1, 25 (1951); van Itterbeek, de Greve, and Celis, Physica 
15, 433 (1949). 

( 2 J. H. de Boer and H. H. Kraak, Rev. Trav. Chim. 55, 941 
1936). 
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whe Paris 19, 421 (1944); J. Kramer, Z. Physik 106, 675 
1937). 

‘van Itterbeek, de Greve, and Heremans, Appl. Sci. Research 

" eee L. Harris and L. H. Shaffer, Phys. Rev. 76, 943 
1949). 

5L. Hamburger and W. Reinders, Rec. Trav. Chim. 50, 441 
(1931); W. Reinders and L. Hamburger, ibid. 50, 375 (1931); 
J. Kramer, Z. Physik 111, 409 (1938); J. Kramer, Z. Physik 125, 
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(a) The efiect of temperature of deposition on the 
temperature coefficient of resistance, dR/dT. 

(b) The effect of temperature after deposition on 
resistance. 

(c) The effect of evaporation rate and film thickness 
on activation energy. 


2. EXPERIMENTAL PROCEDURE 


Vacuum was obtained in an all-glass system using a 
D.P.I. three-stage oil diffusion pump with liquid air 
trap. The degree of vacuum was measured with an 
ionization gauge. 

Cooling of the substrate was accomplished by blowing 
cold nitrogen gas onto the outer surface of the substrate. 
(See Fig. 1.) Temperature control was obtained by 
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varying the flow of the gas through a copper coil im- 
mersed in a liter Dewar flask of liquid oxygen. The tem- 
perature of the outer surface of the substrate was meas- 
ured with a thermocouple using a Leeds and Northrup 
portable potentiometer. 

Thickness of the film was determined by evaporation 
to completion of a known amount of material which had 
been weighed on a microbalance, and application of the 
inverse square law.’ This method had been found to 
give thickness with an accuracy of about 10 per- 
cent.2 The time of evaporation was measured with 

8 J. Strong and B. Dibble, J. Opt. Soc. Am. 30, 431 (1940). 


( *C. O. Tiller, unpublished master’s thesis, Syracuse University 
1951). 


798 








a stc 
with 
A 
and 
mer 
were 
tem] 
OXy§ 
betw 
eva] 
curr 
tung 
T 
puri 
(Lo 


for 


fo 
Wi 
or 
lic 
te 








he 


on 


-SS 


IY 


n- 
\S- 


on 
id 
he 
to 
r- 
th 








SEMICONDUCTING 


a stop watch and resistance measurements were made 
with an R.C.A. senior volt-ohmist. 

A demountable glass tube was used for evaporation 
and was evacuated to a pressure of about 10-° mm of 
mercury after being outgassed by baking. All the films 
were condensed on a Pyrex substrate, either at room 
temperature or at the temperature of dry ice or liquid 
oxygen. These were deposited as a strip (}”X}”) 
between two painted Aquadag electrodes. The rate of 
evaporation was controlled by varying the amount of 
current which was allowed to pass through a 20-mil 
tungsten basket. 

The antimony used in these experiments was of high 
purity and was prepared by Johnson and Mathey, Ltd. 
(London). 
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Fic. 2. Temperature dependence of resistance for a typical 
film evaporated at room temperature substrate. 


3. RESULTS 


The results are based on observations made on over 
forty films which were deposited on substrates kept at 
various temperatures. 


(A) The Effect of Temperature of Deposition 
on dR/dT 


The distance from the filament to the substrate was 
found to influence the sign of dR/dT. For example, it 
was observed that when the distance from the evap- 
orator to the substrate was 4 cm, films deposited at 
liquid oxygen temperature always had large negative 
temperature coefficients of resistance, while films de- 
posited at room temperature always had positive tem- 
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lic. 3. Temperature dependence of resistance for a typical film 
evaporated at dry ice temperature substrate. 


perature coefficients. However, when the distance from 
the evaporator to the substrate was increased to 8 cm, 
all films showed negative temperature coefficients of 
resistance regardless of the substrate temperature. 
(The magnitude of dR/dT was very small for films de- 
posited at room temperature.) 
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Fic. 4. Schematic diagram of resistance vs. temperature for a film 
370A thick and evaporated at a rate of 0.6A/sec. 


800 JULIUS 

















A ¢ Ur 
ae Q f 
\ 
- 3. 
N 
£6 \ 
a  % \ 
a 
3 \ 
é \ 
or 
\ 
ok 
B 
F 
= D 
Oo l l 1 
130 190 250 


TEMP (°K) 


Fic. 5. Schematic diagram of resistance vs temperature for a film 
370A thick and evaporated at a rate of 0.2A/sec 


(B) The Effect of Temperature after 
Deposition on Resistance 


The temperature dependence of resistance was 
studied for twenty-four films. In general, reversible 
changes occurred if the films were cooled below a tem- 
perature previously reached. Figure 2 is a log R vs 1/T 
plot for a film evaporated at 293°K, cooled to 195°K 
and then reheated to 293°K. Figure 3 shows the be- 
havior of a film evaporated at 195°K, cooled to 90°K 
and then reheated to 195°K. Irreversible resistance 
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Fic. 6. Temperature dependence of resistance for three films 
one different evaporation rates but all having a thickness of 
370A. 





COHEN 


changes occurred if the films were heated to a tempera- 
ture above that at which they were prepared. 

Figure 4 is a schematic plot of resistance vs temper- 
ature for a typical film deposited at liquid oxygen tem- 
perature. Immediately after evaporation the resistance 
increased because of the cooling of the layer when the 
heating current was discontinued, until it reached a 
somewhat steady value which is represented by point 
A. When the film was heated, its resistance changed 
irreversibly along curve ABC until point D (293°K) 
was reached, where the film began to crystallize. The 
length of time required for crystallization varied for 
different films—an effect probably due to the influence 
of impurities on crystallization rate. The film was re- 
cooled to 90°K, and the resistance was seen to change 
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Fic. 7. Temperature dependence of resistance for two films 
having different thicknesses but both having an evaporation rate 
of 0.8A/sec. 


irreversibly along the straight line DE, and to have 
a very small negative temperature coefficient of re- 
sistance. 

Somewhat similar behavior was observed for a film 
which was evaporated more slowly (Fig. 5). Here the 
resistance was “infinite” on deposition at 90°K. As 
the film was heated, the resistance became measurable 
at about 200°K (point A). The heating was continued 
to 270°K (point B) and the film was recooled. The 
resistance now became infinite at temperatures lower 
than 240°K (point C). The film was then reheated to 
293°K (point D) and immediately cooled. The re- 
sistance now became infinite at about 260°K (point E). 
If the film had been allowed to remain at 293°K for a 
sufficiently long time before recooling, the resistance 
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would have decreased irreversibly along the dashed 
line DF. 


(C) The Effect of Evaporation Rate and Thickness 
on Activation Energy 


The effect of evaporation rate and film thickness on 
activation energy was investigated for films deposited at 
liquid oxygen temperature. 

Figure 6 is a curve of log R vs 1/T for films having 
the same thickness but different evaporation rates, and 
Figure 7 is a plot of log R vs 1/T for films having the 
same evaporation rate but different thicknesses. The 
results of these investigations are included in Table I, 
and it appears that the rate of evaporation and film 
thickness have little if any influence on the activation 
energy, both in the intrinsic and the impurity range. 

The values of the activation energies were calculated 
as ~0.07 ev in the low-temperature region, and ~0.13 
ev in the high-temperature region, in good agreement 
with values found by Moss" who reported values of 
~0.07 ev and ~0.11 ev. 


4. DISCUSSION 


The results of the investigation suggest a mechanism 
to explain the origin of negative temperature coefficients 
of resistance, and the temperature dependence of re- 
sistance. 

The first few layers of the deposited film are amor- 
phous. The regularity of pattern repetition is lost after 
proceeding only a few atomic distances in the lattice 
since the atoms either are at incorrect interatomic dis- 
tances from their neighbors or deviate from their cor- 
rect angular relationships. Crystallization would require 
only small atomic shifts and rotations—the energy 
being supplied by the impinging beam and the sub- 
strate. Since the incoming particles lose kinetic energy 
upon impact with the substrate, most of the energy 


’ T. S. Moss, Proc. Phys. Soc. (London) A65, 147 (1952). 


for crystallization must necessarily be obtained from the 
substrate itself. If the substrate is cold, the atoms can 
obtain little if any energy from it and so the deposit is 
noncrystalline. If the substrate is warm, it may be able 
to supply an amount of energy for partial crystalliza- 
tion or at least for a more ordered deposit. 

It is reasonable then, to assume that: 


(1) The lattice of all vacuum deposited metals con- 
tain defects. 

(2) The number of such defects is greatly enhanced 
by evaporation on a cold surface. 

(3) The defects are a source of high resistance. 


TABLE I. Calculated activation energies for films of various 
thicknesses and evaporation rates. 








Activation energies 





Film Evaporation Low High 
thickness rate temperature temperature 
250A 0.8A/sec 0.07 ev 0.13 ev 
300A 2.0A/sec 0.07 ev 0.15 ev 
370A 0.6A/sec 0.08 ev 0.12 ev 
370A 0.9A/sec 0.07 ev 0.13 ev 
370A 16.0A/sec 0.07 ev 0.12 ev 
400A 0.8A/sec 0.06 ev 0.12 ev 
800A 9.0A/sec 0.08 ev 0.14 ev 








The negative temperature coefficients of resistance 
may be attributed to ejection of electrons from surface 
states and lattice defects. When the film is heated suffi- 
ciently, the distortions decay and of course cannot be 
recovered by cooling. Therefore, the resistance suffers a 
large irreversible decrease. 
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Generalization of the Wiener-Khintchine Theorem to Nonstationary Processes 


D. G. LAMPARD 
The Engineering Laboratory, Cambridge University, Cambridge, England 
(Received November 30, 1953) 


The Wiener-Khintchine theorem which connects the autocorrelation function and the power spectrum of a 
stationary time series by means of a Fourier cosine transform is well known. It is the purpose of this paper to 
generalize the theorem to deal with nonstationary time series. 


INTRODUCTION 


N a recent paper’, the author gave a generalization 
of the Wiener-Khintchine theorem which connected 
the time dependent power spectra and correlation func- 
tions of the outputs of a set of linear filters which were 
excited at /=0 by suddenly applying stationary random 
noise. In this paper we shall give a slightly modified 
treatment which will enable us to carry this generaliza- 
tion to its logical conclusion. To do this it will be 
necessary to use extended definitions of correlation 
functions and power spectra, definitions which remain 
valid even for nonstationary time series. 


ANALYSIS 


Let us consider a pair of nonstationary time series 
i, (x) and i2(x) which are defined in the range — © <x</ 
and which are zero for x>1. 

If we denote their Fourier transforms by S,(t;/) and 
S2(t;f), respectively, we have 


t 

sn= f iy (t)e~"*/ "dt, (1) 
t 

ssun= f bo(te)et?*/ dts, (2) 


where the star notation for the complex conjugate has 
been used. 

Now the “joint energy” of the component of fre- 
quency f/f of the 7; and i» in this order is 


ELvltsf\=Silt SA (tsf) (3) 
t t 
= f f 1) (ty )ée (tg)ei?*/ ('2 ~t dt dts. (4) 


We now define the (cross) correlation function y2(¢;7) of 
the 7; and i in this order by 


Wi2(t57) = (is (i2(t—7)) a, (S) 


where the angular brackets denote that the ensemble 
average of the product is to be taken. It is clear that in 
this work concerning nonstationary time series, en- 
semble rather than time averaging must be employed. 


'D. G. Lampard, “The response of linear networks to suddenly 
applied stationary random inputs” (to be published). 


We note that in the case of autocorrelation of a 
stationary time series this definition is equivalent to the 
temporal one usually given in the literature (see 
Rice,’ p. 312) (see Wiener*), namely, 

1 +T 
¥(r)=limr., = f i(t)i(t+ r)dt. (6) 


of” 


Let us now take the ensemble average of both sides of 
Eq. (4) and make use of Eq. (5). We obtain 


t t 
(Entt)u= f J Wie (ty sli —lbo)e?*2-) dt dts, (7) 


If we make the substitution r=/:—/;, we may write 
symbolically 


t t t x t 0 
ff eae f f dtsdr+ f J dtidr. (8) 


Thus, 


t “ 
(Erx(t3f)) w= f f WVio(te— 7 ;— 7)e?*/dtodr 
—2” 0 


+f f Wio(ty a re""!*dtidr (9) 


—20 % —20 


ff thetemri-nemn 
2” 0 


+yrol(tij;rle~?"}dtidr. (10) 
But by Eq. (5) we have 


Vie(ti— 7 53— 7) = (in (li— Tr) te (th)) av 
=yYo(/13;7), (11) 


so that Eq. (10) becomes 


Enltipn= f f {Wie(ti;7)e7P"/" 


—o™ 0 
+Wa(tijret®*/}dtdr. (12) 


2S. O. Rice, Bell System Tech. J. 23, No. 3 (1944). 

3 N. Wiener, Extrapolation, Interpolation, and Smoothing of Data 
of Stationary Time Series (Technology Press and John Wiley & 
Sons, Inc., New York, 1950), p. 38. 
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We now define‘ the (cross) power spectrum w2(t;f) by 
the relation 


0 
wil f)=2— KE ral f)m}, (13) 


where the factor 2 has been introduced to make the 
integral of wy(t;f) over all positive real frequencies 
equal the total (cross) power. 

If we carry out the indicated differentiation we have 
immediately 


walts)=2f {Wio(tsr)e~ "+o (tsr)et®*}d7, (14) 
0 


which is the main result of this paper. 
If i:=72, we have, dropping the subscripts, 


wsp=4f ¥(t;7) cos2x frdr, (15) 
0 


and this equation clearly reduces to the Wiener-Khint- 
chine result if the time series is stationary. 
Finally, let us find the inversion of (14). We have 


J weeinemnasq2 ff 
0 0 0 


X {Wia(tsre?*Z-9 + Yar (t;r)e®*/tr drdf, (16) 


and 


J enasneenaga2f f 
0 0 % 


X (Varltsre POM 4 Yrolt;r)e 2 O-M }drdf, (17) 


‘ This definition of power spectrum is essentially equivalent to 
that of C. H. Page, J. Appl. Phys. 23, 103 (1952). The author is 
grateful to Professor Zadeh of Columbia University for drawing 
his attention, in a private communication, to Page’s important 
paper and pointing out this equivalence. 


whence adding 
J {wio(t; fle? wa (t; fer ydf 
0 


=6f font cos? f (p— 7) 


+woi(t;7) cos2rf(pt+r)}drdf. (18) 


We now carry out the integration with respect to f on 
the right-hand side getting 


J wnttsnerpontsneeyas 
0 
= 2f tut 57)5(p— 7) +Wos(t;7)5(p+7)}dr, (19) 
0 
where the interpretation (see Rice’, p. 314) 
f ; cos2m fxd f = 36(x) (20) 


has been used. Here 6(x) is the even unit impulse func- 
tion (Dirac 6 function). Performing the remaining 
integration, gives at once if p20, 


Visti) =4 f (wieltsfer-wnltsfe-2ydf, (21) 
0 


which is the required inversion of (14). 
Again if i;=i2, we obtain 


én f w(t; f)cos2x fod f, (22) 
0 


which also reduces to the Wiener-Khintchine result in 
the stationary case. We note finally the work of Fano,° 
in which another aspect of this problem is discussed. yg 
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Comments on the Paper of Alan G. Mencher, 
“Epicentral Displacement Due to Elastic 
Waves in an Infinite Slab’’* 


ARTHUR S. GINZBARG 


Shell Development Company, Exploration and Production Research 
Laboratory, Houston, Texas 


(Received December 18, 1953) 


REDIT is due Dr. Mencher for showing in his paper that 
the epicentral displacement produced by a compressional 
point source in a slab contains shear arrivals. This is an unexpected 
result in the sense that it does not obtain for plane harmonic 
waves with which we are best acquainted. Convergence difficulties 
which disturbed both the referee and Dr. Mencher have no 
bearing on this result which can be demonstrated just as well in a 
simple geometry of a semi-infinite solid (if displacement is meas- 
ured below the surface to allow for a reflection). 

It should be pointed out, however, that the importance of the 
shear arrivals as compared with the compressional arrivals is 
overemphasized in the paper. The contribution of the shear waves 
is computed correctly. But the essential term in the compressional 
waves, namely the delta-function term, was dropped on the 
ground that it is ‘‘an artificial effect introduced by the idealization 
of the source as a step function.” The delta-function arises in the 
process of differentiation of a curve with a finite discontinuity. If 
the delta-function is dropped in the derivative, the original curve 
cannot be recovered by integration. By the same token, the use of 
the convolution integral in the computation of displacement 
produced by a physically significant source function would lead 
to erroneous results unless the delta-function terms are retained. 

The difficulty with the delta-functions could have been avoided 
by using a displacement potential linearly increasing with time 
instead of a step function. In this case, one finds finite displace- 
ment discontinuities at the front of compressional waves and only 
discontinuities in the derivative at the fronts of the shear waves. 
In other words, the contribution of a shear wave to displacement 
at and immediately following its arrival is given by the time 
integral of the displacement produced by the direct compressional 
wave; this relation is not affected by any changes in the singularity 
of the time dependence of the source. 


* J. Appl. Phys. 24, #240 (1953). 





Concerning the Use of a Delta-Function Source in 
a Problem on Elastic Waves 


ALAN G. MENCHER 
University of California, Los Angeles 24, California 
(Received February 4, 1954) 


WOULD like to acknowledge the comments of Dr. Ginzbarg 

concerning the disposition of the delta-functions in my paper 
on the epicentral displacement due to elastic waves in an infinite 
slab,' and to point out that there is actually no difficulty involved 
in the differentiation of the step functions which appear there. It 
is not necessary to use a displacement potential increasing linearly 
with time as Dr. Ginzbarg suggested. A consistent treatment of the 
step functions does in fact lead to just the results he has described, 
namely the compressional arrivals contain a delta-function while 
the shear arrival does not contain a delta-function but does lead 
to a finite discontinuity in the displacement. 

In applying the change of variable (26) to Eq. (27) through 
(30) of reference 1, a step function is introduced into each integrand 
in order to preserve the limits of integration, a vital procedure in 
view of the manner in which the Laplace inversion is performed. 


VOLUME 25S, 


NUMBER 6 JUNE, 1954 


One obtains from this the time integral of the displacement for 
each of the terms (27) through (30). The general form is 


F;(O)HGt- T;), 


where H(t—T;) is a unit step function and 7; is the arrival time of 
the ith wave. Differentiation with respect to time yields 


“(RHC-T) =F;'()H(t—Ti)+Fi(s(t—T,), 


where 5(¢{—T;) is a delta-function. An examination of Eqs. (27) 
through (30) of reference 1 reveals that F;(7;) is not zero for the 
compressional waves. Consequently, the delta-function must 
appear. For the shear arrival, however, F;(T;) is zero. Thus the 
second term in the foregoing equation vanishes and the delta- 
function does not appear. : 

It does not follow from the previously mentioned considerations 
alone that succeding shear arrivals (which were not considered in 
reference 1) have the same general behavior, although one would 
certainly expect such to be the case. 


' Alan G. Mencher, J. Appl. Phys. 24, 1240 (1953). 





Vapor Phase Crystal Growth of Lead Sulfide 
Crystals* 
FRANK P1IZZARELLO 


Chicago Midway Laboratories, Chicago, Illinois 
(Received February 20, 1954) 


METHOD of vapor phase crystal growth which may be 

generally applicable to a wide variety of materials has been 
devised. With experiments on lead sulfide using this method, 
complete transfer of material to a growing crystal face is effected. 
This method also purifies the lead sulfide starting material of 
any nonvolatile impurities. 

A Bridgman furnace with an inverted thermal distribution is 
used. Figure 1 shows the thermal distribution used in these 
experiments. This distribution is produced by placing a thick- 
walled inconel tube into the core of the furnace. The tube, meas- 
ured from the bottom of the furnace, extends 3 of the way up the 
core of the furnace. The diameter of the hole in the tube is just 
large enough to admit the sample tube containing the lead sulfide. 
The samples of lead sulfide to be grown are prepared by placing 
into a quartz tube known weights of lead and sulfur. This quartz 
tube (containing the lead and sulfur) is sealed off at a pressure of 
10-* mm Hg. The lead and sulfur are reacted in a muffle furnace 
at about 500°C. When the reaction is almost complete the temper- 
ature is increased to 800°C and the sample is heated for eighteen 
hours to reduce inhomogeneities. Upon completion of this treat- 
ment the sample tube is placed into the inconel tube and the 
furnace is brought to the proper temperature at the controlling 
thermocouple. The sample tube is connected to a raising mecha- 
nism and it is drawn through the thermal gradient at the rate of 
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Fic. 1. Thermal distribution of vapor phase crystal growth furnace. 
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7g in. per hour. As the sample is raised, PbS vapor condenses at the 
cooler portion at the top of the sample tube. The condensation 
continues and a large ingot of PbS forms which may be a single 
crystal or a group of large single crystals. To increase the probabil- 
ity of the formed nucleus to grow into a single crystal the top of 
the sample tube is drawn to a smooth tapering point. 

Growth of lead sulfide by this method has given crystals 
containing a p-n junction. Resistivities of the material in the p or 
n types are 0.05 ohm-cm. Controlled growth of junctions was 
attempted varying the composition of the initial charge; however, 
results thus far show no systematic changes. 

It is found that crystal seeds form at the top of the tube at a 
temperature of approximately 950°C. At this temperature the 
vapor pressure is reported to be 9 mm of Hg.! The temperature at 
the source is 1100°C where the vapor pressure is reported to be 
30 mm of Hg.' Considering only lead sulfide vapor flowing to the 
top of the tube under a pressure difference of 21 mm of Hg one 
can make a calculation based on mass flow. The rate of growth 
calculated is 1 g/sec. The rate of growth experimentally observed 
is about 10-5 g/sec. Since this process is performed at a high 
temperature, degassing of the quartz tube and reactants can take 
place to liberate foreign gases. If a calculation is made considering 
diffusion of lead sulfide through the foreign gases a rate of growth 
is determined which is of the same order of magnitude as observed. 
The equation used in this calculation is 

dP ’P 


dts dx?” 


where D is the diffusion coefficient and P is the partial pressure of 
lead sulfide. Since there was no reported value of D for lead 
sulfide the value of 107! cm?/sec was used. This choice was made 
because most values of D reported in the International Critical 
Tables? are of this order of magnitude. 

Thus, from the above considerations, it can be concluded that 
the rate of extraction of the sample through the thermal distribu- 
tion is limited by the rate of diffusion. 


* This research was supported in whole by the U. S. Air Force under 
Contract No. AF 33(038)-25913. 

1 International Critical Tables (McGraw-Hill Book Company, Inc., 
New York, 1929) Vol. III, p. 27. 

2 International Critical Tables (McGraw-Hill Book Company, Inc., 
New York, 1929) Vol. V, p. 62. 





Experimental Determinations of the Electric Field 
and Equipotential Surfaces Using the Heat 
Conduction Analogy 
M. KAMAL GOHAR 


Cairo University, Cairo, Egypt 
(Received March 23, 1954)* 


N order to overcome the difficulties that may arise in the 

analytical and experimental methods for determining the 

potential distribution for a given electrode system, an experiment 
which depends on the heat conduction analogy is suggested. 

Theory.—The flow of electricity or heat conduction between 
equipotential or isothermal surfaces satisfies Laplace’s equation : 

2, 2, 
pa Tn, Pn OY (1) 
0x ay 02? 

The distribution of the temperature in the heat conduction 
case is exactly similar to the voltage distribution in the electrical 
one, provided the boundary conditions of the temperature and 
voltage in the two cases are identical. As a special case, taking a 
semiconductor or insulator in the form of a parallellopiped as 
shown in Fig. 1, then under steady-state condition we have: 


Ta-—Ta’ 
prLt/(area)A 


Q/sec = (2) 
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wEAT / séC BETWEEN 
A-A= A/See 





where p; is the thermal resistivity of the insulator; Q/sec is the 
heat passing per second from section A to section A’; T4 and 
Ta’ are their temperatures; and / is the distance between the 
two sections. 

The electrical analogy gives the current J passing between the 
two sections A and A’ as 


Va-—Var 


atl (area)AY 


charge/sec =] = 


(3) 














OO) 
where V4 and V4: are the voltages of the two sections and p is 
the electrical resistivity of the substance. 
From Eqs. (2) and (3) we can see that the temperature in the 
heat conduction case is analogous to the voltage in the electrical 


problem, and hence instead of finding the equipotential surfaces we 
can find the isothermal surfaces for a suitable miniature model, 





of _. 





000 822° 
@2 0°90 0/00 ° 
0°00 9019000 
a ™~ 
ROOS meen in nn nin on 





-—<—<« 
“<< 
 ——~— —- -+4 
“7-4 

—— 










econ 
————— 

oeced 

weecced 








Raber a leet 





Ghsssszss2s5252222t84 


c 





806 LETTERS TO THE EDITOR 











Fic. 4. 
0 *O +O «0 \, 


\ 10 #0 30 40 a 
sO 6O 10 sO 
j sO 4“O 48O «O 





keeping the electrodes at constant fixed temperatures. If the 
dielectric between the electrodes is not homogeneous it can be 
represented in the miniature thermal model by a suitable insulator 
which consists of different materials whose thermal conductivities 
are proportional to the dielectric constant of the corresponding 
medium in the electrical case. 

To give one example of a method of obtaining such an insulator, 
a mixture of Portland quick-setting cement and asbestos may be 
used. Table I shows how the thermal conductivity varies by 
changing the percentage of the components of the mixture in the 
insulator. (Finer adjustment can be obtained by the liberation of 
a gas within the molecules of the solid mixture, e.g., liberation of 
hydrogen gas from a minute percentage of aluminum plus hydro- 
chloric acid.) 





























TABLE I 
% 
of Portland quick-  &% Thermal 
setting cement of asbestos conductivity 
3 = 
100 0 0.5 
0 100 0.09 
84 16 0.42 
TABLE IT. 
Point Thermocouple Point Thermocouple 
number reading number reading 
(10.9 ‘ {10.7 
14s 10.7 ed 10.6 
10 9.2 9 9.2 
6 7.2 2 6.5 








* Points 13 and 14 were not exactly on the same level. 


Procedure.—Replace the dielectric in the electrical case by a 
suitable easily shaped, insulator. Make cylindrical holes at con- 
venient distances in the parts where the electric field is required 
to be determined. Make also cylindrical rods to be inserted in the 
holes. Such rods should be of the same material as that of the 
corresponding hole, but with a very small clearance fitting just 
to allow the rods to slide easily. For example take the case generally 
used in high-voltageJtesting and work where two spheres are 
embedded in a dielectric as shown in Fig. 2. Suppose it is required 
to determine the electrical field between the two embedded parts 
of the sphere only. Figure 3 shows a suitable form of the insulator 
for this case (with all the rods inserted in their holes). Keep the 
spheres at certain uniform fixed temperatures; the temperature 
distribution in the insulator at steady-state condition can be 
determined by means of thermocouples as follows: 

Slide the rod in its hole till the required point is reached and 
then get its temperature by means of a thermocouple; then move 
the rod back to its original place. Before taking any other reading 
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Fic. 6 (bottom) and Fic. 7 (top). 


be sure that the temperature distribution does not alter; this 
can be checked by inserting another thermocouple at a certain 
fixed point in the insulator, the reading of which should not be 
changed at any reading of the other thermocouple. Repeat the 
experiment several times and get the average values. By interpola- 
tion, the isothermal surfaces can he deduced. 
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Advantages of the heat conduction analogy method.— 


(1) As the time constant of the insulator is very large with 
respect to that of the conductor, the readings obtained by the 
thermocouple are taken without any sensible change in the 
insulator temperatures. 

(2) Relative values are only required, there is no need for the 
exact final readings of the thermocouple as its temperature @ may 
be put in the form 


6=6/,1—e-t'7], (4) 


where 6; is the final reading of the thermocouple; ¢ is the time 
between the insertion of the thermocouple and taking the reading; 
T is the time constant. 

(3) The size of the apparatus is much smaller than the electro- 
lytic tank and the cost is less. 

(4) The results can be obtained even if the electrodes are not 
symmetrical about the plane in which the distribution is required. 

(5) The equipotential surfaces and electric fields can be 
determined directly in space and not in a plane. 

(6) If the dielectric between the electrodes is not homogeneous, 
it is much easier to represent it by a compound plastic suitable 
insulator than by electrolytic solutions where sometimes it is 
rather impossible to be done. 

The main disadvantage of the heat conduction analogy method 
is that it takes a comparatively longer time to obtain the results. 

Results.—Experiments were carried out for the case of the two 
spheres as described before with a homogeneous medium between 
them, and another one for two parallel plates with a nonhomo- 
geneous medium between them as illustrated in Fig. 4. Each of 
the readings was repeated about three times and the difference 
was within +4 percent. 

For the case of the parallel plates we had 


thermal conductivity of substance “A” 





=2.2. 
thermal conductivity of substance “B” 

The isothermal surfaces in that case were given in Fig. 5. 
(The readings were taken after 25 seconds from the insertion of 
the thermocouple and they include its initial reading.) Table I 
gives the readings for some points in this case; from these readings 
and Fig. 4 it can be deduced that 


dielectric constant of insulation “A” 





=2.1+2.2 


dielectric constant of insulation “B”’ 


Thus the results obtained from the electrostatic laws and those 
obtained experimentally by the heat conduction analogy are in 
good agreement. 

For the case of the two spheres we have the distributions given 
in Figs. 6 and 7 for sections 2.5 and 2.0 cm, respectively, from the 


front of the insulator (the dimensions of which are 817422 
mm). 

The distances between the points were measured by a spacial 
vernier as shown in Fig. 8. Figure 9 shows the apparatus in the 
case of the spherical electrodes. Figure 10 shows how the temper- 
ature was fixed by a method similar to that of the Lietz disks. 


* The original unrevised manuscript was received by Editorial Office on 
October 26, 1953. 





Synthesis Without Ideal Transformers* 


F. M. Reza 


Research Laboratory of Electronics and Department of Electrical Engineering 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received March 3, 1954) 


N a letter to the editor, Bott and Duffin' have suggested a 
synthesis prccedure that avoids mutual couplings in the 
realization of the driving-point impedance functions. The following 
results were obtained by this writer on the subject: 
a. A direct continuation of the Brune synthesis procedure 
leads to a result identical with that obtained by Bott and Duffin. 
b. In the light of the method suggested above, one may visualize 
that the synthesis suggested by Bott and Duffin coincides with 
what this writer has termed a “conversion cycle.’®:* Indeed, it 
has been shown?’ that each element of the conversion cycle could 
be solely described in terms of the elements of the corresponding 
Brune cycle and a constant k, which also appears in the same 
Brune cycle. The Bott and Duffin structure or the conversion 
cycle contains two remainder functions that are explicit functions 
of the elements of the same Brune cycle. The values of the elements 
of the conversion cycle are given in references 2 and 3. 
c. It is also possible to find an equivalent structure for the 
Brune cycle in the form of an unbalanced bridge as shown in 
Fig. 1. This is an improved conversion cycle as it presents one 


u, Ls<o 


2(s) 














z(s) 
Fic. 1. A transformerless bridge equivalent for a Brune cycle 
with a transformer. 


element less per cycle than the original Bott and Duffin structure. 
The equivalence of the two configurations requires 


Li(i+cLski)? =, _ Lee _ Litc(1—cL sk?) 
“ Le(1—cLgk?) ’ ~ E L2(1+cLek)? 
Ly Leck? Lec 1 
a? a me, 
2p abla(LsSts) 7 _ Lith? _ Lit Lalt-+Sz 
“A Ss+LB? “* 2, «Ly «LS+s8" 
_ 248) 
a * 


All elements are positive and physically realizable. 

This bridge conversion cycle provides a method of avoiding 
mutual couplings without undergoing much additional computa- 
tion. Once the Brune synthesis is accomplished, the bridge 
conversion cycle follows directly. 

In the case where L; <0, an identical procedure on the admit- 
tance basis may be followed. 
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The writer wishes to thank Professor E. A. Guillemin of the 
Department of Electrical Engineering, Massachusetts Institute of 
Technology, who stimulated his interest in this problem. 


* This work was supported in part by the Signal Corps, the Air Materiel 
Command, and the U. S. Office of Naval Researc 
1 R- Bott = R. J. Duffin, J. Appl. Phys. 20, 816 (1949). 
?F. M. Reza, arterly Progress Report, Research Laboratory of 
Electronics, M.I. T., July 15, 1953, pp. 82-87. 
3 F, Reza, ‘ ‘A Supplement to the Brune Synthesis Procedure,” 
Presented to the American Institute of Electrical Engineers Winter Conven- 
tion, New York City, January, 1954. 





Reproducibility of the Freezing Temperature 
of High-Purity Zinc 
E. H. MCLAREN 


Division of Physics, National Research Council, Ottawa, Canada 
(Received January 25, 1954) 


HIS note examines the possibility of using the freezing 
temperature of zinc as an alternative to the sulfur fixed 
point on the International Temperature Scale. 

In 1927 the temperature of the boiling point of sulfur was 
established as a primary fixed point (444.6°C, subsequently 
444.600°C) on the International Temperature Scale.' Sulfur was 
used in preference to mercury—the only suitable alternative 
element—in view of the toxicity of the latter. 

The sulfur point suffers, however, from some disadvantages. 
It requires a very long time—of’ the order of 24 hours—for 
molecular equilibrium to be established,? after which the boiling 
point temperature is reproducible within 10-°°C. The boiling 
point is, in addition, pressure dependent to the extent of approxi- 
mately 10~*°C per micron Hg, and this necessitates exceptionally 
careful pressure regulation and measurement. These factors, 
together with the present availability of highly purified metals, 
present an argument for the use of a metal freezing temperature 
as an alternative fixed point. In this connection an investigation, 
initiated by Dr. R. M. LeLacheur, that is being conducted in this 
laboratory has shown that different samples of high-purity zinc 
exhibit, over a wide range of conditions, freezing temperatures 
(419.5°C) having an average deviation as small as 2X107*°C. 
This temperature varies with pressure at a rate less than 10~'°C 
per cm Hg. 

New Jersey cp (99.999 percent) and sp (redistilled cp) zinc is 
used in these experiments. One-kilogram cylindrical samples are 
cooled in a heavily lagged copper block furnace. Temperatures 
on the axis of the melt are measured with a Meyers-type platinum 
resistance thermometer and a Leeds and Northrup G2 Mueller 
bridge with an added 10- decade.* 

Thermal analysis of various samples under appropriate rates of 
heating and cooling yield typical zinc alloy melting and freezing 
curves, while the measured range of melting and freezing temper- 
atures for a particular sample of zinc alloy is in good agreement 
with that expected from its known impurity content. When the 
rate of cooling is reduced sufficiently, a plateau feature is obtained 
on the time-temperature curve, the plateau temperature being 
steady to 5X10~°°C over periods of time dependent on the rate 
of cooling. Plateaus have been studied with durations varying 
from ten minutes to three hours. The plateau features are probably 
due to nonequilibrium segregation and subsequent coring during 
slow freezing.‘ It is possible to reduce the length of time in the 
supercooled region, which on a normal slow freeze may be as 
long as two hours, by freezing a mantle of zinc on the axial ther- 
mometer well, after which the plateau temperature is realized in 
about fifteen minutes. During these induced freezes the mantle 
presumably provides a coring interface round the thermometer 
coil. A single sample subjected to a series of freezes, both induced 
and normal, in no case shows plateau temperatures differing by 
more than 107*°C. 

The plateau temperatures for three samples of sp zinc from 
different distillation batches were measured over a six-week 
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period involving twenty-six freezes. The average deviation for the 
plateau temperatures for the group was +0.0002°C. The pressure 
dependency was determined to be approximately 610~5°C 
per cm Hg pressure. 

Further experiments are at present being carried out with a 
view to the elucidation of the nucleation and coring phenomenon 
observed during the freezing process. A detailed account of the 
investigation will be published at a later date. 

It is a pleasure to acknowledge the contribution of Mr. J. A. 
Lowdon who assisted in all phases of the experimental work. 

! Procés-verbaux, Comité Intern. Poids Mesures, 1927 and following. 

2H. F. Stimson (private communication). 


7R. M. LeLacheur, Rev. Sci. Instr. 23, 383 (1952). 
‘ Tiller, Jackson, Rutter, Chalmers, Acta Metallurgica 1, 428 (1953). 





Comments on J. H. Crysdale’s “Letter 
to the Editor” 


G. BEKEFI 


The Eaton Electronics Research Laboratory, Department of Physics, 
McGill University, Montreal, Canada 


(Received February 8, 1954) 


R. J. H. Crysdale, in a recent “Letter’ raises a number of 
1 points concerning my paper on electromagnetic diffraction.? 
(a) Mr Crysdale maintains that the formulation of the diffrac- 
tion problem in terms of one component of the electric Hertz 
vector (II,) is justified because my approximate boundary condi- 
tions are a special case of certain conditions which he seemingly 
assumes to be exact, whereas this justification does not exist for 
a formulation in terms of a single component of the magnetic 
Hertz vector (II,*). My own attitude was that, “the whole diffrac- 
tion problem appears to be ambiguous insofar that it can be 
expressed in terms of either II, or II,*” and I gave a “possible” 
explanation as to why II,* is not applicable. Since, as will be 
shown below, Mr. Crysdale’s exact boundary contitions are in 
fact the same as those used in my paper and are moreover approxi- 
mate, his reasoning does not appear to be valid. 
He presents, without a clear proof, the following boundary 
conditions: 





x=0 on both surfaces of the screen (3) 
OR. 7} 
2. =0 (4) 
or in the aperture 
OR OR; 
a, = my (5) 


together with the relations 











,=IIs,a,+Ts,a, (6) 
= Ilia. (7) 
Since in Eq. (7) #; has no y component, it follows from Eq. (5) that 
om, oOIlz; orl, ‘ 
a, = a. and a. =0 in the aperture, 


and on writing (3) in component form, it is seen that 
=0 and M,=0 on the screen. 


The immediate consequence is that the y component of the 
electric Hertz vector has completely disappeared from Mr. 
Crysdale’s equations, which reduce exactly to my approximate 
boundary conditions. It must be stressed further that Meixner*-‘ 
has discussed the possibility of using the condition (3), «=0, on 
the screen but has shown that it is not possible to satisfy his edge 
conditions simultaneously, with the possible result that ambiguous 
solutions may appear. (The ambiguity as to the choice between 
II, and II,* is connected with this question.) Hence, even if Eqs. 
(3), (4), and (5) had not reduced to my approximate boundary 
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conditions, Mr. Crysdale would have been wrong in using these 
equations in an attempt to justify the validity of a solution. 

(b) Mr. Crysdale’s contention in the section of his “Letter” 
that follows his Eqs. (10) is that the formulation of the problem in 
terms of only one component of the electric Hertz vector is not 
exact (which he demonstrates with the aid of his Eqs. (10) ); 
thus he appears to imply that I laid claim to having obtained an 
exact solution. 

In reply I call attention to the first line of the abstract of my 
paper and in particular to page 1125 where I say: “---it appears 
as if an exact evaluation of the diffraction problem had been 
found. Nevertheless, in the general three-dimensional case the 
results are approximate---.” Also: “Although it is difficult to 
assess on theoretical grounds alone the magnitude of the error 
produced by the assumptions, it is expected that for sufficiently 
large apertures, the errors in the final solution will] in general be 
small. The largest discrepancies in the prediction of the field 
components will probably be confined to a region close to the 
diffracting edge;---.” In these places and elsewhere I have tried 
to point out the nature of the approximations, their physical 
plausibility, and the errors in the field components that are likely 
to result from such an analysis. Comparisons with experimental 
results were made in order to investigate the validity of the 
assumptions. 

(c) Following Eq. (16), Mr. Crysdale says: “Actually, the 
integral representation of Eq. (16) is not applicable to this probelm 
since its use implies that I, is independent of ¢’, where ¢’ is the 
angular coordinate in the cylindrical coordinate system (p’,¢’,z’).”” 

Any doubt as to the validity of my equation (Eq. (16) of the 
“Letter” ] can be quickly dispelled. A completely general solution 
of the scalar wave equation in II, in cylindrical coordinates is 


> wm ddd 
U1e(o'6'2') = E cosmg’ {Im Qe')fim(da) exp(—ns')— 


m=0 


cs ddd 
+sinm¢’ J, J m(dp')fom(Aa) or 


where the symbols used are the same as those defined in my paper. 
The above formula can be obtained also directly by a transforma- 
tion of my Eq. (10a) as outlined by Bouwkamp. 5 Because of the 
fact that the wave function II,; associated with a plane (or 
spherical) normally incident wave is independent of the ¢’ 
coordinate (see for instance Eq. (18) of my paper) and subject to 
the boundary condition dI1,/dz=9I1,;/dz (within the aperture), 
it is seen that the right-hand side of the above series expansion 
for II, must be independent of ¢’, so that only those terms can 
appear for which m=0. 

At a later stage Mr. Crysdale weakens in his criticism of my 
integral representation by saying “---that, in general, Iz(p’,¢’,2’) 
would not be independent of ¢’---.” If by this statement Mr. 
Crysdale is referring to the exact solution of the problem, then his 
objections can be discarded as irrelevant to my paper because, 
as pointed out in Sec. (b) above, no claim as to rigor was ever 
made. 

(d) In the section following his Eq. (17), Mr. Crysdale proceeds 
to show that my final approximate formula can be “derived with a 
simple physical argument.” Immediately prior to this section, 
Mr. Crysdale intended to point out the incorrectness of my 
integral representation. Had this been the case [and I have 
disproved this under (c) in the foregoing], it would have in- 
validated the rest of my analysis including the approximate 
formula to which he is referring; hence any physical argument of 
Mr. Crysdale’s would have been equally erroneous. Mr. Crysdale 
appears to neglect this logical consequence and proceeds to apply 
the principles of geometrical optics to derive my results. In this 
respect I wish to draw attention to the much more complete work 
of H. E. J. Neugebauer.® 

(e) In conclusion the author writes:—‘---it might be pointed 
out that Bouwkamp has criticized the papers by Bethe and 
Copson referred to by Bekefi in his introduction.” The purpose of 
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these concluding remarks and their connection with the remainder 
of the “Letter” are obscure. Bouwkamp expressed no objection 
whatsoever to either Copson’s or Bethe’s mathematical formalism 
of setting up their respective integral equations, to which I referred 
in my introduction; his criticisms were directed at the method of 
solution which resulted in incorrect expressions for the near-field 
of a circular aperture. 


1J. H. Crysdale, J. Appl. Phys. 25, 269 (1954). 

2G. Bekefi, J. Appl. Phys. 24, 1123 (1953). 

sj. Meixner, Ann. Physik (6) 6, 1 (1949). 

4 J. Meixner and W. Andrejewski, Ann. Physik (6) 7, - (1950). 

om J. Bouwkamp, Philips Research Reports 1, 251 (1946). 

E. J. Neugebauer, Eaton Electronics Research Laboratory Report 

No. Ns on Contract AF 19(122)-81 to the United States Air Force, Cam- 
bridge Research Center; also J. Appl. Phys. 23, 1406 (1952). 





Piezoelectric Properties of Lead Zirconate-Lead 
Titanate Solid-Solution Ceramics* 
B. JAFFE, R. S. Rotu, AND S. MARZULLO 


National Bureau of Standards, Washington, D. C. 
(Received March 3, 1954) 


HE useful piezoelectric properties of ceramic (polycrystal- 
line) BaTiO; have stimulated a search for other ferro- 
electrics suitable for fabricating piezoelectric ceramics. It is 
particularly desired to uncover materials having electromechanical 
properties which are stable through a wide range of temperature. 
Barium titanate becomes depolarized if it is heated to approxi- 
mately 120°C, its Curie point. Other crystalline inversions which 
cause discontinuities in its properties occur at 0° and —90°C. 

Shirane, Suzuki, and Takeda'-? describe the properties of solid 
solutions of PbTiO; and PbZrO ;. Although PbZrO; is antiferro- 
electric, all its solid solutions containing more than 10 mole 
percent PbTiO; are ferroelectric. Their Curie temperature varies 
from 220° to 490°C, depending on composition. A phase boundary 
is reported at about 45 mole percent PbTiO;.? Solid solutions 
containing less than 45 mole percent PbTiO; are rhombohedral 
(pseudocubic with slight elongation along a cube diagonal), 
while those containing more than this amount are tetragonal, 
isostructural with both PbTiO; and BaTiOs. 

For the present investigation, matured ceramic specimens of 
these solid solutions were prepared by sintering dry-pressed disks 
of mixed oxides in a covered platinum crucible at 1220°C. Lead 
oxide vapor from dry-pressed pellets of PbO+ZrO:2 prevented 
volatilization of PbO from the specimen. After fired-on silver 
electrodes were applied, piezoelectric properties were induced by 
applying a field of 60 kv/cm at room temperature for one hour. 
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Fic. 1. Dependence of electromechanical properties of PbZrOs-PbTiO: 
solid-solution ceramics on composition. 
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The electromechanical response of the rhombohedral specimens 
increases sharply as the transition composition at 45 mole percent 
PbTiO; is approached. The tetragonal compositions nearest the 
boundary also have strong response. However, substitution of 
still more PbTiO; causes a marked decrease, presumably because 
the increasing c/a ratio of the crysta] axes hinders alignment of 
the domains. Ceramics containing 60 mole percent or more of 
PbTiO; show no electromechanical activity after polarization, 
even though single-domain crystals should be expected to be 
strongly piezoelectric. Figure 1 shows the dependence of the 
radial coupling coefficient and the d3; and d33 constants at room 
temperature on composition.’ 

The composition just on the rhombohedral side of the phase 
boundary has both a high coupling coefficient and a relatively 
small variation of the coupling coefficient with changing temper- 
ature. Figure 2 shows the variation in the radial coupling coefficient 
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Fic. 2. Dependence of radial coupling coefficient and frequency constant 
of rhombohedral Pb(Zro.ssTio.4s)O3 ceramic on temperature. 


and the frequency constant (disk radius times radial resonance 
frequency) between —50° and 350°C, the Curie point. Limited 
data for this composition, Pb(Zro.5sTio.4s)O3, indicate that it can 
withstand intermittent service at 200°C with very little degrada- 
tion. Some of its properties at room temperature follow: 


For a specimen not yet polarized: 


dielectric constant at 1 Mc 
dissipation factor at 1 Mc 
density 

theoretical density 


585 
1.2 percent 
7.1X10 kilogram/cubic meter 
7.98 X10 kilogram/cubic meter. 


For a specimen previously polarized at 60 kv/cm for one hour: 


Young’s modulus 


7.5X10" newtons/square meter 
dielectric constant at 50 kc 


(free) 500 
dielectric constant at 5 Mc 

(“clamped” by the high 

frequency) 330 
d3 50X 10-2 coulomb/newton 
d33 130X 10-2 coulomb/newton 
£31 0.011 volt-meter/newton 
£33 0.029 volt-meter/newton 
Rradial 0.37 
kat 0.22 
ks3 (estimated) 0.5 to 0.6. 


* The work covered by this report from the National Bureau of Standards 
} on sponsored by the Office of Ordnance Research, Department of the 

rmy. 

1 Shirane, Suzuki, and Takeda, J. Phys. Soc. Japan 7, 12 (1952). 

2G. Shirane and K. Suzuki, J. Phys. Soc. Japan 7, 333 (1952). 

+ The notation used conforms to the standard given in Proc. Inst. Radio 
Engrs. 37, (12) 1378 (1949). 
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Spin-Coated Polyvinyl Alcohol Replicas 
for Electron Microscope Use 


F. E. BULETTE 
Materials Laboratory, Wright-Patterson Air Force Base, Dayton, Ohio 
(Received February 4, 1954) 


RESENT methods of preparing positive replicas are in- 
adequate due to the excessive time required for preparation. 
This is true of the commonly used polystyrene-silica replica 
technique and the polyvinyl alcohol-Formvar method. This work 
was directed toward the modification of the polyvinyl alcohol- 
Formvar method. 

A method has been devised for the rapid preparation of positive 
replicas for electron microscope work employing a spin-coat 
technique in conjunction with polyvinyl alcohol. With this method 
a direct polyvinyl alcohol replica can be prepared in 25 to 30 
minutes. This is in contrast to the standard polyvinyl alcohol 
replica method requiring a curing period of 24 hours. 

The apparatus used in the preparation of the negative polyvinyl 
alcohol replica is a variable speed motor with speeds varying from 
500 to 2000 rpm and a turntable attachment mounted horizontally. 
The specimen is mounted with its center of gravity at the axis of 
rotation of the turntable and is held in place with Scotch tape. 
A solution of polyvinyl alcohol (DuPont grade 51-05), 25 percent 
by weight in water, is poured over the surface of the specimen and 
allowed to set for 15 minutes. This allows the polyvinyl alcohol 
sufficient time to wet the surface. The specimen is then spun at 
approximately 600 rpm for 10 minutes. After the specimen has 
stopped spinning the polyvinyl alcohol replica will be completely 
cured and ready for stripping. If the replica is too thin additional 
applications may be made. 

Any one of a number of film replicating techniques may be used. 
The author used Formvar (0.25 percent in ethylene chloride) to 
test the reproducibility of the spin-coat technique. The polyvinyl 
alcohol replica was preshadowed with chromium.” 

A 15 percent solution of polyvinyl alcohol was poured over the 
identical specimen and allowed to set for 24 hours. The replica 
prepared by this method showed no more detail of structure than 
the replica prepared by the spin-coat method. Figure 1 represents 
an electron micrograph made from a spin-coat replica and Fig. 2 
represents an electron micrograph made with the standard 
polyvinyl alcohol replica method. 

Spin coating of polyvinyl alcohol can be successfully applied 
to the rapid preparation of positive replicas for use in electron 














Fic. 1. Spin-coated polyvinyl alcohol-Formvar replica of S816 high-temper- 
ature alloy preshadowed with chromium. Magnification 3660 X. 
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Fic. 2. Standard polyvinyl alcohol-Formvar replica of S816 high-temper- 
ature alloy preshadowed with chromium. Magnification 3660 xX. 


microscopy. This can be accomplished without any loss of resolu- 
tion or contrast which can normally be obtained with the standard 
polyvinyl alcohol technique. 

The spin-coat technique requires about one-fiftieth of the time 
required for the completion of positive replicas by the standard 
polyvinyl alcohol technique, representing a considerable saving 
in time. 

1 Schwartz, Austin, and Weber, J. Appl. Phys. 20, 202 (1949), 

2 R. C. Williams and R. W. G. Wyckoff, J. Appl. Phys. 17, 23 (1946). 





On Roots of Transcendental Equations 
ALAN F. Kay 
McMillan Laboratory, Incorporated, Ipswich, Massachusetts 
(Received November 30, 1953) 


HE relation between the sums },= 2;~:"\;~* and the roots 
M1, A2,***, An Of the polynomial 


oe ae a | (1) 
1 


which was considered by M. R. Spiegel! has also been studied by 
Dieudonné,?* Higgins, Kay,5 Lindwart,® Nagy,’ Polya,* Whit- 
taker,® and probably by others. In fact, such a study constituted 
a large part of my doctoral thesis.5 

I think the following points are of interest to the readers of the 
Journal of Applied Physics. First, the 6, may be conveniently 
expressed in terms of the coefficients by the determinant.® 








a 1 
2a2 ai 1 
3az3 ae ai 1 
be=(-1)F] k=1,2,--- (2) 
1 
Kay Qk-1 GQk-2 ° ° . a) 


A similar determinant expresses ay in terms of bi, be,---, de. 
Secondly, as an alternative to | 5,|~!/*, which serves as an approxi- 
mation, for large k, to the magnitude of the root of least magnitude, 
the quotient 5,_:1/b, is an approximation to the complex value of 
this root. In either case the method fails if there is more than one 
root with this same least magnitude, but different phase. The 
latter is one of the best methods for computing all the roots—real 
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or complex—of a polynomial or transcendental function of 
certain type.*.* 

As an example of other results of the foregoing authors, which 
generally have been of interest only to pure mathematicians, I 
cite the following :5 

The Zero of least magnitude of the polynomial (1) lies in the 
complex x plane in the ring 


M/5<|x| <M, (3) 
where 
M=min|n/b,|"/*, k=1,2,---,n. (4) 


Thus from the coefficients of a polynomial one may readily de- 
termine upper and lower bounds on the magnitude of the zero of 
least magnitude, which, for example, may be useful for determin- 
ing a first approximation in an iterative procedure for finding 
this zero. 

There are examples of polynomials for which the upper bound 
in (3) is assumed, but so far, the best that has been done in the 
other direction are examples of a least zero arbitrarily close to the 
circle |x| =M/4. Since the result (3) is independent of n, it also 


also holds for the power series 1+2;~10,x', if the latter converges 
in some neighborhood of the origin. 

Many results of this type, but generally of a more complicated 
nature, are known and are to be found in the references given here. 


1M. R. Spiegel, J. Appl. Phys. 24, 1103 (1953). 

2 J. Dieudonné, Buil. Sci. Math. (2) 15, 273-296 (1934). 

3 J. Dieudonné, thése, Ann. école Normale Supérieure 48, 273-279 (1931). 
4T. J. Higgins, Am. Math. Monthly 49, 462 (1942). 

5 A. F, Kay, thesis, Harvard University, 1951. 

6 E. Lidwart, inaugural dissertation, University of Géttingen, 1941. 

7G. Nagy, Portugalese Math. 7, 51-57 (1948). 

8G. Polya, Nachr. Ges. Wiss. Géttingen, 325-330 (1913). 

* E. T. Whittaker, Proc. Edinburgh Math. Soc. 36, 103 (1917-1918). 





Application of Ellis’ Theory on Plural Electron 
Scattering to Razor Edge 
SHIGETO YAMAGUCHI 


Scientific Research Institute, Ltd., Honge, Tokyo, Japan 
(Received February 22, 1954) 


FORMULA has been derived by Ellis, which expresses 

the relation between the minimum thickness of a truncated 
wedge of metal and the accelerating voltage for electrons necessary 
to give rise to a given contrast between diffraction ring and back- 
ground.! His experiments were made with aluminum and thallium 
chloride. The present author has carried out an electron trans- 
mission experiment with a razor edge, which is known to have the 
shape of a truncated wedge and whose minimum thickness is 
2000-SO00A. 

A razor edge was observed by an optical microscope in order to 
measure the minimum thickness of its truncated wedge. Figure 1 
is a micrograph showing the minimum thickness of a truncated 
wedge, taken by applying reflexion microscopy to the cutting 
edge of a razor. The razor edge chosen for the present study was 
uneven in thickness as is shown in the micrograph of Fig. 1. Such 
edge of uneven thickness is found among razor blades of low 
quality. The thin and the thick domains recognized in Fig. 1 
were measured and were found to broughly 2000 and 5000A, 
respectively. 





Fic. 1. Micrograph showing the minimum thickness of a razor edge. 
This was taken by applying reflexion microscopy to the cutting edge of 
the razor. The razor edge is uneven in thickness. The thin and the thick 
domains are roughly 2000 and SO00A, respectively. 
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Fic. 2. The diffraction pattern from a thin (2000A) domain of the razor 
edge shown in Fig. 1. Rings characteristic of alpha iron are distinctly 
discernible. Accelerating voltage, 194 kv. Camera length, 495 mm. Positive 
enlarged 2.33 times. 





Fic. 3. The pattern obtained with accelerating voltage of 97 kv from the 
same spot as in Fig. 2. The (200) ring is still discernible here. 





Fic. 4. The (200) ring is difficultly Fic. 5. The (200) ring is too 
discernible here. Accelerating volt- faint to be discerned. Accelerating 
age, 75 kv. The positive is a direct voltage, 68 kv. 
print from the electronic negative. 





Figures 2-6 are the diffraction patterns obtained from the 
razor edge with the incident beam normal to the razor blade. They 
are composed of nearly continuous rings that inform us of the 
nearly random orientation of iron crystallites. Accelerating 
voltages here used were 68-194 kv. Specimen-plate distance was 
495 mm. No magnetic lens was used in the diffraction camera, but 
the electrons were accelerated twice, step by step, and were 
appropriately concentrated by a Wehnelt cylinder. Exposure time 
was 3-5 seconds. Photographic plates here employed were 
“Process, hard,” produced by the Fuji Photo Film Company, 
Ltd., in Japan. 





Fic. 6. The pattern obtained from a thick domain (SOOOA) in Fig. 1. 
Accelerating voltage, 192 kv. The (200) ring begins to be discernible at this 
voltage. The contrast between the intensity of the (200) ring and _ its 
surrounding background in this pattern is approximately equal to that 
in Fig. 5. 


The appearance and the disappearance of the (200) rings from 
the alpha structure was always noted in the diffraction patterns 
obtained by changing the accelerating voltage. Figure 2 is the 
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pattern obtained from a thin (2000A) domain of the razor edge 
shown in Fig. 1 with an accelerating voltage of 194 kv. In this 
pattern, the rings characteristic of alpha iron are distinctly 
discernible. When the accelerating voltage was gradually lowered, 
the patterns changed in appearance as seen in Figs. 2-6. The (200) 
diffraction observed with 68-kv electrons is hard to discern with 
the naked eye (see Fig. 4). 

Figure 5 was obtained from a thick (5000A) domain of the razor 
edge in Fig. 1, with the electrons accelerated at 192 kv. With this 
accelerating voltage (200) ring begins to appear in the pattern. 
The contrast visually measured between the intensity of the (200) 
ring and its surrounding background in Fig. 6 is approximately 
equal to that in Fig. 5. 
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The observed values of the minimum thickness JT) and the 
accelerating voltage V giving rise to equicontrast in the diffraction 
patterns are plotted in Fig. 7 on the scales given by Ellis. The 
equicontrast curve produced here with several types of razor edge 
is nearly parallel to that of the aluminum wedge determined by 
Ellis. This implies that Ellis’ formula on plural electron scattering 
is applicable in the analysis of the diffraction patterns obtained 
from a razor edge. According to the curve in Fig. 7, we can estimate 
the minimum thickness of a razor edge, if the diffraction ring, 
contrast between ring and background, and photographic plate 
have been defined beforehand. 


1S. G. Ellis, Phys. Rev. 87, 970 (1952); J. Appl. Phys. 23, 1024 (1952). 





Spall Effects Produced by a Cylindrical and 
a Spherical Charge of High Explosive 


WILLIAM A, ALLEN AND WERNER GOLDSMITH* 


Michelson Laboratory, U. S. Naval Ordnance Test Station, 
Inyokern, China Lake, California 


(Received March 15, 1954) 


EVERAL papers'* have appeared recently that reflect 
increasing general interest in the physical phenomenon that 
occurs when a charge of high explosive is detonated in intimate 
contact with a steel plate. The usual geometry, Fig. 1(a), consists 
of a cylindrical charge detonated at a point on its axis near its 
distal end. A detonation pulse propagates down the charge 
and produces a sharp-fronted compression pulse in the 
steel specimen. The phenomenon has been discussed? in terms of 
one-dimensional wave propagation in perfectly elastic plate 
material. Other investigators** have remarked that the specific 
geometrical arrangement of charge and specimen actually produces 
a pulse form intermediate between plane and spherically divergent. 
It has been shown in previous papers®:* that the cylindrical charge 
produces a spherical pulse front in the metal with much of its 
energy concentrated in a beam along the axis. The apparent origin 
of the pulse was shown to lie in the vicinity of the detonator. It has 
been stated® that a 30-mm diam spherical charge, detonated at 
its center, produces physical effects on a steel plate somewhat 
equivalent to those produced by a standard 2-in. cylindrical charge 
1 in. in diam. For an elastic material, it was shown that the 
calculated pulse length and displacement amplitude produced on 
the free surface of a 4-in. steel specimen by a hypothetical 30-mm 
diam charge were similar to the measured pulse length and 
amplitude produced by the cylindrical charge. 

An experiment has been performed to verify the equivalence of 
the spall effects produced near the free surface by the two charges. 
Figure 1(a) is a sketch of a 2-in., 5.5-in. diam, specimen of 1025 
steel fired in the usual manner by means of the standard 2-in. 
cylindrical charge. Figure 1(c) is a sketch of a specimen fired by 
means of the 30-mm diam spherical charge. A shallow spherical 
recess was machined in the back surface of the steel specimen to 
form the interface. The depth of the recess was calculated such 
that a straight line could just be drawn from the edge of the free 
surface, through the edge of the interface, to the center of the 
sphere. The shortest distance from free surface to high explosive 
was 2 in. Figure 2 illustrates the explosive-steel spherical system 
before it was fired. The Plexiglas confines the charge, but it will 
be recalled’ that the cylindrical charge also was confined by means 
of a 3-in. plywood jig. It is believed that the resultant effects of 
confinement are approximately the same for the two cases. 
Comparison of Fig. 1(b) and Fig. 1(d), which are cross-section 
photographs of the recovered specimens, indicates unusual 
similarity of those effects that occur near the free surfaces. Both 
specimens are characterized by an incipient 4-mm spall near the 
free surface, probably produced by a reflected tensile wave. The 
fractures extend more than 1 cm from the axis. 

A few remarks are in order to justify the use of linear elasticity 
concepts to this nonlinear phenomena. The equivalent radius @ 
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chosen in the previous paper® is the concept introduced by 
Sharpe’ in his paper on the production of elastic waves by explo- 
sion pressures who states, “Consider what occurs when a charge is 
fired... . A wave in which the stress greatly exceeds the strength 
of the material diverges from the site of the explosion, crushing 
the material as it goes. The stress in the wave rapidly attenuates, 
however, at a rate which probably is greater than inverse second 
power, due to the loss of energy by crushing. At some distance 
from the source which is a function of the strength of the material 
and the size of the charge which was detonated, the stress will be 
exactly equal to the strength of the material. At greater distances 























(a) (b) 


























(c) (d) 


Fic. 1. Experimental arrangement used to study explosive-steel inter- 
action. (a) Cylindrical charge arrangement. (b) Cross section of specimen 
showing effects produced by cylindrical charge. (c) Spherical charge arrange- 
—_ (d) Cross section of specimen showing effects produced by spherical 
charge. 


the material will be ‘perfectly elastic,’ except for viscosity and 
internal friction. This critical distance, which can be called the 
radius of the equivalent cavity, is to be associated with the radius a 
of the cavity in an ideally elastic medium which enters into the 
theory which has been developed.” 

Use of the linear theory of elasticity can also be partially 
justified by the well-known effect that the longitudinal stress 
required to produce the first yielding of the material may be 
considerably higher than the yield stress in simple tension or 
compression.®.* 
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Fic. 2. Experimental arrangement of spherical charge-steel system. 
A—detonator. B—micarta detonator spacer. C—Plexiglas plates used to 
form plastic high explosive into a sphere and align the detonator. 


It may be rather fortuitous, but it is rather gratifying that the 
actual 30-mm charge diam produces essentially the same spalling 
effects as those produced by the cylindrical charge. The geometri- 
cal stress divergence naturally present in the cylindrical case, and 
designed into the spherical case, may have important bearing on 
the production of spall. The experiment indicates that spalling is 
associated with a spherically divergent stress wave. It has been 
concluded that, as far as the spall effects near the free surface are 
concerned, the more complicated cylindrical charge geometry can 
be replaced both experimentally and theoretically by the spherical 


charge. This result is important because in contrast to the relative . 


simplicity of the elastic solution of the radially symmetric problem, 
the cylindrical case is not all amenable to known mathematical 
methods. 


* University of California at Berkeley. 

1 Pack, Evans, and James, Proc. Phys. Soc. (London) 60, 1 (1948). 
2 J. S. Rinehart, J. Appl. Phys. 22, 555 (1951). 

3 W. M. Evans and G. I. Taylor, Research (London) 5, 502 (1952). 
* Werner Goldsmith, - Appl. Mech. 20, 307 (1953). 

5 W. A. Allen and C. L. McCrary, Rev. Sci. Instr. 24, 165 (1953). 
*W. A. Allen, J. Appl. Phys. 24, 1180 (1953). 

7 J. A. Sharpe, Geophysics 7, 144 (1942). 

§ D. S. Wood, J. Appl. Mech. 74, 521 (1952). 

*W. Goldsmith, Metal Progr. 60, 92 (1951). 





Monochromatic X-Rays for Single Crystal 
Diffuse Scattering* 
B. E. WARREN 


Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received March 3, 1954) 


N making single crystal diffuse scattering ‘measurements such 
as those involved in determining the short range order in 
alloys, or the elastic spectrum from temperature scattering,?“ it 
is necessary to use crystal monochromated radiation, and to keep 
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Fic. Illustration of the volume element in re ciprocal space corre- 
eB. to small variations in the directions of the primary and scattered 
beams; a =4.0A, A =1,.54A, @=45°, Ad = +1° 


the volume element in reciprocal space sufficiently small. Figure 1 
shows the vectors So/A and S/A representing the directions of 
the primary and diffracted beams, and the volume element in 
reciprocal space which corresponds to a small variation in the 
beam directions. The figure is drawn to represent a face centered 
cubic crystal a=4.0A, A=1.54A, @=45° and there is a variation 
of the beam directions of +1°. The volume element at the tip of 
the diffraction vector has dimensions which are about || /8, and 
hence it extends over a length one-eighth of the distance from a 
reciprocal lattice point to the boundary of the Brillouin zone. 
This is about the maximum volume that can be tolerated if any 
real detail in the diffuse scattering is to be obtained. The experi- 
mental problem is to obtain a high enough monochromatic 
intensity for diffuse scattering measurements without appreciable 
increase in the size of the volume element. 

The obvious first step is to use a bent focusing crystal with slits 
to hold down the divergence to about +1°. Using CuKa and LiF 
(200) bent to a radius R=25 cm, and keeping the divergence of 
the primary and scattered beams for the sample down to +1°, 
the useful area of the monochromating crystal is only about 0.2 
X1.0 cm?. This area can be increased considerably by putting a 
double bend in the crystal, or by making it up from tilted seg- 
ments. Figure 2 shows schematically the arrangement for a 
spectrometer with vertical axis; F is the focal spot of the x-ray 
tube, M the monochromating crystal, S the single crystal diffract- 
ing sample, and C the Geiger counter slit. In addition to bending 
the monochromating crystal to a radius of say 25 cm, imagine it 
cut into strips 2 mm wide. An upper strip such as M’ reflects a 
beam to S” on the face of the sample. If the strips are rotated 
about an axis parallel to FS, the reflected beam can be brought 





Fic. 2. Beam paths for doubly bent or segmented monochromator; F 
focal spot of tube, M monochromator, S single crystal sample, C Geiger 
counter slit. 
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from S” down to S. However, this is not the desirable arrangement. 
Instead, rotate the strip only enough to bring S”’ down to S’, so 
that the rays M’S’ and S’C make the same angles with the 
horizontal plane. For this condition, the diffraction vector S’D’ 
is parallel to the diffraction vector SD for the central strip. For 
rays coming from different strips on the monochromator the 
diffraction vectors are all parallel, and hence although we are 
using different parts of the crystal sample, we are measuring the 
same volume element in reciprocal space. 

Figure 3 shows schematically the arrangement now being used 
for diffuse measurements. LiF strips 0.5 mm thick and 2.0 mm 
wide are bent and cemented to the wedge-shaped segments whose 
inner faces are cut to a radius of 25 cm. The wedge-shaped 





— 

















Fic. 3. Construction of tilted strip monochromator by mounting crystal 
strips on tilted wedge-shaped segments. 


segments are held to the concave form by a screw at each end 
passing radially through the form. Before assembling, a thin 
sheet of rubber is placed between the segments and the concave 
surface so that by tightening or loosening the screws, slight 
adjustments can be made to insure that all the strips diffract 
simultaneously. Such a monochromator made up from 7 strips of 
LiF gives a gain of about 15 over a singly bent quartz monochro- 
mator for the same volume element in reciprocal space. An intense 
monochromatic beam is obtained which is quite ample for measure- 
ments of diffuse scattering from single crystals. The A/2 compo- 
nent from the monochromator is eliminated by using a balanced 
filter with the filters balanced at A/2. 


* Research sponsored by the U. S. Office of Naval Research and the 
1. S. Atomic Energy Commission. 

1J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 

2H. Cole and B. E. Warren, J. Appl. Phys. 23, 335 (1952). 

3 P. Olmer, Acta Cryst. 1, 57 (1948). 

4H. Curien, Acta Cryst. 5, 393 (1952). 

5 A. Guinier, X-Ray Crystallographic Technology (Hilger and Watts, Ltd., 
London, 1952), Chap. VI. 
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Note on Shot and Partition Noise in Junction 
Transistors 


A. VAN DER ZIEL 
Electrical Engineering Department, University of Minnesota, 
Minneapolis, Minnesota 


(Received January 25, 1954) 


ECENTLY Montgomery and Clark! presented evidence for 

the existence of shot effect in transistors and showed how 

the shot noise could be incorporated in the equivalent circuit of 

the transistor. They found good agreement between the theoretical 

and the experimental value of the noise figure for low emitter 

currents, but the agreement became poorer at the higher emitter 
currents. 

We shall show that this discrepancy is the result of the omission 
of a partition noise term. If this change is incorporated into 
the theory, good agreement is obtained between theory and 
experiment. 

If the 1/f noise term is negligible, the following noise sources 
have to be taken into account: 


(1) thermal noise emf ((v,?))# of the spreading resistance Rs, 
(vy?) =4kT Rif; (1) 


(2) shot noise* emf ((v,?))# in series with the emitter resistance 
Te, 
(v2) =2kTr df; (2) 


(3) shot noise current generator ((i,”))#, connected across the 
collector resistance r-, resulting from the saturation current 
Io of the collector junction, 


(i?) = 2el codf ; (3) 


(4) the new partition noise term, that comes about as follows: 
If J. is the emitter current in a p-n-p junction, then the part 
yl. of this current is carried by holes. If the part 8 of this hole 
current arrives at the collector, then the collector current is 
y8I.=al., where a is the current amplification factor. The hole 
current y/, is therefore distributed between collector and base, 
the current ByI, flows to the collector and the current (1—8)y/. 
flows to the base (because of the hole-electron recombination in the 
n region). As is well known from the theory of partition noise in 
vacuum tubes, such a current distribution gives rise to a current 
generator ((z,”)) such that: 


(i,?) = 2eyI-B(1—B) df = 2eal (1—8)df. (4) 


An identical formula holds for m-p-n junction transistors. Usually, 
7 is very close to unity and hence B=a; we assume this to be the 
case. 

We may incorporate the partition noise term into Montgomery 
and Clark’s equivalent circuit. There are two ways to connect the 
noise current generator ((i,"))+ in the equivalent circuit: (a) 
between collector and base contact (Fig. 1(a)); (b) across the 
collector resistance r, (Fig. 1(b)). 

















x 


Fic. 1. Equivalent circuits for noise in transistors. 


Case (a) would occur if the hole current yJ, were distributed 
between the collector and the base contact. But actually the current 
(1—8)yI. to the base is the result of hole-electron recombination 
in the region of the p-n-p junction transistor. Since nearly all 
recombination occurs at the surface, the partition noise should be 
represented by distributed noise current generators connected 
between the surface elements dA of the n region and the collector, 
and each surface element should be connected to the base contact 
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through a resistance. Taking the sum over all surface elements, 
yields of course again the current generator ((i,*))+. Though it is 
not immediately clear how this current generator should be 
connected in the equivalent circuit, it is reasonable to assume that 
case (b) will be more nearly correct than case (a). 

Calculating the noise figure F of the transistor for a source 
impedance R,, under the condition r.>(R,+re+Rs) (this con- 
dition is always satisfied), we find in case (a): 


F=1+- paryatae (feet ey 


(1—a) [Ro +r.+Rs(1—a) F) 
i f 


a re 





(Sa) 


and in case (b): 
F a14+ +; pf 1+[42+a¢1—a (St 8s)'], (Sb) 


Substituting Montgomery and Clark’s valuest: R,=1000 ohms, 
I-o=3.4X10~ amp, a=0.9735, Ry=302 ohms, and r.= (0.026//,.) 
ohms, we obtain 


Ie(ma) (Sa) in db (Sb) in db Fexp in db 
1.0 3.0 3.7 3.7 
0.3 2.2 2.5 2.8 
0.1 2.2 2.4 2.7 
0.03 3.2 3.3 3.0 


We thus see that the partition noise term can indeed account 
for the discrepancy between Montgomery and Clark’s theory and 
experiment. The best agreement is obtained for formula (5b), thus 
indicating that the equivalent circuit of Fig. 1(b) may be a good 
approximation. More work is needed to establish this more firmly. 


1H. C. Montgomery and M. A. Clark, J. Appl. Phys. 24, 1337 (1953). 
*Since Je=Jeo[exp(eVe/kT) —1], we have for the shot noise (i?) =2e 
(le+21e0)df and 1/re=e(1e+Je0) /kT. Instead of (2) we should use the accu- 
arate expression: 
(ve?) = (2kTredf) (Le +2e1 00) / (Le +10) 


if J. is small. For higher values of Jeo this makes little difference. 

t Dr. H. C. Montgomery (private communication). Dr. Montgomery 
kindly informed me about a printing error in their paper—a should be 
0.9735 instead of 0.9375. 





Short Range Propagation of Mechanical 
Disturbances in the Ground 
B. J. STARKEY AND C. M. Lock 


Ministry of Supply, London, England 
(Received December 22, 1953) 


T has been observed that the signal produced by a single 
mechanical impulse, applied to the surface of the ground, is 
oscillatory even at very short distances from the point of impact. 
The early mathematical treatment by Lamb! of the problem of 
propagation of mechanical vibrations in a semi-infinite solid 
medium although, according to him, applicable to the shock 
excitation of the ground, does not account for the oscillations. He 
himself thought that the oscillations always present in experi- 
mental results are due either to resonant properties of the measur- 
ing gear or to a succession of the original shocks. 

The phenomena of the propagation of mechanical vibration 
through the earth are of practical importance in seismological 
and geological investigations but knowledge of the precise origin 
of the oscillatory nature is usually of secondary interest. This is 
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Fic. 1. A typical pulse-train at some distance from the source; f1, ¢2, etc., are 
times of arrival of various waves propagated along different paths. 
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Fic. 2. The relationship of times of arrival of different parts of the wave- 
train to the horizontal distance from the source. Straight line portions 
correspond with constant velocity propagation within layers parallel to 
the surface. Delays 0a, 06, etc., correspond to the vertical transit time to 
the layers concerned. 


perhaps why the mechanism of the oscillatory response has not 
been satisfactorily explained.? 

From an extensive series of experiments in propagation over 
distances from 0 ft to 50 ft, in which as much as possible was 
done to eliminate instrumental influence, we have found that the 
oscillations are closely connected with the stratified nature of 
the soil. 

In a typical experiment carried out during our trials, a very 
short mechanical impulse was applied at one point on the surface 
of the ground investigated, while the response was measured both 
along the surface and at various points vertically below the source. 
After the experiments a vertical section of the ground was ex- 
amined in order to ascertain the actual structure of the soil. The 
site to which the results described below apply consists of a 
meadow soil lying on gravel beds with a local water table at a 
depth of 74 ft, as shown schematically in Fig. 3. 

An example of a response obtained on the surface at a distance 
of 4 ft from the source is shown in Fig. 1. It can be seen that the 
response is composed of a number of periods of regular oscillations 
with discontinuities between them (marked by arrows) which 
usually are quite clearly discernible. 

The time gh, fz, etc., at which these discontinuities occur after 
the initial pulse, can be identified and measured in all the responses 
along the path of measurement, and the relationship between 
these times and the various distances at which they occur is 
shown in Fig. 2. The resulting curves are straight lines or segments 
of straight lines, their constant slopes obviously representing 
constant velocities of propagation of particular oscillatory groups. 
It is interesting to note that some of these lines (¢; and ¢s) intercept 
the time axis together at 5, and some of them (#2 and é;) are 
mutually parallel. It should be remarked that the curve é; corre- 
sponds to those obtained at greater distances in geophysical 
surveys. 

The theoretical attempts which have been made so far to solve 
the problem of propagation in a stratified medium,’ apart from 
mathematical complexity, are still not applicable to close ranges 
and small variations of physical properties in rigid media. It is 
now proposed to explain the above experimental results, consist- 
ently obtainable in various conditions, by the following simple 
picture for the mechanism of propagation in the vicinity of the 
source. The energy from the point source, traveling downwards, is 
exciting, at depths corresponding to layers of different properties, 
modes of simple oscillations which are propagated along these 
layers with energy continually interchanged between them by 
leakage. One can then expect to find on the surface, with a delay 
corresponding to the transit time down to the layer concerned 
and back again, a component arriving at the point of measurement 
with the velocity of either the surface wave or of the mode of one 
of the deep layers. Such a picture enables us to formulate a 
plausible interpretation of Fig. 2 as follows:— 


The 450 ft/sec line marked ¢2 represents the wave component 
starting immediately at the origin and propagated within the 
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top layer. The /; line parallel to ¢. corresponds to a component 
propagated with the same velocity, i.e., within the same layer, 
but with a delay Ob, as if excited by the vertical reflection, e.g., 
from the water bed immediately below the source (the existence 
of such reflections from this layer has been confirmed by an 
independent experiment). The 900 ft/sec and 1900 ft/sec segments 
of the curve marked ¢; correspond similarly to the components 
travelling along the alluvial deposits layer (delay Oa) and the water 
bed (delay 00), respectively. 
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VERTICAL TRANSIT TIME (ILLISECONDS) 


Fic. 3. Vertical transit time as a function of depth. The curve shows the 
change of vertical velocity associated with the transition from the sandy 
top soil to the underlying alluvial deposits. The vertical transit times Oa’ 
and 0b’ correspond to half the delays Oa, 0b in Fig. 2. 


The foregoing hypothesis postulates the existence of a downward 
and upwards flow of energy propagated vertically with velocities 
which could explain the delays 0a and 06 of Fig. 2. This postulate 
is substantiated by the results of another experiment summarized 
in Fig. 3, which shows the measured transit-time curve vertically 
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Fic. 4. Pictorial representation of the propagation of shock 
excited waves in a stratified medium. 


below the course, together with the types of soil encountered. 
This curve again consists of straight line portions, their gradients 
representing the velocities of propagation of compressional waves 
vertically within the layers concerned. It can be seen that, accord- 
ing to expectations, the delay Oa (Fig. 2) is approximately twice 
Qa’ (Fig. 3) and 0b twice 0b’, where Oa’ and 0b’ are one-way 
transit times through the respective strata. 

It should be noted that the vertical velocities 600 ft/sec and 
1200 ft/sec, within particular strata (Fig. 3) are greater than the 
corresponding velocities 450 ft/sec and 900 ft/sec along the 
strata (Fig. 2). This relationship, incidentally, is similar to that 
obtainable theoretically for the velocities of surface (Rayleigh) 
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and compressional waves in the case of propagation within a 
homogeneous semi-infinite solid medium. 

Figure 4 shows a pictorial representation of the modes of 
propagation proposed above. 

An attempt is being made to correlate the frequencies of the 
components with the properties of the layers associated with them. 

The authors are indebted to Dr. J. S. McPetrie for his encourage- 
ment and advice when carrying out this work and to the Chief 
Scientist, Ministry of Supply, for permission to publish this note. 
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OR several years electromagnetic flowmeters have been 
used for measuring the flow of fluids as different as blood 

and sodium. They rely on the generation of a measurable potential 
difference in the fluid by its motion through a transverse magnetic 
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Fic. 1. Cross section of pipe and contours of weight function W. 


field. The fluid duct is usually of circular section, and the electrodes 
A and B are placed at the ends of a diameter perpendicular to the 
field H, as shown in the figure. 

Kolin! has derived the equation which determines the induced 
potential U from a known velocity profile 7(x,y). The equation is 


V7U =yHd/dy, (1) 
in which yp, the permeability of the fluid, is unity. At the walls 
where r=a (the radius of the tube), v will vanish in all practical 


cases, and dU /dr=0 if we assume the walls are nonconducting. 
A solution of (1) is the improper integral 


H dv 
Vay) =F af felon (x—8*+O-n)*Medn, 2) 


this, and subsequent double integrals, extending over the tube 
cross section. Integrating (2) by parts and noting that » vanishes 
at the wall, we deduce that 


uH ¢ pr én) (y—n)dédn uH v(&,n)dédn 
Uien=FJ ee 9 ff t—z ic (3) 
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in which z=x+iy, ¢=£+in. Adding a solution of Laplace’s 
equation to (3) enables us to satisfy the boundary condition 


dU /dr=0. This gives 
Sk edn, (4) 


; oH ee 
l ny = 91 fog g, yf + 
(*, 2rd « . re 
in which ¢ = —in. From (4) may be deduced the output potential 


z c rae en 
difference between A and B, 


Uan=(2uH/a) ff 0(&.n)W (nddédn, 


in which W, a weight function, is given by 


a'+a? (¢?—n?) a‘ ‘+-a*r* cos26 


— (6) 
~ a+ 2a*(¢ —n*) + (2 +2)? ~ gt2 a? 272 cos20+r* 


The figure shows the contours of W, which are Cassini’s ovals. 
We are now able to consider the effect of the velocity profile on 
the sensitivity S=U48/(2uHavo), where v» is the mean velocity. 
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Kolin' showed that S=1.0 if the velocity is a function of r only. 
This result is easily deduced from (5) owing to the fact that 
JS" Wd@=2xr. The author? has shown that when the velocity 
profile is distorted from axial] symmetry by magneto-hydrodynamic 
forces S approaches 0.926. However (5) shows that if upstream 
disturbances cause the flow to be concentrated near either or 
both side walls, S approaches 0.50, but if the flow is concentrated 
near either or both electrodes, S can be much greater than unity. 
Moreover, if back-flow occurs and 7 is locally negative, it is possible 
for S to fall below 0.50 and even become negative. 

It has often been stated that the circular flowmeter is insensitive 
to the form of the velocity profile, and hence to the presence of 
upstream disturbances. This is now seen to be erroneous except in 
the case of axially symmetrical flow. A narrow rectangular channel 
is to be preferred if a sensitivity independent of velocity profile 
is required. 

1A. Kolin, Rev. Sci. Instr. 16, 109 (1945). 
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